Geomelric applications

How to find Lhe equation of the perpendicular bisector of the line
segment joining the two points z; and =37 Since any point : on
the bisector will be equidistant from 23 and z-, the equation of the
bisector can be represented by

fr—21| = |z — 22|,

. Faor a given equation f{z,y) = 0 of a geometric curve, if we set
x={(z+F)/2 and y = (z —=) /24, the equation can be expressed in
terms of the pair of conjugate complex variables z and T as

t+F =

fen =127 =ren=o.

For example, the unit circle centered at the origin as represented by
the equation =< + y:' =1 can be expressed as sFT=1.

2.2 Point Sets in the Complex Plane

We shall sindy funetioos of the form 2 5§ — €, where § 5250t in € In most situalions, variows
propertiss of ihe pomt sels 5 play 2 erueial role in our shudy, We therafore begin by disoussing variows
tpes of pomnt seis in the complex plane,

Bebore making any dafinitions, let us consider 2 fow sxamples of sels which fraquently sceur in our
subsequent dizenssion



Eiawrre 2.2 1 Suppeeethal s €O v RERand0 < r < B Thesel {5 € C: |s—z0]| < A} represents
a dime, with centre 25 and radius H, and the set {# € ©: » < |# — 25} < K} represenis an annules, with
cenkre sg, Inner radius r and oulbsr radius £

ExampLE 2.2.2. Buppose that A B R and 4 < B. Theset {s=04+iyeC:nycR and 2 > 4}
represents 3 halfplane, and theset fz=o 4+ lyc Tz, yc R and 4 < = < B} represents a strip.

ExaMPLE 2.2.5. Suppose that o, # € R and 0 < o < § < 9w Thesst
{:nr!{cm-ﬂ—i— isnf) eC:r,8eRand r > 0 and st'{-,-is-'{ﬂ:}

rapresanls 2 zacter,

We now make 2 number of impertant definitions. 'The reader may subsaquenily need Lo refurn lo
theae definilions.



DErmrmion. Supposs thal & e € and s e B, »1ih £ > 0. Br an eneighbourhood of 2, we mean 3 dise
of the form {2 € : [z « %] < &£}, with centre xy and radius £ 0

DEFNITION. Suppose thal 5 s & point gel in ©. A point 2, & 5 I8 said Lo be an inberior point of §
if there cxipls an &nejghbourhood of s which iz contained In &, The 28 5 15 2aid Lo be open i every
point of 2 5 an inkarior poink of &,
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Examrre 2.2 4. The asts in Bxamples 2.01-2.2.3 ars open.

ExamrLE 2.2 5, The punctured dise {2 €C:0 < |3— 79| < R} 5 open.
Examere 2.2.8. The disc {x £ C: |z — 2| £ B} & not open.
Examer 2.2 7. The empty sel § 5 open. Why'7

DermarTion. An open set § is said to be connecled if every bwo painie 3y, 20 € § can be joined by the
unise of a finite nomber of line segmenks riog in 5. An open conpecled ol = called & domain,
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HEMerKe (1) Sometimen, wesay that an open set & i connectad il there do nob exsl nen-empty open
zats 3, and B such Lhal 57055 = Fand 5y 08 =@, Tn olher words, an open cinpecled sel cannot
be the disjoint unton ol twa pon-emply opan sals

(2} Tri fach, it can be shown that the lwo delnilions are equivaient



(3] Mote that we hawe not made any definition of ¢onnecledness for sels Lhat are ool open. In fack, Lhe
definiticn of connectedness for an open sel given by (1) here s = special case of 3 much more compheated
defnition of connectednese which applies to all point aets.

ExamrLE 2.2.8, The sels in Examples 221-223 are domains.
Exampre 2.2.9, The punetored dise {2 €T 10 < |p— 2| < B} b8 2 domain
DerFmaTion. A point 2o € € iz said to be 2 boundary point of a set & if every eneighbourbocd of 5

contains 2 point in 5 a8 well a8 2 peint not in &. The s&t of all boundary peinis of 2 321 § & called the
boundary of 5.

Exaspis 2.2.10. The annubus {2 € € : r < |#— a| < B}, whare 0 < r < R, b boundary & U G,
where

Oi={zcC:|a—m|=r} and Ci={zeC:lp—n=R}

are circles, with cenire 5 and radius r and B respectively. INole thel the anpuhus B comnecied and hance
a doma'm. However, note that its boundasy & made up of two ssparale plecss.

DEFNITION. A region & 2 domain together with all some or none of iis boundary poinis. A region
whish coptaine 21l s boondary poiols & sid o Hdmed_ﬂ_merngwnl we denote by T the closad
tegicn containing & apd all ite beondary points, and call & the closare of 5.

BEnark Mote that we have not made any definition of closedness for sefs that are nol regicas. In fact,
our definition of closedness [or 3 region here is 2 spacial case of 3 much more complicated definition of

closedness which applies to all poini seis.

DEFEITION. A region § B5aid to be bounded or Anite if there smis & real number M such thal [ < M
For every =€ 5. A region thal & closed 3nd bounded i zaid to be compact.

Exabrne 2011, The region {2 € C; |s ~ 5| £ B} & closed and bounded, hence compact. It & 2alled
the elosed dise wilth eenlee 8y and radius K.

Exanpue23.1% Theregion {z=c ¢t iyeCizgyeRandl €2< 1) 5 closed bul nol Bounded.
FrampLE 22,18, Thesquare {z==+nwelinqyce Rand 1 € o L1 and 0 < < 1} & bounded bat

nat closed



Cxample

Find the region in the complex plane that is represented by
t—1 bl
1 4

Solution

x2 4% — 14 2iy

; z2—1
Let = = x + ¢, and consider Arg = Arg
) 211 @+ DZ+v

whose value lies between 0 and =/4 if and only if the following

3 conditions are satisfied
(iYa2+3y°—1>0, (i) y>0 and (iii) 2-[—-:.:2—1

These 3 conditions correspond to

11 =) r—1
>0
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The last inequality can be expressed as #2 + (y —1)2 > 2. For
y = 0, the region outside the circle: 2 4 [y — 1}:' = 2 & contained
completely inside the region cutside the circle: < +g,|-2 =1. Hence,
the region represented by the above 3 inequalities is

H={I+iy::r2+{y—1_}2}? and g > 0}

This is the region which is outside the circle =2 4+ (y— 1) =2 and

lying in the upper half-planea,
¥

[=1,41)




Example

Show that the boundary of

Br(zo) ={z :{z— 20| <}
is the circle: |z —zg| =r.

Solution

Pick a point z; on the circle |z —zp| = r. Every disk that is centered
at z; will contain (infinitely many) points in Br{zg) and (infinitely
many) points not in B.(zg). Hence, every point on the circle |z —
zg| = r is a boundary point of Br(zp).

Nao other points are boundary points

s Since points inside the circle are interior points, they cannot be
boundary points.

+ Given a point outside the circle, we can enclose it in a disk that
does not intersect the disk B.(zp). Hence, such a point is not

boundary point.

In this example, none of the boundary points of Belzg) belong to

|r.|:|'|_r'.|__|}.



Example

The set B = {z : Re = > 0} is an open set. To see this, for any

point wy € B then og = Re wg > 0. Let = = ap/? and suppose that

|z ~ wo! < 2. Then —& < Re {z —wp) < £ and 5o
Rez=Re(z-w)+Rewy>—-—<e+eog=0op/2 > 0.

Consequently, : also lies in . Hence, each point wg of R is an
interior point and so R is open.

¥
.

Take e = Be w,
i
Pz w, /_
.




