
Coding Theory

Sheet 6 Solutions

Spring 2014

1. For Ham(r, q),

n =
qr − 1

q − 1
, k = n − r, d = 3.

A code C is MDS if d = n − k + 1. Hence Ham(r, q) is MDS when 3 = r + 1; that is,
r = 2. So, only Ham(2, q) is MDS.

2. (a) Ham(2, 3) is a [4, 2] code.

[

0 1 1 1
1 0 1 2

]

→

[

1 1 1 0
1 2 0 1

]

= H.

Hence

G =

[

1 0 2 2
0 1 2 1

]

.

(b) Ham(2, 4) is a [5, 3] code; F4 = {0, 1, ω, ω̄ | ω̄ = ω + 1 = ω2}.

[

0 1 1 1 1
1 0 1 ω ω̄

]

→

[

1 1 1 1 0
1 ω ω̄ 0 1

]

= H.

Hence

G =





1 0 0 1 1
0 1 0 1 ω

0 0 1 1 ω̄



 .

(c) Ham(3, 3) is a [13, 10] code. Similarly, to the previous examples, let

H =





0 0 1 1 1 1 1 1 1 1 1 0 0
1 1 0 0 1 1 1 2 2 2 0 1 0
1 2 1 2 0 1 2 0 1 2 0 0 1



 .
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Hence

H =

































1 0 0 0 0 0 0 0 0 0 0 2 2
0 1 0 0 0 0 0 0 0 0 0 2 1
0 0 1 0 0 0 0 0 0 0 2 0 2
0 0 0 1 0 0 0 0 0 0 2 0 1
0 0 0 0 1 0 0 0 0 0 2 2 0
0 0 0 0 0 1 0 0 0 0 2 2 2
0 0 0 0 0 0 1 0 0 0 2 2 1
0 0 0 0 0 0 0 1 0 0 2 1 0
0 0 0 0 0 0 0 0 1 0 2 1 2
0 0 0 0 0 0 0 0 0 1 2 1 1

































.

(d) Ham(3, 4) is a [21, 18] code. Here,

H =





0 0 0 0 0 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
0 1 1 1 1 0 0 0 0 1 1 1 1 ω ω ω ω ω̄ ω̄ ω̄ ω̄

1 0 1 ω ω̄ 0 1 ω ω̄ 0 1 ω ω̄ 0 1 ω ω̄ 0 1 ω ω̄



 ,

H ′ =





0 0 0 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 0 0
1 1 1 0 0 0 1 1 1 1 ω ω ω ω ω̄ ω̄ ω̄ ω̄ 0 1 0
1 ω ω̄ 1 ω ω̄ 0 1 ω ω̄ 0 1 ω ω̄ 0 1 ω ω̄ 0 0 1





= [B I3] .

Then G′ =
[

I18 BT
]

.

(e) Ham(3, 5) is a [31, 28] code. Here, H = [A1 A2] = [B I3], where

A1 =





0 0 0 0 1 1 1 1 1 1 1 1 1
1 1 1 1 0 0 0 0 1 1 1 1 1
1 2 3 4 1 2 3 4 0 1 2 3 4





A2 =





1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 0 0
2 2 2 2 2 3 3 3 3 3 4 4 4 4 4 0 1 0
0 1 2 3 4 0 1 2 3 4 0 1 2 3 4 0 0 1



 .

So G = [I28 −BT ].
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(f) Ham(4, 2) is a [15, 11] code.

H =









0 0 0 0 0 0 0 1 1 1 1 1 1 1 1
0 0 0 1 1 1 1 0 0 0 0 1 1 1 1
0 1 1 0 0 1 1 0 0 1 1 0 0 1 1
1 0 1 0 1 0 1 0 1 0 1 0 1 0 1









→









0 0 0 0 1 1 1 1 1 1 1 1 0 0 0
0 1 1 1 0 0 0 1 1 1 1 0 1 0 0
1 0 1 1 0 1 1 0 0 1 1 0 0 1 0
1 1 0 1 1 0 1 0 1 0 1 0 0 0 1









= H ′ = [B I4].

Then G = [I11 BT ].

3. Use H as in 3(f). A coset leader is 0 or li, i = 1, . . . , 15. For a received message yj, let xj

be the corrected message.

(a) y1 = 00000 00000 11111 ⇒ y1H
T = 1011 ⇒ coset leader is l11

⇒ x1 = 00000 00000 01111;

(b) y2 = 00000 11111 11111 ⇒ y2H
T = 0001 ⇒ coset leader is l1

⇒ x2 = 10000 11111 11111;

(c) y3 = 11111 11111 11111 ⇒ y3H
T = 0000 ⇒ x3 = y3.

4. Let F4 = {0, 1, ω, ω̄ | ω̄ = ω + 1 = ω2}. Use H as in 3(d).

(a) y = 1111111 1111111 1111111 ⇒ yHT = 001 ⇒ x = 0111111 1111111 1111111;

(b) y′ = 1111111 ωωωωωωω ω̄ω̄ω̄ω̄ω̄ω̄ω̄ ⇒ y′HT = 1ωω

⇒ x′ = 1111111 ωωωωωωω ω̄ωω̄ω̄ω̄ω̄ω̄.

5. Since x ∩ y = (x1y1, . . . , xnyn), so

x ∩ y = (z1, . . . , zn), where zi = 1 ⇔ xi = yi = 1.

Also

x + y = (t1, . . . , tn), with ti = 1 ⇔ (xi, yi) = (1, 0) or (0, 1).

So

w(x + y) = number of 1’s in x

+ number of 1’s in y

−2 × number of i where xi = yi = 1

= w(x) + w(y)− 2w(x ∩ y).
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6. Let H = [c1 · · · cn] in columns; also HxT = 0 for x ∈ C. So HxT = x1c1 + · · ·+ xncn = 0.
Let x′ = [x xn+1]. Then, if x ∈ C, we have x′ ∈ C ′ when x1 + · · · + xn + xn+1 = 0. So

H ′x′T =

[

c1 · · · cn zT

1 · · · 1 1

]











x1

...
xn

xn+1











=

[

x1c1+ · · · +xncn+ 0
x1+ · · · +xn+ xn+1

]

=

[

0
0

]

.

Hence H ′ is a parity-check matrix for C ′.

7. Let H = [h1, . . . , hr]
T be a parity-check matrix of C = Ham(r, 2) with rows h1, . . . , hr,

and let h =
∑

λihi be an element of C⊥. If (x1, . . . , xr)
T is the j−th column of H , then

the j−th coordinate of h is zero if
∑

λixi = 0. However, the number of non-zero solutions
(x1, . . . , xr) of

∑

λixi = 0 is the number N of elements of V (r, 2)\{0} in a subspace of
dimension r − 1. Hence N = 2r−1 − 1. So

w(h) = n − N = (2r − 1) − (2r−1 − 1)

= 2r − 2r−1 = 2r−1.


