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Chapter Two 

(Turbulence Structure) 

 

2.1 Turbulent and its Spectrum: 

Turbulent is an intrinsic part of the atmospheric boundary layer that must be 

quantified in order to study it. The randomness of turbulence makes 

deterministic description difficult, we are forced to retreat to the use of statistics, 

where we are limited to average or expected measures of turbulence. in this 

chapter we review some basic statistical methods and show how measurements 

of turbulence  can be put into statistical  framework .statistical descriptors  such  

as the variance or covariance are  limited  usefulness  unless  we  can  physically  

Interpret  them . variances are  shown  to  be  measures  of  turbulence  intensity  

or  turbulence  kinetic  energy , and  covariance are shown to be measures of  

flux or stress . On other hand the turbulent spectrum is analogous to the 

spectrum of colors that appears when you shine a light through a prism. White 

light consists of many colors (i.e., many wavelengths or frequencies) 

superimposed on another. The prism is a physical device that separates the 

colors. We could measure the intensity of each color to learn the magnitude of 

its contribution to the original light beam. We can perform a similar analysis on 

a turbulent signal using mathematical rather than physical devices to learn about 

the contribution of each different size eddy to the total turbulence kinetic energy.  

Figure 2.1 shows an example of the spectrum of wind speed measured near the 

ground. The ordinate is a measure of the portion of turbulence energy that is 

associated with a particular size eddy. The abscissa gives the eddy size in terms 

of the time period and frequency of the wind –speed variation. Small eddies 

have shorter time periods than large eddies (again, using Taylor’s 

hypothesis).Peaks in the spectrum show which size eddies contribute the most to 

the turbulence kinetic energy. the first  peak  with a period of  near 100hour 

corresponds to wind speed  variations  associated with the passage of  fronts  

and weather systems , in other words , there  is evidence of  the Rossby waves 

cyclone in our wind  speed  record .  The next peak, at 24 hour, shows the 

diurnal increase of wind speed during the day and decrease at night. The third 

peaks is the one we will study in this book, its indicates the microscale eddies 

that having durations of 10sec to 10min.  
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Figure (2.1) : Schematic spectrum of wind speed near ground . 

In the first peak we see that the largest eddies are usually the most intense. the 

smaller high frequency eddies are very weak , as previously discussed , large – 

eddies motions  can  create eddy –size wind shear regions , which can generate 

smaller eddies , such a net transfer of turbulence energy from the larger to  

smaller  eddies  is  known  as  the energy  cascade , at the  smallest size eddies , 

this  cascade of energy is dissipate in to heat  by molecular viscosity .  

 

2.2 Mean and Turbulent parts:  

There is a very easy way to isolate the large-scale variations from the turbulent 

once, by averaging our wind speed measurements over a period of 30 minutes to 

one hour, we can eliminate or ''average out'' the positive and negative deviations 

of the turbulent velocities about the mean-once we have the mean velocity  𝑢̅, 

for any time period, we can subtract it from the actual instantaneous velocity, u, 

to give us just the turbulent part. 

𝑢′ = 𝑢 − 𝑢̅  

We can think of u as the gust that is superimposed on the mean wind. It 

represents the part of the flow that varies with periods shorter than about one 

hour. Micro scale turbulent is a three – dimensional phenomena. therefore we 

expect  that  gusts  in the  x-direction  might be  accompanied  by the gust  in the  
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y- and  z- directions . Turbulence by definition is the type of motion, yet 

motions frequently cause variations in the temperature, moisture, and pollutant 

fields if there is some mean gradient of that variable across the turbulent. Hence, 

can partition each of these variable in to mean and turbulent parts: 

𝑢′ = 𝑢 − 𝑢̅  

𝑣′ = 𝑣 − 𝑣̅    

𝑤′ = 𝑤 − 𝑤̅ 

𝜃′ =  𝜃 −  𝜃̅ 

𝑞′ = 𝑞 − 𝑞̅  

𝑐′ = 𝑐 − 𝑐̅ 

 

2.3 Some Basic Statistical Method:  

Because one of the primary possibilities for studying turbulent flow is the 

stochastic approach. This section will survey some of the basic methods of 

statistics, including the mean, variance, standard deviation, covariance, and 

correlation coefficient.  

 

2.3.1 The Mean:  

An ensemble average consists of the sum over N identical experiments: 

𝐴(𝑡, 𝑠)̅̅ ̅̅ ̅̅ ̅̅ =  
1

𝑁
 ∑ 𝐴(𝑡, 𝑠) … … … … … … … … … … (1)

𝑁−1

𝑖=0

 

We can summarize the rules of averaging: 

𝐶̅ = C      where C=  constant 

( C𝐴̅̅̅̅  ) =   𝐶𝐴̅   

( 𝐴̿ ) = 𝐴̅  

( 𝐴̅ 𝐵̅̅ ̅̅ ̅ ) =   𝐴̅ . 𝐵̅  

( 𝐴 + 𝐵 ̅̅ ̅̅ ̅̅ ̅̅ ) =   𝐴̅ + 𝐵 ̅ 
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( 
𝑑𝐴̅̅ ̅̅

𝑑𝑡
 ) =  

𝑑𝐴̅

𝑑𝑡
  

The averaging rules of the last section can now be applied to variables that are 

split in to mean and turbulent parts. Let a  𝐴 =  𝐴̅  +  𝐴′ , and  𝐵 =   𝐵̅ +  𝐵′ .  

starting  with  the instantaneous  value , 𝐴, for example , we can find its mean 

using  the  fifth and  third  rules of the  previous section . 

                 (𝐴̅) = (𝐴′ + 𝐴)̅̅ ̅̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅  = (𝐴̅)̅̅ ̅̅̅ + 𝐴′̅  =  𝐴̅ + 𝐴′̅   , (𝐴̅) =  (𝐴̅) 

  𝑤ℎ𝑒𝑟𝑒   (𝐴′̅) = 0  

This result is not surprising if one remembers the definition of the mean value. 

By definition, the sum of the positive deviations from the mean must equal the 

sum of the negative deviations. Thus the deviations balance when summed, as 

implied in the above average. The nonlinear product (𝐴′𝐵′)̅̅ ̅̅ ̅̅ ̅̅  is not necessarily 

zero. The same conclusion holds for other variables such as: 

𝐴′2̅̅ ̅̅     , 𝐴′𝐵′2̅̅ ̅̅ ̅̅ ̅      ,   𝐴′2𝐵′2̅̅ ̅̅ ̅̅ ̅̅           

 

2.3.2 Variance, Standard deviation and Turbulent Intensity: 

One statistical measure of the dispersion of data about the mean is the variance 

defined by: 

𝜎𝐴
2 =  

1

𝑁
 ∑( 𝐴 − 𝐴̅ )2

𝑁−1

𝑖=0

= 𝐴′2̅̅ ̅̅  … … … … … … … … … ( 2 ) 

Recall that the turbulent part (or the perturbation or gust part) of turbulent 

variable is given by 𝐴′ = 𝐴 + 𝐴̅  , substituting this in to the variance gives: 

𝜎𝐴
2 =  

1

𝑁
 ∑ 𝐴′2

𝑁−1

𝑖=0

 = 𝐴′2̅̅ ̅̅  … … … … … … … … … ( 3 ) 

𝜎𝐴 =  (𝐴′2̅̅ ̅̅ )
1/2

 … … … … … … … … … (4) 

Thus, whenever we encounter the average of the square of a turbulent part of a 

variable, such as   𝑢′2̅̅ ̅̅ , 𝑣′2̅̅ ̅̅ , 𝑤′2̅̅ ̅̅ ̅ , 𝜃′2̅̅ ̅̅  , 𝑟′2̅̅ ̅̅    𝑜𝑟   𝑞′2̅̅ ̅̅   we can interpret these as the 

variance. The standard deviation always has the same dimensions as the original 



Ahmed Fattah Hassoon……..Dr.  ………………………………… Lecture of boundary layer (chapter two) 

5 
 

variable. Figure 2.6 show the relationship between a turbulent trace of wind 

speed and the corresponding standard deviation.  It can be interpreted as a 

measure of the magnitude of the spread or dispersion of the original data from 

its mean, for this reason, its used as a measure of the intensity of the turbulent. 

 

 

Figure (2.2): relationship between the standard deviation and turbulence variation. 

Solid line connects the data points, heavy dashed line is the average , dotted lines are 

drawn one standard deviation above and below the mean. 

Near the ground, the turbulence intensity might be expected to increase as the 

mean wind speed, M, increase. For this reason a dimensionless measure of 

turbulence intensity, I, is often defined as:  

𝐼 =  
𝜎𝑀

𝑀̅
  … … … … … … … … … . . … … … … . . (5) 

For mechanically generated turbulence, one might expect 𝜎𝑀  to be simple 

function. 

 

2.2.3 Covariance and Correlation: 

In statistics, the covariance between variances is defined as: 

𝑐𝑜𝑣𝑎𝑟 (𝐴, 𝐵) =  
1

𝑁
 ∑(𝐴 − 𝐴̅) (𝐵 − 𝐵̅)

𝑁−1

𝑖=0

 

Using averaging methods, we can show that: 
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                       𝑐𝑜𝑣𝑎𝑟 (𝐴, 𝐵) =  
1

𝑁
 ∑ 𝐴′ 𝐵′𝑁−1

𝑖=0  = 𝐴′𝐵′̅̅ ̅̅ ̅̅ … … … … … … … … . (6) 

The covariance indicates the degree of common relationship between the two 

variables  𝐴 , 𝐵 . for example , let 𝐴 represent air temperature , T , and let 𝐵 be 

the vertical velocity , W , on a hot summer day over land , we might expect the 

warmer than average  air  to  rise ( positive 𝑇’ and positive 𝑊’ ) and cooler than 

average air to sink ( negative 𝑇’ and negative 𝑊’ ) . Thus, the product 𝑊’𝑇’ will 

be positive on average indicating that W and T very together. The covariance 

𝑊’𝑇’̅̅ ̅̅ ̅̅  is indeed found to be positive throughout the bottom 80% of convective 

mixed layer . Sometimes, one is interested in a normalized covariance. Such a 

relationship is defined as the linear correlation coefficient 

𝑟𝐴𝐵 =  
𝐴′𝐵′̅̅ ̅̅ ̅̅

𝜎𝐴 𝜎𝐵
… … … … … … … … … … … … … . (7) 

This variable ranges between -1 and +1 by definition. Two variables that are 

perfectly correlated (i.e, very together) yield r =1 two variables that are 

perfectly negatively correctly yield r = -1 variables with no net variation 

together yield r = 0.  

 

Example : suppose we erect a short mast instrumented with  anemometer  to 

measure the u and  w  components , we record the instantaneous wind speed 

every 6 second  for  minute ,resulting in the following 10 pairs of wind 

observations .  

U m/s 5 6 5 4 7 5 3 5 4 6 

V m/s 0 -1 1 0 -2 1 2 -1 1 -1 

 

 

2.3 Flux and Kinematic Flux : 

Flux is the transfer of a quantity per unit area per unit time. In BL 

meteorology we are often concerned with mass, heat, moisture, 

momentum and pollutants fluxes. The dimensions of these fluxes are 

summarized below, using SI units show table 2.1: 
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Table 2.1 : Show units of flux and kinematic flux . 

Flux Units of flux Units of kinematic flux 
Mass 𝑘𝑔𝑎𝑖𝑟

𝑚2 . 𝑠
 

𝑚

𝑠
 

Heat 𝑗

𝑚2. 𝑠
 𝐾.

𝑚

𝑠
 

Moisture 𝑘𝑔𝑤𝑎𝑡𝑒𝑟

𝑚2. 𝑠
 

𝑘𝑔𝑤𝑎𝑡𝑒𝑟

𝑘𝑔𝑎𝑖𝑟
 .

𝑚

𝑠
 

momentum 𝑘𝑔 . (
𝑚
𝑠

)

𝑚2. 𝑠
 

𝑚2

𝑠2
 

pollutant 𝑘𝑔𝑝𝑜𝑙𝑙𝑢𝑡𝑎𝑛𝑡

𝑚2 . 𝑠
 

𝑘𝑔𝑝𝑜𝑙𝑙𝑢𝑡𝑎𝑛𝑡

𝑘𝑔𝑎𝑖𝑟 
 
𝑚

𝑠
 

 

We rarely measure quantities such as heat or momentum directly instead 

we measure things like temperature or wind speed. Therefore, for 

convenience the above flux can be redefined in kinematic form by 

dividing by the density of the moist air, 𝜌𝑎𝑖𝑟 in case of sensible heat flux, 

we also divide by the specific heat of air   𝐶𝑝.  

These kinematic fluxes are now expressed in units that we can measure 

directly: wind speed for mass and momentum fluxes, temperature and 

wind speed for heat flux, and specific humidity q and wind speed for 

moisture flux. The pollutant flux is frequently expressed in either form: 

concentration and wind speed, or mass ratio (like parts per million, ppm) 

and wind speed. Each of these fluxes can be split in to three components, 

for example, there might be a vertical component of heat flux, and two 

horizontal components of heat flux, similar fluxes could be expected for 

mass, moisture, and pollutants. Hence, we can picture these fluxes as 

vectors.  

2.3.1 Eddy Turbulent fluxes 

Covariance can be interpreted as fluxes using the following conceptions. 

Consider a portion of the atmosphere with a constant gradient of potential 

temperature, as sketched in Fig. 2.8. Consider an idealized eddy 

circulation consisting of an updraft portion that moves an air parcel from 

the bottom to the top of the layer, and a compensating downdraft that 

moves a different air parcel downward. Air mass is conserved (i.e., mass 
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up = mass down). However, the air parcels carry with them small 

portions of the air from their starting points, and these portions preserve 

their potential temperatures as they move, resulting in a flux as will now 

be shown. In Fig. 2.8a, the thick line represents a statically unstable mean 

environment  [𝜃(𝑧)] . For this case when the rising air parcel reaches its 

destination, its potential temperature is warmer than the surrounding 

environment at that altitude. Namely, its deviation from its new 

environment is 𝜃′ = (+). This air parcel had to move upward to get to its 

destination, so 𝑤′ = (+). The contribution of this rising parcel to the total 

covariance is 𝑤′  times 𝜃′ = 𝜃′𝑤′ = (+) · (+) = (+). Similarly, for the 

downward-moving [𝑤′  = (-)] portion of this eddy, the cold air from aloft 

finds itself colder [𝜃′ = (-)] than its new surrounding environment at its 

final low altitude. Thus, its contribution to the covariance is  𝜃′𝑤′  = (-) · 

(-) = (+). 

The average of these two air parcels represents the covariance, and since 

each contribution is positive, the average (indicated by the overbar) is 

also positive: 𝑤′𝜃′̅̅ ̅̅ ̅̅ = 0  Thus, positive 𝑤′𝜃′ covariance is associated 

with warm air moving up and/or cold air moving down; namely, a 

positive heat flux   𝐹𝐻(= 𝑤′𝜃′). This form of flux is called a kinematic 

heat flux, and has units of (K m s-1). It is related to the traditional heat 

flux QH (W m-2) by  

𝑄𝐻  =  𝑐𝑃 𝐹𝐻  =  𝑐𝑝 𝑤′𝜃′̅̅ ̅̅ ̅̅ … … … … … … … … … … … . . (2.8) 

Where 𝜌 the mean air density and Cp is the specific heat of air at constant 

pressure. Figure 2.8b shows the contrasting behavior observed in a 

statically stable environment. In this case, both the upward and downward 

moving parcels contribute negatively to the covariance. Thus, a 

downward heat flux is associated with cold air moving up or warm air 

moving down. Hence, the covariance 𝐹𝐻 = 𝑤′𝜃′ is negative. 

The net result of this turbulence is that warmer and colder layers are 

mixed to yield an intermediate potential temperature. 
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Figure 2.8. Illustration of how to anticipate the sign of turbulent heat fluxes, for 

small-eddy (local) vertical mixing across a region with a linear gradient in the 

mean potential temperature  (thick colored line). Assuming an adiabatic process 

(no mixing), air parcels (sketched as spheres) preserve their potential 

temperature (as indicated by their color) of the ambient environment at their 

starting points (1), even as they arrive at their destinations (2). (a) Statically 

unstable lapse rate. (b) Statically stable lapse rate.  

 

In a similar manner, one can conceive of turbulent mixing of moisture, 

pollutants, and even momentum. In each case, turbulence tends to 

homogenize a fluid. Turbulence is an extremely efficient mixer. For 

example, when milk is added to coffee or tea, most people prefer not to 

wait hours for molecular diffusion to homogenize their drink. Instead, 

they stir the fluid to generate turbulence, which homogenizes their drink 

within a few seconds. Atmospheric turbulence is equally efficient at 

causing mixing­so much so that molecular diffusion and molecular 

viscosity can be neglected for all motions except the tiniest eddies. In 

fact, during the daytime over land, convective turbulence is so effective at 
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mixing that the boundary layer is also known as the mixed layer, because 

pollutants are so quickly distributed in the vertical. 

 

2.3.2 Shear Turbulent Flux: 

Momentum flux is analogous to a stress .where stress is define as the force 

tending to produce deformation in the body. It is measured as a force per unit 

area. And there is three types of stress appear frequency in studies of the 

atmosphere, such as pressure, Reynolds stress, and viscous shear stress 

.pressure is type of stress that can act on fluid at rest. For an infinitesimally 

small fluid element, such as idealized as cube sketched in figure 2.9a pressure 

acts equally in all directions. Isotropic is the name given to characteristics 

that are the same in all directions. If we consider just one face of this cube, as 

in fig 2.9b, we see that the isotropic nature of pressure tends to counteract 

itself in all directions except in direction normal to the surface of the cube. 

Forces acting normal to all faces of the cube tend to compress or expand the 

cube, thereby deforming it, figure 2.9c.  

Reynolds stress exists only when the fluid is in turbulent motion. A turbulent 

eddy can mix air of different wind speeds in to our cube of interest, figure 

2.9d. When this different-speed air is incorporated in to one face of the cube 

and not the opposite face, the cube deforms because of the velocity 

differences between those two faces, figure 2.9e. The rate that air of different 

speeds is transported across any face of the cube is just the momentum flux. 

The effect of this flux on the cube is identical to what we would observed if 

we applied a force on the face of the cube, namely the cube would deform. 

Thus, turbulent momentum flux acts like a stress, and is called the Reynolds 

stress. On other hand viscous stress exists when there are shearing motions in 

the fluid. The motion can be laminar or turbulent. When one portion of a 

fluid moves, the intermolecular forces tend to drag adjacent fluid molecules 

in the same direction, figure 2.9j. The strength of these intermolecular forces 

depend on the nature of fluid: molasses has stronger forces than water, which 

in turn has stronger forces than air. A measure of these forces is the viscosity. 

The result of this stress is a deformation of the fluid, figure 2.9k. These 

viscous forces can act in any of the three Cartesian directions on any of the 

three faces of our conceptual cube, figure 2.9f. Thus the viscous stress is also 

a tensor with nine components .  Like the Reynolds stress, the viscous –stress 

tensor is symmetric leaving six independent components. 
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Figure 2.9: show the effect of stress on a conceptual cube of fluid. 
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2.4 Friction Velocity : 

During situations where turbulence is generated or modulated by wind shear 

near the ground, the magnitude of the surface Reynolds s’ stress proves to be 

an important scaling variable. The total vertical flux of horizontal momentum 

measured near the surface is  

𝜏𝑥𝑧 = −𝜌̅𝑢′𝑤′̅̅ ̅̅ ̅̅      𝑎𝑛𝑑          𝜏𝑦𝑧 =  −𝜌̅𝑣′𝑤′̅̅ ̅̅ ̅̅ … … … … … … . . (2.9) 

|𝜏𝑟𝑒𝑦𝑛𝑜𝑙𝑑𝑠| =  [𝜏𝑥𝑧
2  + 𝜏𝑦𝑧

2 ]
1/2

… … … … … … … … . (2.10) 

Based on this relationship, a velocity scale called the friction velocity,𝑢∗, is 

defined as : 

𝑢∗
2 =  [𝑢′𝑤′̅̅ ̅̅ ̅̅

𝑠
2

 + 𝑣′𝑤′̅̅ ̅̅ ̅̅
𝑠
2

]

1
2

 … … … … … … … … . . (2.11) 

𝑢∗
2 =  

|𝜏𝑟𝑒𝑦𝑛𝑜𝑙𝑑𝑠|

𝜌̅
 … … … … … … … . (2.12) 

For the special case where the coordinate system is aligned so the x-axis 

points in the direction of the surface stress , we can rewrite the lasted 

equation as :  

𝑢∗
2 =  

|𝜏𝑟𝑒𝑦𝑛𝑜𝑙𝑑𝑠|

𝜌̅
 = |𝑢′𝑤′̅̅ ̅̅ ̅̅

𝑠|   … … … … … … … . . (2.13) 
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2.7  Basic equations for turbulent flow : 

We can put the equations of continuity ,motion , and thermo-dynamic 

energy as mathematical expressions of the conservation of mass 

momentum , and heat in an elementary volume of fluid . these equation 

can applicable to laminar as well as turbulent flows .in the turbulent flow, 

all variables and their temporal and spatial derivative are highly irregular 

and rapidly varying function of time and space .this property of 

turbulence  makes all  the  terms  in  the conservation equations 

significant ,and no further  simplification of them are feasible . we can 

put the instantaneous equation of motion as : 

  

 
𝜕𝑢

𝜕𝑥
 +  

𝜕𝑣

𝜕𝑦
 +  

𝜕𝑤

𝜕𝑧
= 0             ( 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑖𝑡𝑦 )   

𝜕𝑢

𝜕𝑡
+ 𝑢 

𝜕𝑢

𝜕𝑥
+  𝑣 

𝜕𝑣

𝜕𝑦
+  𝑤

𝜕𝑤

𝜕𝑧
=  ƒ𝑣 −

1

𝜌0
 
𝜕𝑝

𝜕𝑥
 +  ∇2 𝑢 

𝜕𝑣

𝜕𝑡
+ 𝑢 

𝜕𝑣

𝜕𝑥
+  𝑣 

𝜕𝑣

𝜕𝑦
+  𝑤

𝜕𝑣

𝜕𝑧

=  −ƒ𝑢 −
1

𝜌0
 
𝜕𝑝

𝜕𝑥
 +  ∇2 𝑣                                 ( 𝑚𝑜𝑡𝑖𝑜𝑛 ) 

𝜕𝑤

𝜕𝑡
+ 𝑢 

𝜕𝑤

𝜕𝑥
+  𝑣 

𝜕𝑤

𝜕𝑦
+  𝑤

𝜕𝑤

𝜕𝑧
=

𝑔

𝑇0
𝑇 −

1

𝜌0
 
𝜕𝑝

𝜕𝑥
 +  ∇2 𝑤 

𝜕𝜃

𝜕𝑡
+ 𝑢 

𝜕𝜃

𝜕𝑥
+  𝑣 

𝜕𝜃

𝜕𝑦
+  𝑤

𝜕𝜃

𝜕𝑧
= ∝ℎ ∇2𝜃             ( 𝑡ℎ𝑒𝑟𝑚𝑜𝑑𝑦𝑛𝑎𝑚𝑖𝑐 )  

𝑃 = 𝜌𝑎𝑖𝑟    𝑇𝑣                                ( 𝑠𝑡𝑎𝑡𝑒 ) 

∂qT

∂t
  +u

∂qT

∂x
+v

𝜕𝑞𝑇

𝜕𝑦
+w

𝜕𝑞𝑇

𝜕𝑧
  =  𝑞 

𝜕2𝑞

𝜕𝑥2
  +   𝑠𝑞𝑇/𝜌𝑎𝑖𝑟 

∂qT

∂t
  +u

∂qT

∂x
+v

𝜕𝑞𝑇

𝜕𝑦
+w

𝜕𝑞𝑇

𝜕𝑧
  =  𝑞 

𝜕2𝑞

𝜕𝑥𝑦
  +  

𝑠𝑞𝑇

𝜌𝑎𝑖𝑟
                                          ( 𝑚𝑜𝑠𝑖𝑡𝑢𝑟𝑒 )    

∂qT

∂t
  +u

∂qT

∂x
+v

𝜕𝑞𝑇

𝜕𝑦
+w

𝜕𝑞𝑇

𝜕𝑧
  =  𝑞 

𝜕2𝑞

𝜕𝑥𝑧
  +   𝑠𝑞𝑇/𝜌𝑎𝑖𝑟    

𝜕𝐶

𝜕𝑡
 + 𝑢

𝜕𝐶

𝜕𝑥
 + v 

𝜕𝐶

𝜕𝑦
 + 𝑤

𝜕𝐶

𝜕𝑧 
    = 𝑐 

𝜕2𝐶

𝜕𝑥2
 + 𝑆𝐶   

𝜕𝐶

𝜕𝑡
 + 𝑢

𝜕𝐶

𝜕𝑥
 + v 

𝜕𝐶

𝜕𝑦
 + 𝑤

𝜕𝐶

𝜕𝑧 
  = 𝑐 

𝜕2𝐶

𝜕𝑥𝑦
 + 𝑆𝐶                        𝑠𝑐𝑎𝑙𝑎𝑟   

𝜕𝐶

𝜕𝑡
 + 𝑢

𝜕𝐶

𝜕𝑥
 + v 

𝜕𝐶

𝜕𝑦
 + 𝑤

𝜕𝐶

𝜕𝑧 
  = 𝑐 

𝜕2𝐶

𝜕𝑥𝑧
 + 𝑆𝐶   
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 Where  

   𝑢 , 𝑣 , 𝑤  ∶  is the instantaneous wind speed in the   x , y , z direction  

ƒ  :  carioles parameter  ƒ=2sin = 1.45 * 10-4 S-1  * sin      

   :   kinematic viscosity  =/ρ  ,   : viscosity parameter   .  

 ∇2 :  Laplacian  operator  .  

  : instantaneous potential temperature  .  

T0 , T1=  T0   درجة حرارة الهواء عند حالة  معينة  ، و T1 الانحراف لدرجة الحرارة من  درجة 

 الحرارة  المعينة . 

 αℎ  :   thermal diffusivity  . or molecular diffusivity of heat . 

:  dry gas constant of air  = 287  J. K-1 Kg-1 

TV  : virtual Absolut temperature .  

 𝑞: molecular diffusivity of water vapor in the air . 

SqT: net sources of moisture ( units total mass of water per unit time .  

qT : total moisture (qT = q + qL)  , q : moisture content vapor , qL: moisture 

without  vapor . 

C : concentration  ( mass per volume )  .  

c  : molecular diffusivity  .  

We can calculate the turbulent flow by split any institutions variable to mean 

and turbulent  part . these condition can used in deriving  the equations for 

mean variables from  these of  the instantaneous  variables . the time and space 

averages often used  in practice can satisfy the rules only under certain 

idealized conditions ( stationary and homogeneity of the flow ) . 

The usual procedure for deriving turbulent equation is to substituted in 

equation above 𝑢 = 𝑢′ + 𝑢̅  , 𝑣 = 𝑣′ + 𝑣̅ and taken average for the new 

variables , first  we taken  equation  of  continuity  equation : 

𝜕𝑢

𝜕𝑥
 + 

𝜕𝑣

𝜕𝑦
 + 

𝜕𝑤

𝜕𝑧
= 0              
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Which after averaging gives : 

𝜕(𝑢̅ + 𝑢′)

𝜕𝑥
 +

𝜕( 𝑣̅ + 𝑣′)

𝜕𝑦
+

𝜕( 𝑤̅ + 𝑤′)

𝜕𝑧
 =   0 … … … … … … … … … … … (3) 

𝜕𝑢̅

𝜕𝑥
+

𝜕𝑣̅

𝜕𝑦
+

𝜕𝑤̅

𝜕𝑧
=   0 … … … … … … … … … … … … … … … … … … (4) 

Subtracting equation 3 from 4 one obtains the  continuity equation for the 

fluctuation motion  : 

𝜕𝑢′

𝜕𝑥
+

𝜕𝑣′

𝜕𝑦
 +

𝜕𝑤′

𝜕𝑧
 = 0 … … … … … … … … … … … … … … … … … . (5) 

Thus , the form of  continuity equation remains the same for 

instantaneous ,mean ,and fluctuating motions . this is not the case , 

however , for the equations of  conservation of  momentum and heat , 

because of  the presence  of  nonlinear  advection terms  in those  

equations .  

Let  us consider , for  example , the advection terms in  the  instantaneous  

equation of  the  conservation  of  heat . 

𝐴𝜃 = 𝑢 (
𝜕𝜃

𝜕𝑥
) +  𝑣 (

𝜕𝜃

𝜕𝑦
 ) +  𝑤 (

𝜕𝜃

𝜕𝑧
) … … … … … … … … … … … … ( 6. 𝑎) 

𝐴𝜃 = (
𝜕

𝜕𝑥
) (𝑢𝜃) + (

𝜕

𝜕𝑦
) ( 𝑣𝜃) + (

𝜕

𝜕𝑧
) (𝑤𝜃) … … … … … … … … . ( 6. 𝑏) 

Expressing  variables as  sums of  their  mean  and  fluctuating  parts  in 

equation  6.b and  averaging  one  obtains  the  averaged  advection terms.  

𝐴𝜃 =
𝜕 (𝑢𝜃̅̅̅̅  )

𝜕𝑥
+

𝜕 (𝑣𝜃̅̅̅̅  )

𝜕𝑦
 +

𝜕 ( 𝑤𝜃̅̅ ̅̅   )

𝜕𝑧
  +

𝜕

𝜕𝑥
 ( 𝑢′𝜃′̅̅ ̅̅ ̅̅ ) +

𝜕

𝜕𝑦
 ( 𝑣′𝜃′̅̅ ̅̅ ̅̅ )

+
𝜕

𝜕𝑧
 ( 𝑤′𝜃′̅̅ ̅̅ ̅̅ ) … … … … … … … … … … … … … … . … … … . . (7. 𝑎) 

𝐴𝜃 = 𝑢̅
𝜕𝜃

𝜕𝑥
+ 𝑣̅

𝜕 

𝜕𝑦
 + 𝑤̅

𝜕  

𝜕𝑧
  +

𝜕𝜃

𝜕𝑥
 ( 𝑢′𝜃′̅̅ ̅̅ ̅̅ ) +

𝜕

𝜕𝑦
 ( 𝑣′𝜃′̅̅ ̅̅ ̅̅ )

+
𝜕

𝜕𝑧
 ( 𝑤′𝜃′̅̅ ̅̅ ̅̅ ) … … … … . . (7. 𝑏) 
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thus , upon  averaging , the nonlinear advection terms yield not only the 

terms which  may  be  interpreted  as  advection or transport  by mean 

flow , but  also several  additional terms involving covariance or turbulent 

fluxes . these latter terms are spatial gradients ( divergence) of turbulent 

transports .  

following the above procedure with each component of equation 1 , one 

obtain the average equations for the conservation of mass , momentum, 

and heat , as follow : 

𝜕𝑢̅

𝜕𝑥
+

𝜕𝑣̅

𝜕𝑦
+

𝜕𝑤̅

𝜕𝑧
= 0 

𝜕𝑢̅

𝜕𝑡
+ 𝑢̅

𝜕𝑢̅

𝜕𝑥
+ 𝑣̅

𝜕𝑢̅ 

𝜕𝑦
 + 𝑤̅

𝜕𝑢̅  

𝜕𝑧
 = ƒ𝑣̅ −

1

𝜌0

𝜕𝑃

𝜕𝑥
+ 𝑣′ ∇2𝑢̅ − (

𝜕𝑢′2̅̅ ̅̅

𝜕𝑥
+

𝜕𝑢′𝑣′̅̅ ̅̅ ̅

𝜕𝑦
+

𝜕𝑢′𝑤′̅̅ ̅̅ ̅̅

𝜕𝑧
) 

𝜕𝑣̅

𝜕𝑡
+ 𝑢̅

𝜕𝑣̅

𝜕𝑥
+ 𝑣̅

𝜕𝑣̅ 

𝜕𝑦
 + 𝑤̅

𝜕𝑣̅  

𝜕𝑧
 

= −ƒ𝑢̅ −
1

𝜌0

𝜕𝑃

𝜕𝑥
+ 𝑣′∇2𝑣̅ − (

𝜕𝑢′𝑣′̅̅ ̅̅ ̅̅

𝜕𝑥
+

𝜕𝑣′2̅̅ ̅̅

𝜕𝑦
+

𝜕𝑣′𝑤′̅̅ ̅̅ ̅̅

𝜕𝑧
) … … … … . . (8) 

𝜕𝑤̅

𝜕𝑡
+ 𝑢̅

𝜕𝑤̅

𝜕𝑥
+ 𝑣̅

𝜕𝑤̅

𝜕𝑦
 + 𝑤̅

𝜕𝑤̅  

𝜕𝑧
 

=
𝑔

𝑇0
𝑇 −

1

𝜌0

𝜕𝑃

𝜕𝑥
+ 𝑣′ ∇2𝑤̅ − (

𝜕𝑤′𝑢′̅̅ ̅̅ ̅̅

𝜕𝑥
+

𝜕𝑤′𝑣′̅̅ ̅̅ ̅̅

𝜕𝑦
+

𝜕𝑤′2̅̅ ̅̅̅

𝜕𝑧
) 

𝜕𝜃̅

𝜕𝑡
+ 𝑢̅  

𝜕̅

𝜕𝑥
+ 𝑣̅  

𝜕̅

𝜕𝑦
+ 𝑤̅

𝜕̅

𝜕𝑧
= ∝ℎ ∇2̅  − (

𝜕𝑢′𝜃′̅̅ ̅̅ ̅

𝜕𝑥
+

𝜕𝑣′𝜃′̅̅ ̅̅ ̅

𝜕𝑦
+

𝜕𝑤′𝜃′̅̅ ̅̅ ̅̅

𝜕𝑧
) 

When these equations are compared with the corresponding 

instantaneous equation, one finds that of the terms ( except for the  

turbulent transport terms ) are similar and can be interpreted in the same 

way. However , there are several fundamental difference between these 

two sets of equations , which forces us to treat them in entirely different 

ways . while the first group deals with instantaneous variables varying 

rapidly and  irregularly in time and  space, second group deals with mean 

variables which are comparatively well behaved and  vary only  slowly 

and  smoothly . while all the terms in the former equation set may be 

significant and cannot be ignored a priori , the mean flow equations can  
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be greatly simplified by  neglecting the molecular diffusion terms 

outside of  possible viscous sub layers and also other terms on the basis 

of certain boundary  layer  approximation and  considerations of 

stationarity  and horizontal homogeneity , whenever applicable . for 

example , its  easy to show that for a horizontally  homogeneous and  

stationary PBL the equations of  mean flow reduce to  : 

-ƒ( 𝑣̅-𝑣̅𝑔)    =   - 
𝜕𝑢′𝑤′̅̅ ̅̅ ̅̅ ̅

𝜕𝑧
… … … … … … … … … … … … … … … … … … … … … … … . . (9) 

              ƒ ( 𝑢̅  - 𝑢̅𝑔)     =  - 𝜕𝑣′𝑤′̅̅ ̅̅ ̅̅ /𝜕𝑧      

 

 

 

 

 

 


