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7. Pseudo- Metric Function 

 (7.1) Definition: If 𝑋 be a non-empty set. We said that a function   𝑑: 𝑋 × 𝑋 → ℛ be 

pseudo- metric function, if  

1. 𝑑(𝑥, 𝑦) ≥ 0  ∀𝑥, 𝑦 ∈ 𝑋. 

2. 𝑑(𝑥, 𝑥) = 0 ∀𝑥 ∈ 𝑋. 

3. 𝑑(𝑥, 𝑦) = 𝑑(𝑦, 𝑥)  ∀𝑥, 𝑦 ∈ 𝑋. 

4. 𝑑(𝑥, 𝑦) ≤ 𝑑(𝑥, 𝑧) + 𝑑(𝑧, 𝑦)   ∀𝑥, 𝑦, 𝑧 ∈ 𝑋. 

(7.2) Definition: A function  𝑑 on 𝑋 be a metric, if  𝑑(𝑥, 𝑦) ≠ 0 ∀𝑥 ≠ 𝑦. 

(7.3) Definition: Pseudo- metric space is (𝑋, 𝑑), such that 𝑋 is a non-empty set and 𝑑 

is Pseudo- metric function on 𝑋. 

(7.4) Theorem: Let (𝑋, 𝑑) be Pseudo- metric function. We define a relation ~ on 𝑋 

as 𝑥~𝑦 ⟺ 𝑑(𝑥, 𝑦) = 0, then  

1. ~ be an equivalent relation on 𝑋. 

2. If [𝑥] be an equivalent class of 𝑥and 𝐴 = {[𝑥]: 𝑥 ∈ 𝑋}, then 𝑑∗: 𝐴 × 𝐴 → ℛ 

defined by 𝑑∗([𝑥], [𝑦]) = 𝑑(𝑥, 𝑦) is a metric on 𝐴, this means (𝐴, 𝑑∗) be a 

metric space. 

Proof: (1) since 𝑑(𝑥, 𝑥) = 0 ∀𝑥 ∈ 𝑋 ⟹ 𝑥~𝑥 ⟹ ~ is a reflexive. 

Let  𝑥~𝑦 ⟹ 𝑑(𝑥, 𝑦) = 0, but 𝑑(𝑥, 𝑦) = 𝑑(𝑦, 𝑥) ⟹ 𝑑(𝑦, 𝑥) = 0 ⟹ 𝑦~𝑥 ⟹ ~ is a 

symmetric. 

Let 𝑦~𝑧, 𝑥~𝑦 ⟹ 𝑑(𝑥, 𝑦) = 0, 𝑑(𝑦, 𝑧) = 0, since 𝑑(𝑥, 𝑧) ≤ 𝑑(𝑥, 𝑦) + 𝑑(𝑦, 𝑧) ⟹

𝑑(𝑥, 𝑧) ≤ 0, but 𝑑(𝑥, 𝑧) ≥ 0 ⟹ 𝑑(𝑥, 𝑧) = 0 ⟹ 𝑥~𝑧 ⟹ ~ is a transitive 

⟹ ~ is an equivalent relation on 𝑋. 

(7.5)Example: Let 𝑋 be a set of all real functions on [0,1], we define 𝑑: 𝑋 × 𝑋 → ℛ 

by 𝑑(𝑓, 𝑔) = ∫ |𝑓(𝑥) − 𝑔(𝑥)|𝑑𝑥  ∀𝑓, 𝑔 ∈ 𝑋
1

0
, then 𝑑 be Pseudo- metric and does not 

metric on 𝑋. 

Solution: (1) let 𝑓, 𝑔 ∈ 𝑋 ⟹ |𝑓(𝑥) − 𝑔(𝑥)| > 0 

⟹ 𝑑(𝑓, 𝑔) = ∫ |𝑓(𝑥) − 𝑔(𝑥)|𝑑𝑥  > 0
1

0
. 

(2) let 𝑓 ∈ 𝑋, 𝑑(𝑓, 𝑓) = ∫ |𝑓(𝑥) − 𝑓(𝑥)|𝑑𝑥 = ∫ |0|
1

0
𝑑𝑥 = 0

1

0
. 
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(3) let 𝑓, 𝑔 ∈ 𝑋 

𝑑(𝑓, 𝑔) = ∫ |𝑓(𝑥) − 𝑔(𝑥)|𝑑𝑥 = ∫ |𝑔(𝑥) − 𝑓(𝑥)|𝑑𝑥 = 𝑑(𝑔, 𝑓)
1

0

1

0
. 

(4) let 𝑓, 𝑔, ℎ ∈ 𝑋 

𝑑(𝑓, 𝑔) = ∫|𝑓(𝑥) − 𝑔(𝑥)|𝑑𝑥 

1

0

= ∫|𝑓(𝑥) − ℎ(𝑥) + ℎ(𝑥) − 𝑔(𝑥)|𝑑𝑥 ≤

1

0

∫|𝑓(𝑥) − ℎ(𝑥)|

1

0

+ |ℎ(𝑥) − 𝑔(𝑥)|𝑑𝑥

= ∫|𝑓(𝑥) − ℎ(𝑥)|𝑑𝑥 + ∫|ℎ(𝑥) − 𝑔(𝑥)|𝑑𝑥 = 𝑑(𝑓, ℎ) + 𝑑(ℎ, 𝑔)

1

0

1

0

 

⟹ 𝑑 Pseudo- metric. 

Let 𝑓, 𝑔: [0,1] → ℛ defined by  

𝑓(𝑥) = {
2     , 𝑥 = 0
0, 0 < 𝑥 ≤ 1

   and   𝑔(𝑥) = {
1     , 𝑥 = 0
0, 0 < 𝑥 ≤ 1

 

𝑓(𝑥) − 𝑔(𝑥) = {
1     , 𝑥 = 0

0     , 0 < 𝑥 ≤ 1
  ⟹ 𝑑(𝑓, 𝑔) = ∫ |𝑓(𝑥) − 𝑔(𝑥)|𝑑𝑥 = 0

1

0
, but 𝑓 ≠ 𝑔. 

Product Space 

(7.6) Definition: Let 𝑋, 𝑌 be Cartesian product of 𝑋, 𝑌 denoted by 𝑋 × 𝑌and defined 

by 𝑋 × 𝑌 = {(𝑥, 𝑦): 𝑥 ∈ 𝑋, 𝑦 ∈ 𝑌}, its clear 𝑋 × 𝑌 ≠ 𝑌 × 𝑋, if 𝑋 × 𝑌 ≠ ∅, then 

𝑌 × 𝑋 ≠ ∅. 

(7.7) Example: If (𝑋, 𝑑1), (𝑌, 𝑑2) be a metric spaces, then (𝑋 × 𝑌, 𝑑) be a metric 

space, such that 𝑑((𝑥1, 𝑦1), (𝑥2, 𝑦2)) = max 

{𝑑1(𝑥1, 𝑥2), 𝑑2(𝑦1, 𝑦2)} ∀(𝑥1, 𝑦1), (𝑥2, 𝑦2) ∈ 𝑋 × 𝑌. 

Solution: (1) let (𝑥1, 𝑦1), (𝑥2, 𝑦2) ∈ 𝑋 × 𝑌 ⟹ 𝑑1(𝑥1, 𝑥2) ≥ 0, 𝑑2(𝑦1, 𝑦2) ≥ 0 ⟹ 

max {𝑑1(𝑥1, 𝑥2), 𝑑2(𝑦1, 𝑦2)} ≥ 0 ⟹  𝑑((𝑥1, 𝑦1), (𝑥2, 𝑦2)) ≥ 0. 

(2) let (𝑥1, 𝑦1), (𝑥2, 𝑦2) ∈ 𝑋 × 𝑌 
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𝑑((𝑥1, 𝑦1), (𝑥2, 𝑦2)) = 0 ⟺ max {𝑑1(𝑥1, 𝑥2), 𝑑2(𝑦1, 𝑦2)} = 0 ⟺ 𝑑1(𝑥1, 𝑥2) =

0, 𝑑2(𝑦1, 𝑦2) = 0 ⟺ (𝑥1, 𝑦1) = (𝑥2, 𝑦2) ⟺ 𝑥1 = 𝑥2,   𝑦1 = 𝑦2. 

(3) let (𝑥1, 𝑦1), (𝑥2, 𝑦2) ∈ 𝑋 × 𝑌 

𝑑((𝑥1, 𝑦1), (𝑥2, 𝑦2)) = max {𝑑1(𝑥1, 𝑥2), 𝑑2(𝑦1, 𝑦2)} = max 

{𝑑2(𝑥1, 𝑥2), 𝑑1(𝑦1, 𝑦2)} = 𝑑((𝑥2, 𝑦2), (𝑥1, 𝑦1)). 

(4) let (𝑥1, 𝑦1), (𝑥2, 𝑦2), (𝑥3, 𝑦3) ∈ 𝑋 × 𝑌 

𝑑((𝑥1, 𝑦1), (𝑥2, 𝑦2)) = max {𝑑1(𝑥1, 𝑥2), 𝑑2(𝑦1, 𝑦2)} ≤ max {𝑑1(𝑥1, 𝑥3) +

𝑑1(𝑥3, 𝑥2), 𝑑2(𝑦1, 𝑦3) + 𝑑2(𝑦3, 𝑦2)} ≤ max {𝑑1(𝑥1, 𝑥3), 𝑑2(𝑦1, 𝑦3)} + max 

{𝑑1(𝑥3, 𝑥2), 𝑑2(𝑦3, 𝑦2)} = 𝑑((𝑥1, 𝑦1), (𝑥3, 𝑦3)) + 𝑑((𝑥3, 𝑦3), (𝑥2, 𝑦2)). 

Euclidean Spaces 

(7.8) Definition: Let 𝑛 ∈ ℤ+, a finite sequence (𝑥1, … , 𝑥𝑛) consists of 𝑛 real numbers 

called 𝑛-tuples. We said a set which its elements 𝑛 of components is Euclidean 𝑛-

tuples and denoted by ℛ𝑛 ⟹ ℛ𝑛 = {(𝑥1, … , 𝑥𝑛) ∶ 𝑥𝑖 ∈ ℛ, 𝑖 = 1, … , 𝑛} 

(𝑥1, … , 𝑥𝑛) + (𝑦1, … , 𝑦𝑛) = (𝑥1 + 𝑦1, … , 𝑥𝑛 + 𝑦𝑛)  

𝜆(𝑥1, … , 𝑥𝑛) = (𝜆𝑥1, … , 𝜆𝑥𝑛) ∀𝜆 ∈ ℛ, ∀𝑥 = (𝑥1, … , 𝑥𝑛), 𝑦 = (𝑦1, … , 𝑦𝑛) ∈ ℛ𝑛. 

(7.9) Example: Let a function 𝑑: ℛ𝑛 × ℛ𝑛 → ℛ defined by 

 𝑑(𝑥, 𝑦) = (∑ (𝑥𝑖 − 𝑦𝑖)2𝑛
𝑖=1 )1/2∀𝑥 = (𝑥1, … , 𝑥𝑛), 𝑦 = (𝑦1, … , 𝑦𝑛) ∈ ℛ𝑛, then 𝑑 be a 

metric function on ℛ𝑛. 

Solution: (1) let 𝑥 = (𝑥1, … , 𝑥𝑛), 𝑦 = (𝑦1, … , 𝑦𝑛) ∈ ℛ𝑛 

⟹ 𝑥𝑖 − 𝑦𝑖 ∈ ℛ  ∀𝑖 = 1,2, … , 𝑛 ⟹ (𝑥𝑖 − 𝑦𝑖)2 ≥ 0  ∀𝑖 = 1,2, … , 𝑛 ⟹ 𝑑(𝑥, 𝑦) ≥ 0. 

(2) 𝑑(𝑥, 𝑦) = 0 ⟺ (∑ (𝑥𝑖 − 𝑦𝑖)2𝑛
𝑖=1 )

1

2 = 0 ⟺ ∑ (𝑥𝑖 − 𝑦𝑖)2𝑛
𝑖=1 = 0 ⟺ (𝑥𝑖 − 𝑦𝑖)2 =

0  ∀𝑖 = 1, … , 𝑛 ⟺ 𝑥𝑖 − 𝑦𝑖 = 0 ∀𝑖 = 1, … , 𝑛 ⟺ 𝑥𝑖 = 𝑦𝑖    ∀𝑖 = 1, … , 𝑛 ⟺ 𝑥 = 𝑦. 

(3) let 𝑥 = (𝑥1, … , 𝑥𝑛), 𝑦 = (𝑦1, … , 𝑦𝑛) ∈ ℛ𝑛 

𝑑(𝑥, 𝑦) = (∑ (𝑥𝑖 − 𝑦𝑖)2𝑛
𝑖=1 )

1

2 = (∑ (𝑦𝑖 − 𝑥𝑖)2𝑛
𝑖=1 )

1

2 = 𝑑(𝑦, 𝑥). 

(4) 𝑥 = (𝑥1, … , 𝑥𝑛), 𝑦 = (𝑦1, … , 𝑦𝑛), 𝑧 = (𝑧1, … , 𝑧𝑛) ∈ ℛ𝑛 

Put 𝛼𝑖 = 𝑥𝑖 − 𝑧𝑖  and   𝛽𝑖 = 𝑧𝑖 − 𝑦𝑖 



Prof. Dr. Najm Abdulzahra Makhrib Al-Seraji, Lectures in Mathematical 
Analysis (1) [2021-2022] 

 

  

33 

𝑑(𝑥, 𝑧) = (∑ (𝑥𝑖 − 𝑧𝑖)2
𝑛

𝑖=1
)

1
2 = (∑ 𝛼𝑖

2
𝑛

𝑖=1
)

1
2 

𝑑(𝑧, 𝑦) = (∑ (𝑧𝑖 − 𝑦𝑖)2𝑛
𝑖=1 )

1

2 = (∑ 𝛽𝑖
2𝑛

𝑖=1 )
1

2  

𝑑(𝑥, 𝑦) = (∑ (𝑥𝑖 − 𝑦𝑖)2
𝑛

𝑖=1
)

1
2 = (∑ ((𝑥𝑖 − 𝑧𝑖) + (𝑧𝑖 − 𝑦𝑖))2

𝑛

𝑖=1
)

1
2

= (∑ (𝛼𝑖 + 𝛽𝑖)2
𝑛

𝑖=1
)

1
2 

(∑ (𝛼𝑖 + 𝛽𝑖)2
𝑛

𝑖=1
)

1
2 ≤ (∑ 𝛼𝑖

2
𝑛

𝑖=1
)

1
2 + (∑ 𝛽𝑖

2
𝑛

𝑖=1
)

1
2 

⟹ 𝑑(𝑥, 𝑦) ≤ 𝑑(𝑥, 𝑧) + 𝑑(𝑧, 𝑦) ⟹ 𝑑 is a metric function on ℛ𝑛. 

(7.10) Example: Let a function 𝑑: ℛ𝑛 × ℛ𝑛 → ℛ defined by 

 𝑑(𝑥, 𝑦) = ∑ |𝑥𝑖 − 𝑦𝑖|𝑛
𝑖=1 ∀𝑥 = (𝑥1, … , 𝑥𝑛), 𝑦 = (𝑦1, … , 𝑦𝑛) ∈ ℛ𝑛, then 𝑑 be a metric 

function on ℛ𝑛. 

Solution: (1), (2), (3) are clear. 

(4) let 𝑥 = (𝑥1, … , 𝑥𝑛), 𝑦 = (𝑦1, … , 𝑦𝑛), 𝑧 = (𝑧1, … , 𝑧𝑛) ∈ ℛ𝑛 

Put 𝛼𝑖 = 𝑥𝑖 − 𝑧𝑖  and   𝛽𝑖 = 𝑧𝑖 − 𝑦𝑖 

𝑑(𝑥, 𝑧) = ∑ |𝛼𝑖|, 𝑑(𝑧, 𝑦) = ∑ |𝛽𝑖|  𝑛
𝑖=1   𝑛

𝑖=1       

⟹ 𝑑(𝑥, 𝑦) = ∑ |𝛼𝑖 − 𝛽𝑖|
𝑛

𝑖=1
 

Since |𝛼𝑖 − 𝛽𝑖| ≤ |𝛼𝑖| + |𝛽𝑖| 

⟹ 𝑑(𝑥, 𝑦) ≤ 𝑑(𝑥, 𝑧) + 𝑑(𝑦, 𝑧) 

⟹ 𝑑 is a metric function on ℛ𝑛. 

 


