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Definition 3.2.12. Inverse of a Relation 

Suppose 𝑅 ⊆ 𝐴 × 𝐵 is a relation between 𝐴 and 𝐵 then the inverse relation 𝑅−1 ⊆
𝐵 × A is defined as the relation between 𝐵 and 𝐴 and is given by 

𝑏𝑅−1𝑎      if and only if       𝑎𝑅𝑏. 

That is, 𝑅−1 = {(𝑏, 𝑎)  ∈  𝐵 × 𝐴 ∶  (𝑎, 𝑏)  ∈  𝑅}. 
 

Example 3.2.13.  Let R be the relation between ℤ and ℤ+ defined by 

𝑚𝑅𝑛 if and only if 𝑚2 = 𝑛. 
Then  

𝑅 = {(𝑚, 𝑛) ∈  ℤ × ℤ+: 𝑚2 = 𝑛}, 

and  

 𝑅 −1 = {(𝑛, 𝑚)  ∈  ℤ+  × ℤ ∶  𝑚2 = 𝑛}. 
For example, –3 R 9, –4 R 16, 16 𝑅−1 4, 9 𝑅−1 3, etc.  

Remark 3.2.14.  

If  𝑅 is partial order relation on 𝐴 ≠ ∅, then 𝑅−1 is also partial order relation on 𝐴. 

Proof. 

(i) Reflexive. Let 𝑥 ∈ 𝐴. 

⟹ (𝑥, 𝑥) ∈ 𝑅  (Reflexivity of  𝐴) ⟹ (𝑥, 𝑥) ∈ 𝑅−1      (Def of 𝑅−1) 

(ii) Antisymmetric. Let (𝑥, 𝑦) ∈ 𝑅−1 and (𝑦, 𝑥) ∈ 𝑅−1. To prove 𝑥 = 𝑦. 

⟹ (𝑦, 𝑥) ∈ 𝑅⋀(𝑥, 𝑦) ∈ 𝑅  (Def of 𝑅−1) 

⟹ 𝑦 = 𝑥 (since 𝑅 is antisymmetric). 

(iii) Transitive. Let (𝑥, 𝑦) ∈ 𝑅−1 and (𝑦, 𝑧) ∈ 𝑅−1. To prove (𝑥, 𝑧) ∈ 𝑅−1. 

⟹ (𝑦, 𝑥) ∈ 𝑅⋀(𝑧, 𝑦) ∈ 𝑅  (Def of 𝑅−1) 

⟹ (𝑧, 𝑥) ∈ 𝑅  (since 𝑅 is transitive) ⟹ (𝑥, 𝑧) ∈ 𝑅−1  (Def of 𝑅−1). 

Definition 3.2.15.  Partitions  

Let 𝐴 be a set and let 𝐴1, 𝐴2 , . . . , 𝐴𝑛  be subsets of 𝐴 such 

(i)  𝐴𝑖 ≠  Ø for all 𝑖, 
(ii) 𝐴𝑖 ∩ 𝐴𝑗 = Ø if 𝑖 ≠  𝑗 , 
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(iii) 𝐴 = ⋃ 𝐴𝑖
𝑛
𝑖=1 = 𝐴1  ∪ 𝐴2 ∪ … ∪ 𝐴𝑛 . Then the sets 𝐴𝑖  partition the set 𝐴 and 

these sets are called the classes of the partition. 

Remark 3.2.16. An equivalence relation on 𝐴 leads to a partition of 𝐴, and vice 

versa for every partition of 𝐴 there is a corresponding equivalence relation. 

Definition 3.2.17. The Composition of Two Relations 

The composition of two relations 𝑅1(𝐴, 𝐵) and 𝑅2(𝐵, 𝐶) is given by  𝑅2 𝑜 𝑅1  

where 

 (𝑎, 𝑐) ∈ 𝑅2 𝑜 𝑅1  if and only there exists 𝑏 ∈  𝐵 such that (𝑎, 𝑏) ∈ 𝑅1 and (𝑏, 𝑐) ∈

𝑅2. 

Remark 3.2.18. The composition of relations is associative; that is, 

(𝑹𝟑  𝒐 𝑹𝟐 ) 𝒐 𝑹𝟏  = 𝑹𝟑  𝒐 (𝑹𝟐 𝒐 𝑹𝟏) 

Example 3.2.19.  

(i) Let sets 𝐴 = {𝑎, 𝑏, 𝑐}, 𝐵 = {𝑑, 𝑒, 𝑓 }, 𝐶 = {𝑔, ℎ, 𝑖} and relations 𝑅(𝐴, 𝐵) =

{(𝑎, 𝑑), (𝑎, 𝑓 ), (𝑏, 𝑑), (𝑐, 𝑒)} and 𝑆(𝐵, 𝐶) = {(𝑑, ℎ), (𝑑, 𝑖), (𝑒, 𝑔), (𝑒, ℎ)}. Then we 

graph these relations and show how to determine the composition pictorially S o R 

is determined by choosing 𝑥 ∈ 𝐴 and 𝑦 ∈  𝐶 and checking if there is a route from 

𝑥 to 𝑦 in the graph. If so, we join 𝑥 to 𝑦 in 𝑆 𝑜 𝑅. 
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 For example, if we consider 𝑎 and ℎ we see that there is a path from 𝑎 to 𝑑 and 

from 𝑑 to h and therefore (𝑎, ℎ) is in the composition of 𝑆 and 𝑅. 

(ii) Let 𝑅−1 = {(𝑏, 𝑎)|(𝑎, 𝑏) ∈ 𝑅}. The composition of 𝑅 and 𝑅−1 yields: 

 𝑅−1 o 𝑅 = {(𝑎, 𝑎)|𝑎 ∈ 𝑑𝑜𝑚 𝑅} = 𝑖𝐴 and 𝑅 𝑜 𝑅−1 = {(𝑏, 𝑏)|𝑏 ∈ 𝑑𝑜𝑚 𝑅−1} = 𝑖𝐵. 

 

Definition 3.2.19. Union and Intersection of Relations 

(i) The union of two relations  𝑅1(𝐴, 𝐵) and 𝑅2 (𝐴, 𝐵) is subset of 𝐴 ×  𝐵 and  

defined as 

(𝑎, 𝑏) ∈ 𝑅1 ∪ 𝑅2 if and only if (𝑎, 𝑏) ∈ 𝑅1 or (𝑎, 𝑏) ∈ 𝑅2. 

 

(ii) The intersection of two relations  𝑅1(𝐴, 𝐵) and 𝑅2 (𝐴, 𝐵) is subset of 𝐴 ×  𝐵 

and defined as 
(𝑎, 𝑏) ∈ 𝑅1 ⋂ 𝑅2 if and only if (𝑎, 𝑏) ∈ 𝑅1 and (𝑎, 𝑏) ∈ 𝑅2. 

 

Remark 3.2.20.  The relation 𝑅1 is a subset of 𝑅2 (𝑅1  ⊆ 𝑅2) if whenever (𝑎, 𝑏) ∈
𝑅1 then (𝑎, 𝑏) ∈ 𝑅2.  
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