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Lecture (12)
Checking the Numerical Stability

12.1 Introduction

13 Dise 05Ss damall (pall ol . ganal) Tadll we (355 IS8 ddasiype Lpnnall Aalal) 4y
bl ge ellaY) L Talie sat o Y Gilliall (e Aime () 55ha b Algend) £ UaaYl culS
cblall hdiul ge Al o UadY) ad 0 A Glld a Aalaial) AphEa) sd Uil o) Lcllual)
Gy LugSan Jall oIS 1305+ e Uil o) Jd el 5 lasledl 25 ol olaalY) cuadls 13 L
. unstable e e cams g2l ol Gl G0l g o UadY) gam

bounded e da i dgaaed) Agylall o el AphEa) 8 (el o sadinal) Jiluall dually
OsSi ) oSy dale Bysean diyhEia) L Jade ddaguaall Alalil) Aaled) Ja 58 Laie solution
.nonlinear Lha e laeyl Ll sdaldl Aoleal) 6 ladie daaliy ¢ andl) dmaa

True or exact Lsuadl 5 ~asall Jalls Numerical solution gaadl dall o Gl o

: sa Solution
u;j — u(idx, jAt) . (12.1)

ade Joane 2 @ U = UK E) bssaddl dall Y5 Lgaed) Jall Ladl) Jiay (s
1 yaat bl b ks Y Wl ((round-off error sae tha (s cavay (o3 Jal)) Lolgie
At 5 Ax AN accuracy of the scheme alaill 48 (jads apkains (Jla 3y e . Uadl

- j 33l xie bounded Tae Uasll & 131 Diise 51y Jadl o) S

S aae 3ab) G e Adle Ao <l Aluliie Aadail @lligh LpaaY) Al dia & ol Ayl o)
e g ey gl Jall e Jpie pe U0 238 Ysla aed LTy (LG e 350a (e

Ay

(1-5)



Numerical W. Prediction I1/4™" Year/ Dept. Atm. Sci. Lecture (12)  Dr. Thaer Obaid Roomi

130l A8 el (3yka AW lla
direct method il 45kl .Y
energy method 48Uall 45,k .Y

Von Neumann's method jlags oys8 dsyyla WY

12.2 Direct Method  5dilsall 43y hal)
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At T Ax ( )
gl
Uijrr = (A —@uyj + puy_y . (12.3)
where U= % ..(12.4)

Pl (58 (CAE < Ax) &l (5y5 3 JapdS iy A0S p <1 QN
|ui,j+1| <1- ,u)|ui,j| + /,t|ui_1lj| ...(12.5)
de gl oS Lo abie) fugipg] 0S5 Gy AL sl de | oAkl ve AD) oda (il
s Max )| w4
Maxy|u; j41| < Maxgy (1 — ) |ug j| + Maxgyplui—y |
If we assume that Max; |u; j—1 | = Maxgy|u; ;| then:
Max | ja1| < Maxg|ug;| — Maxgplug ;| + Maxgplug|
Max(l-)|ui,j+1| < Max(i)|ui,j| ... (12.6)
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Al e AUaill IS 1Y AT ety coplEl Jayd (et BbEa) Jayd sl el 13g (12.2)
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11.3 Energy Method  4dll 43, )k
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z(ui,j+1)2 = z[(l — W% (uy )+ 2u(1 — wugj ui—q; + 1 (uimg )% - (12.7)
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Z(ui—l,j)z = Z(ui,j)z ) ..(12.8)

Now we use Schwartz's inequality which states that:

Y ab < /Y a2 /3 b? ..(12.9)
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or
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12.4 Von Neumann's Method
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where B, = 1’;—’; and Nh=1.
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where 1 =e% and a, in general, is a complex constant
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Ex (1). Investigate the stability of the fully-implicit finite —difference equation,

(up.q+1 - up.q) _ (up—l,q+1 — 2Up g1 + up+1,q+1)
k h?

..(12.15)

. . . . ou 0%u
approximating the parabolic equation Pl

Epg o I3 ¢y g ae Jad) a0 WS Gl eV olae i 3885 Ey o Uadll A1 () Ly 2 da)
t o (12.15) Aslae 8 (12.14) dobas o

eiﬂphlq+1 _ eiﬁphlq — T{ei[)’(p—l)h/lq+1 _ Zeiﬁph/lq+1 + eiﬁ(p+1)h/1q+1}’

where r=k/h? . Division by e?#P" 19 leads to:

A—1=rAe M — 2 4 e'hh)
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= rA(2cosph — 2) = —4rA sin?(Bh/2)

1
Hence A=———%-
1+4r sinz(T)

AL S 1 Iyl Cassa Rangal) 1o asend 8iuse Allaal) o) ety 5,81 Aleal) (s

Homework: write the above example in details.

Ex (2). The hyperbolic equation d%u/dt* = d*u/dx?* is approximated by the
explicit scheme :

(Upgi1 — 2Upg + Upg-1)/k? = (Upp1q — 2Upg +Up_14)/h* .. (¥)

investigate its stability.
tod A Aalae oL EX.1 b dgylal) daudsy ledsl Jgd) (g sl

2 —241+1=0 ,
where A =1 — 2r2sin? (%), r=k/h ..(*%
Hence the values of A are:
A=A+ (A2—1): and A, = A — (A2 — 1)z
For stability [A] <1
As r k,Barereal, A <1 byeq. (*)
When A < -1, |A,] > 1, giving instability.
When—1<A<1, A2<1, A, =A+i(1—A4%)3 A, = A—i(1— A%):.
hence [A | = |A,] = {42+ (1—4%)}i=1,
proving that equation (*) is stable for —1 <A <1 .Byeq.(**), we then have:
—1<1-2r?%sin? (/32_11) <1 , The only useful inequality is:

h
—1<1-2r?sin? (ﬁ?)

giving r<1
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