
FOUNDATION OF MATHEMATICS 1                                DR. BASSAM AL-ASADI AND DR. EMAD AL-ZANGANA  
MUSTANSIRIYAH UNIVERSITY          COLLEGE OF SCIENCE    DEPT. OF MATH.                                   (2017-2018) 
 

DR. BASSAM AL-ASADI AND DR. EMAD AL-ZANGANA   
10 

 

Definition 2.2.12. Let 𝐴 and 𝐵 be subsets of a set 𝑋. The set 𝐵 − 𝐴, called the 

difference of 𝐵 and 𝐴, is the set of all elements in 𝐵 which are not in 𝐴. 

Thus, 

𝐵 − 𝐴 = {𝑥 ∈  𝑋 | 𝑥 ∈  𝐵 and 𝑥 ∉  𝐴}. 

 

Example 2.2.13. 

(i) Let 𝐵 =  {2,3,6,10,13,15} and 𝐴 =  {2,10,15,21,22}.Then  

𝐵 –  𝐴 =  {3,6,13}. 
(ii) ℤ − ℤ𝑜 = ℤ𝑒.   

(iii) Given that the box below represents 𝑋, the shaded area represents 𝐵 −  𝐴. 

 
Theorem 2.2.14. Let 𝐴 and 𝐵 be subsets of a set 𝑋. Then 

(i) 𝐴 − 𝐴 = ∅,  𝐴 − ∅ = 𝐴 and ∅ − 𝐴 = ∅ 

 

Definition 2.2.15. If 𝐴 ⊆  𝑋, then 𝑋 − 𝐴 is called the complement of 𝐴 with respect  

to 𝑋 and denoted that by the symbol  

𝑋/𝐴 or 𝐴𝑐. 

Thus,  𝐴𝑐 =  {𝑥 ∈  𝑋 | 𝑥 ∉  𝐴}. 

 

 

𝑋: 
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Theorem 2.2.16. Let 𝐴 and 𝐵 be subsets of a set 𝑋. Then 

(i)             𝐴𝑐𝑐 = 𝐴. 

(ii)            𝑋𝑐 = ∅;  ∅𝑐 = 𝑋. 

(iii) 𝐴 ⋃ 𝐴𝑐   =  𝑋, 𝐴 ⋂ 𝐴𝑐   =  ∅            (Inverse Laws) 

(iv) 𝐴 ⋂ 𝐴𝑐  =  ∅;  𝐴 ⋃ 𝐴𝑐  =  𝑋. 

(v)           If 𝐴 ⊆ 𝐵, then 𝐵𝑐 ⊆ 𝐴𝑐. 

(vi) 𝐴 ∩ 𝐵 = ∅ ⟺ 𝐴 ⊆ 𝐵𝑐. 

Proof. Exercise. 

 

Theorem 2.2.17. Let 𝐴 and 𝐵 be subsets of a set 𝑋. Then 

(i) (𝐴 ⋃ 𝐵)𝑐  =  𝐴𝑐  ⋂ 𝐵𝑐  ,                                  (De Morgan’s Law) 

           (𝐴 ∩  𝐵)𝑐  =  𝐴𝑐  ∪  𝐵𝑐.                                               

(ii) Let 𝐴 and 𝐵 be subsets of a set 𝑋. Then,  𝐴 − 𝐵 =  𝐴 ⋂ 𝐵𝑐.  

(iii) 𝐴𝑐 − 𝐵 𝑐 =  𝐵 − 𝐴. 

Proof. 

(i) Let 𝑥 ∈ (𝐴 ⋃ 𝐵)𝑐 

                ⇔   𝑥 ∉  (𝐴 ⋃ 𝐵)   Def. of complement 

      ⇔  (𝑥 ∈  𝐴 ⋃ 𝐵)            Def. of ∉ 

      ⇔   (𝑥 ∈  𝐴 ⋁ 𝑥 ∈  𝐵)           Def. of A ⋃ B 

      ⇔   (𝑥 ∈  𝐴) ∧   (𝑥 ∈ 𝐵)  De Morgan’s Law 

      ⇔  𝑥 ∉  𝐴 ∧  𝑥 ∉  𝐵   Def of ∉ 

      ⇔  𝑥 ∈ 𝐴𝑐   𝑥 ∈  𝐵𝑐   Def. of complement 

      ⇔  𝑥 ∈ 𝐴𝑐⋂  𝐵𝑐            Def. of ⋂   
      Hence (𝐴 ⋃ 𝐵)𝑐 = 𝐴 𝑐⋂  𝐵𝑐. 

        

 (ii)     𝐴 − 𝐵 = {𝑥 ∈  𝑋 | 𝑥 ∈  𝐴 and 𝑥 ∉  𝐵} 

                        = {𝑥 ∈  𝑋 | 𝑥 ∈  𝐴 and 𝑥 ∈  𝐵𝑐}   Def. of complement of  𝐵𝑐      

                        =  𝐴 ⋂ 𝐵𝑐                                        Def. of complement intersection  
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(iii) Exercise. 

Definition 2.2.18. Let 𝐴 and 𝐵 be subsets of a set 𝑋. The set 

𝐴 △ 𝐵 = (𝐴 − 𝐵)⋃(𝐵 − 𝐴) 

is called the symmetric difference.  

Sometimes the symbol 𝐴 ⊕ 𝐵 is used for symmetric difference. 

 

 
 

 

 
Example 2.2.19. Let 𝐴 = {1,2,3,4,5,6,7,8} and  𝐵 = {1,3,5,6,7,8,9} are subsets of 

𝑈 = {1,2,3,4,5,6,7,8,9,10}. 

𝐴 − 𝐵 = {2,4}  

𝐵 − 𝐴 = {9} 

𝐴 △ 𝐵 = (𝐴 − 𝐵)⋃(𝐵 − 𝐴) = {2,4,9}. 
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Theorem 2.2.20. Let 𝐴, 𝐵 and 𝐶 are subsets of 𝑋. Then 

(ii) 𝐴 △ ∅ = 𝐴. 

(iii) 𝐴 △ 𝐵 = ∅ ⟺ 𝐴 = 𝐵. 

(iv) 𝐴 △ 𝐵 = 𝐵 △ 𝐴. 

(v) 𝐴 △ 𝐴 = ∅. 

Proof. Exercise. 

 

In the following theorem the properties of union, intersection, complementation, 

symmetric difference and power set are given. 

 

 Theorem 2.2.21. 

(i) 𝐴 − (𝐵 ∩ 𝐶) = (𝐴 − 𝐵) ∪ (𝐴 − 𝐶)   De Morgan’s Low on set difference   
                  𝐴 − (𝐵 ∪ 𝐶) = (𝐴 − 𝐵) ∩ (𝐴 − 𝐶) 

(ii) 𝐴 − (𝐴 ∩ 𝐵) = (𝐴 − 𝐵) = (𝐴 ∪ 𝐵) − 𝐵. 
(iii) (𝐴 ∩ 𝐵) − 𝐶 = (𝐴 − 𝐶) ∩ (𝐵 − 𝐶). 
(iv) (𝐴 − 𝐵) ∩ (𝐶 − 𝐷) = (𝐶 − 𝐵) ∩ (𝐴 − 𝐷) 

 

(v) If 𝐴 ⊆ 𝐵, then 𝑃(𝐴) ⊆ 𝑃(𝐵) 

(vi) 𝑃(𝐴)⋂𝑃(𝐵) = 𝑃(𝐴)⋂𝑃(𝐵). 
(vii) 𝑃(𝐴) ∪ 𝑃(𝐵) ⊆ 𝑃(𝐴 ∪ 𝐵). 
(viii) 𝐴 = 𝐵 ⟺ 𝑃(𝐴) = 𝑃(𝐵). 
(ix) 𝐴⋂𝐵 = ∅ ⟺ 𝑃(𝐴)⋂𝑃(𝐵) = ∅. 
(x) 𝐴 △ 𝐵 = (𝐴 ∪ 𝐵) − (𝐴 ∩ 𝐵). 
(xi) 𝐴 △ (𝐵 △ 𝐶) = (𝐴 △ 𝐵) △ 𝐶.                  Associative Law  

(xii) 𝐴 △ 𝐶 = 𝐵 △ 𝐶 ⟹  𝐴 = 𝐵. 

(xiii) If 𝐴 ⊆ 𝐵 and 𝐶 = 𝐵 − 𝐴, then 𝐴 = 𝐵 − 𝐶. 
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Proof. 

(i) 𝐴 − (𝐵 ∩ 𝐶) = 𝐴 ∩ (𝐵 ∩ 𝐶)𝑐                      Theorem 2.2.17(ii) 

                          = 𝐴 ∩ (𝐵𝑐 ∪ 𝐶𝑐)                     De Morgan’s Law 

                          =(𝐴 ∩ 𝐵𝑐) ∪ (𝐴 ∩ 𝐶𝑐)           Dist Law 

                          =(𝐴 − 𝐵) ∪ (𝐴 − 𝐶).               Theorem 2.2.17(ii) 

 

(vii) Let 𝐻 ∈ 𝑃(𝐴)⋂𝑃(𝐵)  

                                    ⟹ 𝐻 ∈ 𝑃(𝐴) ∧  𝐻 ∈ 𝑃(𝐵)     Def. ⋂ 

                                    ⟹ 𝐻 ⊆ 𝐴 ∧  𝐻 ⊆ 𝐵                Def. of power set 

                                    ⟹ 𝐻 ⊆ (𝐴 ∩ 𝐵)                     Def. ⋂ 

                                    ⟹ 𝐻 ∈ 𝑃(𝐴 ⋂𝐵)                    Def. of power set 

 

(xi) 𝑥 ∈ 𝐴 △ 𝐵 ⟺  𝑥 ∈ (𝐴 − 𝐵)⋃(𝐵 − 𝐴)                Def. of  △ 

 ⟺ 𝑥 ∈ (𝐴 − 𝐵) ∨ (𝐵 − 𝐴)          Theorem ⋃ 

 ⟺ 𝑥 ∈ 𝐴 ∧  𝑥 ∉ 𝐵     ∨       𝑥 ∈ 𝐵 ∧  𝑥 ∉ 𝐴     Def. of difference 

 ⟺ 𝑥 ∈ 𝐴 ∨  𝑥 ∈ 𝐵        ∧       𝑥 ∉ 𝐵 ∨  𝑥 ∈ 𝐵   

∧ 

𝑥 ∈ 𝐴 ∨ ∉ 𝐴        ∧       𝑥 ∉ 𝐵 ∨  𝑥 ∉ 𝐴 

 

Dist. Law 

 ⟺ 𝑥 ∈ 𝐴 ∨  𝑥 ∈ 𝐵        ∧       𝑇   

∧ 

𝑇      ∧       𝑥 ∉ 𝐵 ∨  𝑥 ∉ 𝐴 

 

Tautology 

 ⟺ 𝑥 ∈ 𝐴 ∨  𝑥 ∈ 𝐵 

∧ 

  𝑥 ∈ 𝐵𝑐  ∨  𝑥 ∈ 𝐴𝑐 

 

Identity Law of  ∧ 

 ⟺ 𝑥 ∈ (𝐴 ∨ 𝐵)  
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∧ 

  𝑥 ∈ (𝐵𝑐  ∨ 𝐴𝑐) 

 

 ⟺ 𝑥 ∈ (𝐴 ∪ 𝐵) 

∩ 

  𝑥 ∈ (𝐵𝑐  ∪ 𝐴𝑐) = (𝐴 ∩ 𝐵)𝑐 

 

Def. of ∪ and De 

Morgan’s Law  

 ⟺ 𝑥 ∈ (𝐴 ∪ 𝐵) ∩ (𝐴 ∩ 𝐵)𝑐 

 

 

 ⟺ 𝑥 ∈ (𝐴 ∪ 𝐵) − (𝐴 ∩ 𝐵) 

 

Theorem 2.2.15(ii) 

 

 


