
Prof. Dr. Najm Abdulzahra Makhrib Al-Seraji, Lectures in Mathematical 
Analysis (1) [2021-2022] 

 

  

46 

11. Some Important Metric Spaces 

 (11.1) Lemma: If 𝑎 ≥ 0, 𝑏 ≥ 0, 𝑝 > 1, 𝑞 > 1 ∋
1

𝑝
+

1

𝑞
= 1, then 𝑎𝑏 ≤

1

𝑝
𝑎𝑝 +

1

𝑞
𝑏𝑞 

and 𝑎𝑏 =
1

𝑝
𝑎𝑝 +

1

𝑞
𝑏𝑞 ⟺ 𝑎𝑝 = 𝑏𝑞. 

(11.2) Theorem: (Holders Inequality) 

If 𝑝, 𝑞 ∈ ℛ ∋
1

𝑝
+

1

𝑞
= 1 ⟹ ∑ |𝑥𝑖𝑦𝑖| ≤ (∑ |𝑥𝑖|𝑝

𝑖=1 )
1

𝑝
𝑖=1 (∑ |𝑦𝑖|𝑞

𝑖=1 )1/𝑞 ∋ 𝑥𝑖 , 𝑦𝑖 ∈ ℛ. 

(11.3) Corollary: (Cauchy-schwars Inequality) 

∑ |𝑥𝑖𝑦𝑖| ≤ (∑ |𝑥𝑖|2
𝑖=1 )

1

2𝑖=1 (∑ |𝑦𝑖|2
𝑖=1 )

1

2 ∋ 𝑥𝑖 , 𝑦𝑖 ∈ ℛ. 

(11.4) Theorem: (Minkokowsks Inequality) 

If 𝑝 ≥ 1 ⟹ (∑ |𝑥𝑖 + 𝑦𝑖|𝑝)1/𝑝 ≤ (∑ |𝑥𝑖|𝑝
𝑖=1 )

1

𝑝 +𝑖=1 (∑ |𝑦𝑖|𝑝
𝑖=1 )

1

𝑝 ∋ 𝑥𝑖 , 𝑦𝑖 ∈ ℛ. 

(11.5) Example: Let 𝑋 = 𝐶[0,1] represents a set of all bounded real functions and 

continuous on [0,1]. Define 𝑑: 𝑋 × 𝑋 → ℛ by 𝑑(𝑓, 𝑔) = ∫ |𝑓(𝑥) − 𝑔(𝑥)|𝑑𝑥 ∀𝑓, 𝑔 ∈
1

0

𝑋, then (𝑋, 𝑑) be incomplete metric space. 

(11.6) Example: Let 𝑋 = 𝐶[0,1] represents a set of all bounded real functions and 

continuous on [0,1]. Define 𝑑: 𝑋 × 𝑋 → ℛ by 𝑑(𝑓, 𝑔) = sup{|𝑓(𝑥) − 𝑔(𝑥)|: 𝑥 ∈

[0,1]}∀𝑓, 𝑔 ∈ 𝑋   then (𝑋, 𝑑) be complete metric space. 

(11.7) Example: Let 𝐿𝑝[𝑎, 𝑏], 1 ≤ 𝑝 ≤ ∞, represents a set of real functions 

𝑓: [𝑎, 𝑏] → ℛ ∋ ∫ |𝑓(𝑥)|𝑝𝑑𝑥 < ∞ 
1

0
, this means 𝐿𝑝[𝑎, 𝑏] = { 𝑓: [𝑎, 𝑏] → ℛ ∋

∫ |𝑓(𝑥)|𝑝𝑑𝑥 < ∞ 
1

0
}. Define 𝑑: 𝑋 × 𝑋 → ℛ by 𝑑(𝑓, 𝑔) = (∫ |𝑓(𝑥) −

1

0

𝑔(𝑥)|𝑝𝑑𝑥)1/𝑝 ∀𝑓, 𝑔 ∈ 𝐿𝑝[𝑎, 𝑏] , then (𝐿𝑝[𝑎, 𝑏], 𝑑) be complete metric. 

(11.8) Example: Let 𝐿𝑝, 1 ≤ 𝑝 ≤ ∞, represents a set of real sequences 𝑥 = {𝑥𝑛} ∋

∑ |𝑥𝑖|𝑝
𝑖=1 < ∞, this means 𝐿𝑝 = { 𝑥 = {𝑥𝑛}: ∑ |𝑥𝑖|𝑝

𝑖=1 < ∞}. Define 𝑑: 𝐿𝑝 × 𝐿𝑝 → ℛ 

by 𝑑𝑝(𝑥, 𝑦) = (∑ |𝑥𝑖 − 𝑦𝑖|𝑝)1/𝑝∀ 𝑥 = {𝑥𝑛}, 𝑦 = {𝑦𝑛} ∈ 𝐿𝑝
𝑖=1 , then (𝐿𝑝, 𝑑𝑝) be 

complete metric. 

Solution: the axioms  1,2,3 are clear. 

(4) let 𝑥, 𝑦 ∈ 𝐿𝑝 ⟹ 𝑥 + 𝑦 = (𝑥1 + 𝑦1, … , 𝑥𝑛 + 𝑦𝑛) 
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|𝑥 + 𝑦| = (∑ |𝑥𝑖 + 𝑦𝑖|𝑝)1/𝑝

𝑖=1
 

|𝑥 + 𝑦| ≤ (∑ |𝑥𝑖|𝑝)
1

𝑝
𝑖=1 + (∑ |𝑦𝑖|𝑝)

1

𝑝 = |𝑥|𝑖=1 + |𝑦|. 

(11.9) Example: Let 𝐿∞,, represents a set of bounded real sequences 𝐿∞ = { 𝑥 =

{𝑥𝑛}: 𝑛 ∈ ℕ}. Define 𝑑∞: 𝐿∞ × 𝐿∞ → ℛ by 𝑑∞(𝑥, 𝑦) = sup {∑ |𝑥𝑖 − 𝑦𝑖|: 𝑛 ∈𝑖=1

ℕ ∀ 𝑥 = {𝑥𝑛}, 𝑦 = {𝑦𝑛} ∈ 𝐿∞, then (𝐿∞, 𝑑∞) be complete metric. 

 

 


