The Ring

Definition 1: Let R be a non empty set, let x,0 be tow binary
operation on R, then (R,*,0) is called a ring iff :-

1- (R,*) is comm. group.
2- (R,o) is semi- group.
3- o is distribution over *
i.e (x*y)oz=(xoz)*(yeoz)
zo(xxy)=(zox)*(zoy) Vx,y€ER

Ex1: (R,+,), (Z,+,), (Q,+,), (Z,, +,, ) areRings.
Ex 2: Is (Z,x,0) a ring such that

a*b=a+b—-1

aecb=a+b-—2 Yabe€Z

a b
c d

exs 7=

) ,a,b,c,d € R} then (R, +,") isaring.

Ex4:LetR={a+bV3|ab €Z}then (R,+,)isaring.

Remark: let (R, +,) is a ring where
+ is called addition

- 1s called multiplication

Definition 2: A ring R is called commutative ring (com. ring) only
if

a-b=>b-a Vab€ER

Ex1: (R,+,) iscom. ring where R is real number.




Definition 3: A ring R with multiplication identity 1 such that 1 -
a=a-1=a Va €R then R iscalled a ring with unity.

Ex1: (R,+,), (Z,+,) isaring with unity =1.

a b
c d

Ex3: (Z,,+,") isaring with out unity

exzin =

)+} is a ring with unity = ((1) (1))

Because 1 & Z

Definition 4: An element (a) inaring R is called unit if

JaleRstaal=ala=1

Ex 1: (R, +,") Every non zero element in R is unit.
Ex 2: The unit elements in (Z,+,") are only (1) and (—1)
1-1=1 and (-1)-(-1)=1




clilal) el s& 20 Some properties of ring

Theorem 1: Let ( R, +,") is a ring with additive identity=0 then:
1-a-0=0-a=0.

Proof:

a-0=a-(0+0)

>a-0=a-0+a-0
[a-0+(—a-0)]=a-0+[a-0+(—a-0)] {Risaring

Ya € R3 —a € R}
0=a-0+0 {a+(—a)=1e
0=a-0 a+(—a)=0

2-a(b) = —(ab) = (—a)b
Pf:

a(—b) + (ab) Risaring have N.e {(ab) 4Lz}

= a(—b + b) {—b dLal}

{R is aring have I.e}
{by(1)a-0=0-a=0
—(ab)+ (ab) =0 {Risaring—a+a =0}
(—a)b + (ab)
=(—a+a)b {R is aring have N.e}
=0-b {Risaring havel.e (a+ —a = 0)
=0 {by (1) a-0=0-a =0}
~a(—=b) = —(ab) = (—a)b

3-a+b=a+c »>b=c




Pf:

—a+(a+b)=—-a+(a+c) {Risaring have N.e}

=>(—a+a)+b=(—a+a)+c {isass}
=>0+b=0+c {Risaring havel.e (a + a = 0)

=>b=c

4- —(—a) =a

Pf:

—aisinverse(a) & —a+a=0

—(—a)is inverse (—a) & —(—a)+ —a =0
—(—a)+ —a=0

= —(-a)+ —a+a=0+a

= —(-a)+0=a

= —(—a)=a

5-(—a)-(=b) =ab
= —(—(ab)) {Risaring — (—a) = a}

= ab




6- —(a+b) = (-a) + (=b)

—(a+b)+ (a+b)=(—a)+ (=b) + (a+b) {(a+ b)izl

O=—-a+(-b+a)+b {Risaringisass&a € R3—a € R}
= —a+(a+ -b)+b {+ iscom}

=(—a+a)+ (—b+b) {is ass}

=0+0 {Oisl.e (a+ —a=0)

=0

~ —(a+b) = (—a) + (—b)

Examplel: let R = {(a, b): a,b € R} we defined "+",""
(a,b) + (c,d) =(a+c,b+d)
(a,b) - (¢c,d) = (ac, bd)

(R, +) is com group prove that (R, +,7) is com ring?

Sol:

1- (a,b) - (c,d) ER is clouser
2- Ass.
[ (a,b) - (c,d)]- (e, f) = (a,b) - [(c,d) - (e, f)]
(ac,bd) - (e, f) = (a,b) - (ce,df)
(ace,bdf) = (ace, bdf)

~ (R,")is semi — group




3- (Cl, b) ) [(C, d) + (le)] = (Cl, b) ) (C, d) + (a, b) ) (e;f)
(a,b) - (c+ed+f) = (ac, bd) + (ae, bf)
(ac + ae,bd,bf) = (ac + ae, bd + bf)

4-[(c,d) + (e, ] - (a,b) = (¢,d) - (a,b) + (e, f) - (a,b)
~ (R,+,) isaring
5- (a,b) - (c,d) = (c,d) - (a,b)

(ac,bd) = (ca, db)

(ac,bd) = (ac, bd)
~ (R,+,) iscomring
If we want ring with unity
(a,b) - (c,d) = (a,b)
(ac,bd) = (a,b)
ac=a .....(1)
bd=b.....(2)

From (1) /%//ac =j/-ff (i G _pally

c=1

From (2) z~bd = >+t
d=1
~ l.e=(1,1)

If we want ring with unit




(a,b) (a1, b™H) =(1,1)
(aa™1,bb™1) =(1,1)

.. 1

=~ (R, +,") iscom ring with unit

Ex: Let (Z, +,7) is comring with unity is(2Z, +,-) ring with unity
and (2Z,+) is com. group?
1-clouser

2a - 2b = 4(ab) = 2(2ab) € 2Z

2- Ass.
(2a -2b) - 2c = 2a - (2b - 2¢)

3-2a-(2b+ 2c) = (2a-2b) + (2a - 2¢)

~ (2Z,+,)isaring
Al jaiall asddls cud  But (27, +,-) is a ring with out unity

Aaall (V1 A pe 27 Since 1 ¢ 27




Ex:IsR = {(R x0,+,)} have unity ?
We know that

RXR = (a,b)

R %0 = (a,0)

R ={(a0),a €R}

a-1=a let [1=(b0)

(a,0) - (b,0) = (a,0)

(ab,0-0) = (a,0)

(ab,0) = (a,0)

ab = a zi/abzi;cr = b=1
« Le=(1,0) [1€R]

.~ (R % 0,+,7) have unity

Ex:LetR =R XR ={(x,y):x,y € R} we definitiond "+", " -"

As following (a,b) + (c,d) =(a+c,b+d)
(a,b) - (c,d) = (ac,bc + d)
Is R com.ring with unity
Sol:
(a,b) - (c,d) = (c,d) - (a,b)
(ac,bc + d) # (ca,da + b)
~ R 1s not com. ring
(a,b) - (c,d) = (a,b)
(ac,bc +d) = (a,b)




ac =a =>§/dc=i)a >c=1

bc+d=b=>d=b-—bc
=>whenc=1=2>d=b—-b(1)=>d=0
l.e=(1,0)

~ R isaring with unity

Ex: Let (4,5, +,7) IS aring is are com. ring with untiy

1 0
0 1

We know that (4,5, +,7) have unity = [

But is are not com.ring since

¢ oo Al=le AL

(How ) <lls i) Qiall & s Ca g

Ex: Is (Z,+,)) has unit ?
Sol:
et ellig aal g Qlldl g asl i sé 1 —1 has unit only

1
1_1=I=1

—-11=-1

Th: Let R be a ring with unity, then can not divided by zero.
Pf:

Wegetx ER  (x OSIsR & paic 3L




Suppose;% € R,sowecantake x =1
(R yalic aal1 oY x = 12l ol oSay)

1 . .
There for 5 IS inverse element of O

(%}AOJAA\)#.; %ﬁQJM\ﬁA;ﬂ\gj&ﬁamgy@)&\ﬁ)

SOROR

1= alaall juaiall (g sy o jlai A juaic gl ()
But (a0 =0)

1
=1=0 CL

~ We can not divided by zero.

Subring

Definition: Let (Z,+,7)) bearingand let® =S € R then S is
subring of R & (S, +,7) isaring itself,

Ex: (R,+,)isaring @ + Z € R then

(Z,+,") is subring of R.




: Let (Zg, +4,6) isaringand let H = {0, 2, 4

Is (H, +¢,"¢) subring of Z,
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1- is closure 6- is closure

a+¢hb € H b €H
2- 1S ass
(@+eb)+¢¢ = a+g(b+eC) [7-is ass

3-l.e=0 (@6b)6C=a6 (b0

8-a ¢ (b+6C) = (@6 b)+e(@+ )

-iscom a+gb = b+ea

. (H,+¢,6) issubring of Zg

Th: Let (R,+,))isaring® # S € R then S is subring & iff
l.a—be S
2.a-b € S

Pf: = (S, +,") subring

1-subring=> vbeS3i—-—b €S, a€es

a+(—b)€ES (+ is clousre)




a—beS
2-a-b €S [Is subring — - is closure]
<1l-ab €S 3a,—a €S
a—a €S
0€esS (I.e +)
2-a—b€eS =>0—beS =>—-beS [N.e +]
3-a—(—b)eS =a+beS [isclosure]
4- Sisass [SESR,Risaring -~ Risass = Sisass]|
Lnponill dall Joa$S (I R e diiin S s4meniR
5-§ iscom [a,b€R,Risaring = Riscom = Siscom]
~ (S, +,7) iscom group
6- a-bEeES , is closure

IS ass [SESRRisaring -~ Risass = Sisass]

~ (S,+,) isasubring of R

Ex: Let (Zg, +¢,6) isaring and let H = {0, 2, 4}

Is (H, +¢,"¢) subring of Z,
oDle ) Aia yuall ddde §ulai o g Salaall JUal) s
Sol:
1-a—b=a+(—b)€EH
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2- abeH

o (H,+4,¢) 1sasubringof Z,

Th: If R is a ring with unity, then this unity 1 is the only
multiplication identity.

Pf: let 1, 1" are tow multiplication identities

[ditc)mjcj& 1',3._3&).\4;;};1]

[Lﬁal.c)‘:ic}m 1,3,31;@)419}&1’]

=~ Ring you have only multiplication identity.
Th: If (R, +,") be aring with unity then 1 # 0
(identity of addition =+ identity of multiplication)
Pf:

Suppose 1 =0

2 ral laall jeaiall = el yaall jeaiall

xeER , x+0




1+#0

Ingeneral 1 +#0
R={0} osda sy
0-0=0-1 B
0=0
1=0

Remark: Let (R, +,") be aring, (S, +,") be a subring then:
1-1f R has unity, and then it's not necessary that S has unity.
Sol: ex: (Z,+,) ring with unity =1

2Z ={0,4+2,+4,+6, .... }

(2Z,+,) is a subring of Z

But is a subring with out unity

2- If R, S have unity, then it is not necessary that
identity of R = identity of S

Ex: let (Z,+,") ring with unity

Then (Z + 1, +,") subring with out unity

Ex2: (Z¢, +,) ring with unity=1

S ={0,2,4}
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S subring with unity =4

3- If ring without unity then subring with unity.

Ex: It may be that S has identity but R has no identity

Let (Z X 2Z,+,") ={(a,2a),+, '} s.t a€Z ring S ZXZ
1-clouser (a,2a)+ (b,2b) = (a+b,2(a+ b)) € (Z x 2Z)
2- ass

3-com

4- (a,2a) + (0,0) = (a,2a)

5- (a,2a) + (—a,—2b) = (0,0)

6- ass [(a, 2a) - (b,2b)] - (c,2c) = (a,2a) - [(b,2b) - (c,2¢)

7- closure (a,2a) - (b, 2b) = (ab, 2(2ab))
8- (iaie asill s 3 JSN e By o 3all oY
s~ (Z X 2Z,+,") isring with out unity

Let 3 (c,d) €Z X 2Z s.t
(a,2b) - (c,d) = (a,2b)
(ac,2bd) = (a,2b)
ac=a >c=1€~Z

2bd =2b >d=1¢ 27




(1,1) ¢Zx2Z

(Z x {0}),+,”) is subring with unity
(a,0) s.t a €Z

(a,0)-(c,d) = (a,0)

(ac,0) = (a,0)

ac=a=>c=1

I.e = (1,0) € Z x {0}

4- If R is com. ring, then (S, +,-) is com. subring
Sol:leta,b €S T.P a‘b=b-a
a*b=b-a (a,b €ER,Risaring)

~ S iscom.ring

5- If S is com. ring, then it is not necessary that R is com. ring?

Sol: Ex: Let (A,«3,+,7) ring but not com. ring

S = {(8 8)+} IS subring

G 0 (o 0= o) €*

G oG o=(7 oes

~ (S,+,) issubring

6 oG =G oG o
(aob 8)= (boa 8)

Is com. ring




Th: Let (R, +,-) be any S, T tow subring of (R, +,-)thenSNT
subring of R.

Pf.Leta,b €eSNT
-ab €S AN ab €S
[since S, T subring]1.a—b €S A a—b €T
=>a—b €e€SNT
2-a*b €S AN a-beT [sinceS,T subring]
=a'b eESNT
l.a—besSNT
2.a-b €SNT
~ SNT issubring by R [ by th: ]

Remark: The union of tow subring is not necessary subring.

Ex: consider the ring (Z, +,)

(2Z,+,") be subring of (Z,+,)

(3Z,+,") be subring of (Z,+,")

2Z ={0,42,+4, ...}

37 ={0,¥3,7F6, ...}

But (2Z U 3Z,+,") is not subring of (Z, +,")
2ZU3Z ={0,+2,F3,+4, %6, ...}

32 €2ZU3Zbut3—2=1¢2ZU3Z

~ 2Z U 3Z is not subring




Ex: Let (R,+,-) isaring
And let (Q, +,-) isasubring of R
& (Z,+,) isasubring of R

~ Q NZ=Z issubring

Th: Let S, T be tow subring of (R, +,-) then (S U T) is subring iff
SCTorTCS.

Pf: HW

Cancellation law

why ?

[x ER,Risaring % is unit 0f 4]]

[ 1is unity |
[a-0=0]

Ex: solve the equation:
5x=0->x=0 ; x€Z
5x = 0 [we must find inverse of 5in Z,
Zg 25 sps5x Jalzal ol il alagl oy
5:-5x=5-0 [ 5 inverse 5 since 25— 24 =1inZg]
25x =0 [ 25 — 24 = 1 unity]
1-x=0 [1isunitya-1 = a]

~x=0




Ex3: solve the equation:
2x = ;X € Zg
Cannot find inverseof 2inZ, [ 2 -m=1]
Zo 22 5x Jabaal oy plaioa gy
~ not find solution in equation in Z,

(Zy Sdladll da a5y la)) Zg (A Al da a0 Y

Ex: solve the equation:
2x =4 ; x€ Z,
4.-2x=4-4 [4dinverse2inZ,since4-2=8—-7 =1]
1-x=2 [lisunitya- -1 = qa]

x =2

Zero diviser

Defi: Let (R,+,7) bearing, a # 0 and b # 0 are two elements of
R suchthata-b = 0then a and b is called diviser of zero.

Ex1: (Z,+,), (R,+,7), (Q,+,), (C,+,7) has no zero diviser.

Ex2: (Z15,+12,12) Isaring

(2+#0,6#0)

Then (2,6, 3,4,8) are Zero diviser 0f Z,,.

Thl : The cancellation law hold in a ring R iff R has no
Zero diviser.




Th2: (Z,, +,,») has no Zero diviser iff n is prime number.

Ex: (Zs,+5,5) has no Zero diviser.

Remark:- If a is Zero diviser of Z,
- g.c.d (a,n) #1
If a is not Zero diviser of Z,,

- g.c.d (a,n) =1

EX: (Z4,+4,74) 1Saring
2 is Zero diviser since 2:-2 =0
g.c.d(2,4) 1

3 is not Zero diviser since3-a # 0,a # 0

g.c.d (3,4) =1

Q1/ Find the diviser 0f Zero in
1_ Z12
Sol:

Since 12 is not prime then Z,, has divisers of Zero, which is the
element are not relatively prime to 12.

& 71y b il aul 8 05 iall aul @ dlley 7,5 Gl ) e sae 12 Y
112 338 o & Jidia Jale L) Sl jualial

,6 are diviser of Zero.

,4 are diviser of Zero.




12 ,8 are diviser of Zero.
‘12 ,6 are diviser of Zero.
‘12 ,9 are diviser of Zero.
"12 ,8 are diviser of Zero.

12 10 =0 = 6,10 are diviser of Zero.

12 9=0 = 8,9 are diviser of Zero.

Since 11 is prime, then Z;; has no diviser of Zero

el el @l ¥ 7,0 ol Jsl e sae (11) oY




Integral domainaal datal)

Def.: Let (R, +,) be a com.ring with unity then (R, +,-) is called an
integral domain iff R has no Zero diviser.

I.e: (R, +,") is integral domain if
1- Is com.
2- With unity

3- Has no Zero diviser

Ex: (R, +,") is an integral domain

Because R is com.ring with unity and has no Zero diviser

Ex: (A,xn, +,7) 1S Not an integral domain because (A4,,x;,, +,7) IS not

oG WG a)E

com.

Note: (Z,,, +n,'n)
If n is prime number — Z,, is an integral domain

If n is not prime number — Z,, is not an integral domain, since Z,
has Zero diviser

H.w: Is A,«», +, ) have Zero diviser

Th: Let (R, +,) be a ring with unity then R is an integral domain
a-b=ac, a+0 then b =c.

Sol:




com
= Ris . D (3 14 % unity

No Zero diviser
a-b=ac ,a#0
ab + (—ac) = ac + (—ac) [Risaring]
ab + (—ac) =0 [Risaringa+ (—a) =0 (.e)]

a(b + (—c)) =0

=~ (no Zero diviser), a # 0
e g sba cpaaal) 2a) 05 o) g
b+ (—c)=0
b+ (—c)+c=0+c [V imen il
b+0=c
~b=c
& a#0
com + unity +
a-b=0 , beR
ax0=>b=0

R has no Zero diviser = (R,+,")isl.D

EX: prove or dis prove :
*Every subring of a ring with unity has unity?
Sol:ex:  (Z,+,") have unity = 1

(2Z,+," ) with out unity




Ideal (JYall)
Defi: Let (R,+,-)bearing, ® +#1 < R then [ isan ideal iff

1- I is subring a—b€el [Va,b €R]
g a-b el
2-a'r €1 ,r-a €1 Va €l,r €R

Ex:- Let (Z15,+12,12 ) bearingand letI = {0,3,6,9}
Is I is an ideal.

Sol:l1- a—b€El, Va b €1

a+ (—b)
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~ I isasubring

0
3
6
9
R

3-ar €l,r-a €l Va€elre
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~lisanideal

:LetR ={(a,b),+,:a,b € Z}




I ={(a,0),+,:a€Z}
Is I an ideal
1- (a,0) = (b,0) =(a—b,0—-0)=(a—b,0) €I
(a,0)-(b,0) = (ab,0) €1

2-ar €l,a€l reR
(a,0) - (x,y) = (ax,0-y) = (ax,0) € 1

~lisanideal

Ex: Let (R,+,") isaring and let (Z, +,") is a subring
Is Z an ideal of R? Why?
Sol:

(Z,+, ) isnotideal since a-reZz

ER ,1€Z

1—1 ¢ 7
2

Remark:

1- 1 i1scalled leftidealif r-a €l Va€el,r€R
2-1 iscalledrightidealif a-r €l Va€el,reR

Simple Ring (Masww 43ls)

Defi: Let R and {0} are only ideals inaring , then R is called
Simple Ring.

Ex: Is (R, +,") of real number Simple Ring?
Sol: yes, since he have only ideals itself and {0}

Ex: Is (Zp, +p,-p) if pis prime number Simple Ring ?




Sol: yes, p is prime number

By th: (Z,, +,,",) has no subring only (Z,, +,,",)& ({0}, +,-)

Theorem: Let (R, +,") be a ring with unity =1, let I be an ideal of
R,if at €l s.t a™ ! isinverse element (unit) ,then I = R.

Proof: I = R <> ISR

Rcl

1- I € R always
2-Letr €R
r-1 €R [Ris €ring with unity]
r-(a-a”!) eR
(r-a)-a ! €R [Risaring]
€ER €l
~RCcl
~from1&2 R=1

Remark: Let I beanidealisaringRif1 €lthenl =R

Al dals = Bl 85 s g (o peall alsall IS

Th:if I and J are tow ideals = I N J isideal.

Proof:

1- I nJissubring [ by th: I,] subring = I N J is subring]
2-r,a €1N]J s.t rER;a€eln]

ra €l AN r,a €]

r-a €l ANr-a €]

r-a €InNj

~INnjJ isideal




Ex:Is1 U] isideal?

Sol: No, since

(3Z,+, ) isideal

(2Z,+, ) is ideal

But 2Z U 3Z is not ideal. Why?

Definition: Let (R, +,-) be aring with unity=1 let a € R,

let Ra = {r-a:r € R}, then Ra is an ideal.

Ex: let (R, +,-) com. Ring with unity and let
Ra = R2 = {r-2:r € R}isideal?

1-a—b €R2
rn2—-1-2=(0—1r)"2€R2 , V1,7, ER
2-a-b € R2
(ry-2)(11-2)=((r;'1,)-2)-2 €ER2 Vry,7, ER
3-Letr € R, a € R2
r-a=r-(rp-2)=(0-r)-2 €R2
~ R2 is an ideal.

Maximal ideal »S¥) (Aal)

Definition: Let (R,+,-) bearingand I,/ are two ideals then I is
called maximal idealif IS J SR =1=R

Or IcJ=R

Ex: Let (Zg,+g,-g ) be aring and let

I = {0,2,3,6)

l1-a—b €1 , Va,b €1
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3-r-a=a'r €l ;re€R,a€l

. 1is an ideal
Let J = {0, 4}
l1-a—b €]

I SIE=115

QI Ol Ol Ol O
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3-r-a=a-'re]j
~ ] isan ideal

We see that

JcIcZg

~ I i1s maximal ideal

Ex: Let (Zg, +¢,76) be aring and let
[ ={0,2,4} be an ideal

J ={0,3} bean ideal

Weseel £ Jbut I € Z, , ] S Zg
So I ismaximalideal of Z

] is maximal ideal of Zg




Ex: let (Z,+,7) be acom.ring with unity =1
And let4Z = {0,+4,+8, ...}
a=r-4 rez
=(r-2) -2

l1-a—b €47
1"1-4-—7‘2-4=(7‘1—T‘2)-4 E4Z
2-a-b €47
(rp 4) (-4 =((ry ' 1p)-4) -4 €4Z
~ 47 isan ideal Of Z
let 2Z = {0,+2,+4, ....}isan ideal of Z
Wesee 4Z € 2Z 7

So 2Z is maximal ideal of Z

Prime ideal (¥ Auall

Definition: Let R be com. Ring with unity=1, I be a proper ideal at
R, I iscalled prime ideal .

If a-bel »> a€lor bel, Vab €R

Ex: Let (Z, +,-) is com. Ring with unity = 1 and let
[ =(4) =4Z ={0,+4,+8,+12, ...} isanideal of Z
Is I prime ideal of Z

Sol: 4€4Z

2-2 €4Z but 2 ¢€4Z

~ I is not prime ideal

) 56 o) aad JBaN ) iy o) g A8l e (paae ) @ i Jeals
QJ\S.A\QJ\ Oty padald)




Ex: Let (Z,+,-) be acom. Ring with unity =1
(3) =3Z=1{0,+3,+6,+9, ...}
Is 3Z prime ideal
Sol: 3-1 -3 €3Z ,1¢3Z
¥ oga g Sl ) iy cpaaall aa) cang

3-2€3Z->3€3Z,2 ¢37

~ 3Z isprime ideal

Ex: Let (Z, +,- ) be a com. Ring with unity=1

I =27Z ={0,+2,+4,+6,...} IsI prime ideal.
Sol: Hw

EX: prove or dis prove : (H.w)

1- 2Z isanideal in Z.
2- Any subring is an ideal of a ring.
3- 3Z isaprimeideal in Z.
Th: let R be a com. Ring with unity, m be a proper ideal of R
then m is maximal ideal of R &
R=m+<a> Va€eR , aém
Proof:
= m (maximalideal) T.P R=m+<a>, a€&m
mecm+<a>CR
m+<a>=R [ be define of m.I]

& m+<a>=R T.P mis m.l
Suppose J is anideal of R
And m&J
Let a el (a &€ m)
meEm+<a>S ] CR




~ m is maximal ideal

| ocal ring duae 4dla

Definition: Let R be a com. Ring with unity , R is called
Localring if R has exactly one maximal ideal.
Com

Local % have unity
Have exactly one m. [

Ex: Let (Zg, +g,g) be a com. Ring with unity
[=<2> ,]=<4>
< 4>C< 2 >C 7
~< 2 > isonly maximal ideal
v Zg is maximal ideal
Ex: (Z,+,-) beacom. Ring with unity
2Z isanideal [is maximal ideal]

3Z is anideal [is maximal ideal]

~ (Z,+,) isnot Local ring.

Ex: Let RXR ={(a,b),+, : a,b € R}beacomring with
unity
And Let I ={(a,0),+,-} beanidealinR X R

J =1{(0,b),+,-} beanidealinR xR

~ R X R isnot Local ring




daudl) 4as Quotient ring

Definition: Let (R, +,") be aring, (I, +,") be an ideal of R, let
R/I={a+1: a € R}
Definition: @, © OnR/I

(a+D®B+1)=(a+b)+1I ,Vabe€eR
(a+DHOMB+I) =(ab) +1 , Va,b €ER

R/I is called Quotient ring

Th: prove (R/I,GB, @) isaring?
Proof:

1- & is closure

(a+D®B+D =(a+b)+1 ek

Is closure

2-[(a+ DOB+ DB+ 1)
[(a+b)+I]®(c+)=(@+b+c)+1
=(a+D®[(b+c)+Il=((@+ DB+ DHD(c+ 1]
LS ass.

(a+D®B+D =((a+])
(a+b)+I1=(a+])
a+b=a=>b=0
e=04+1=1

(a+ DB+ =0+1
(a+b)=0 2a=-b
(a+ D& +1)
(a+b)+1=((b+a)+1
=Mb+D®a+1)




(R/,,®) is com. Ring
6- (a+ DO +1) = (ab) +1 € B/,
@® is closure
7-[(a+ DOB+D]O(c+I1) HW
8-(a+ DO+ 1DHB(c+ 1]
=[(a+DOB+D]B[(a+DO(c+ )]
(a+DO[b+c)+I]=(@ab+ac)+1
[(ab) + I1®[(ac) + 1] = (ab + ac) + 1

R/I is a ring

Remark:
a+l=b+1 & a—b €l

a+l=1 & a€l

Ex: Let (Zg, +6,6) let I = {0,3} is an ideal.

%6/ = {a+1,a €R)

3+41=04+1=1- 3€l
44+1=0A+3)+I=1+@B+DN=1+1
54+1=Q2+3)+1=2+@B+D=2+1

ZG/,={I,T+1,2+1}

+6 141

I I 141

141 2+ 1

2+ 1 + I




‘6 unity = 1+1

|
+ 1

/|
I
I
I

141 1
2 41 2

R/I is com. Ring with unity

Th: Let I is prime ideal < R/I Is integral domain.
Proof: — [ isprimeideal (T.P R/I Is integral domain)
~R isc.r.w.1 [com.ring with unity] = R/, c.r.w.1

Suppose R/, have Zero diviser

(@+DOb+D=1; a+l#1, b+I#I
Ledlldils R/ 50 Jiy [ s rilasdle

(ab)+1=1=ab €1

~ I isprime=a€l or bel

a+I=1 or b+I=1 (! (=8

R/I has no Zero diviser

R/, is integral domain

— let R/, is .D >T.P I is prime ideal

Suppose [ is not prime ideal

a-bel - a&l or b¢l

ab+1=1 a+1#1, b+1+#1

(a+DOB+D =1




a+I=1 or b+I1=1 C!

I is prime ideal




