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Examples(2-8):  

Apply theorem(2-7) on (Ζ32, +32). 

Solution:  

|Ζ32| = 32 = 25 is a 2- group. 

By theorem (2-7), H and G 𝐻⁄  are 2- groups. 

o(G)
𝑜(𝐻)⁄    ⟹ 𝑜(𝐻) = 2𝑥 , 0 ≤  𝑥 ≤ 5. 

𝑜(𝐻) = 20 or    21  or  22  or   23   or   24   or   25, 

𝑜(𝐻) = 20 is a 2- group ⟹ 𝑜(G
𝐻⁄ ) = o(G)

𝑜(𝐻)⁄ =
25

20 =

25 is a 2- group. 

𝑜(𝐻) = 21 is a 2- group ⟹ o(G)
𝑜(𝐻)⁄ = 24 

𝑜(𝐻) = 22 is a 2- group ⟹ o(G)
𝑜(𝐻)⁄ = 23 

𝑜(𝐻) = 23 is a 2- group ⟹ o(G)
𝑜(𝐻)⁄ = 22 

𝑜(𝐻) = 24 is a 2- group ⟹ o(G)
𝑜(𝐻)⁄ = 2 
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𝑜(𝐻) = 25 is a 2- group ⟹ o(G)
𝑜(𝐻)⁄ = 1. 

Remark(2-9);  

If G is a non-trivial  p- group, then Cent(G) ≠ 𝑒. 

Theorem(2-10):  

Every group of order p2 is an abelian. 

Proof: Let G be a group of order p2, to prove G is an 

abelian. 

Let Cent(G) is a subgroup of G. 

By Lagrange Theorem 
o(G)

𝑜(Cent(G) )⁄  , 

⟹
p2

𝑜(Cent(G) )
⁄  

⟹ 𝑜(Cent(G)) = p0   or   p1   or    p2 

If  𝑜(Cent(G)) = p0 ⟹ 𝑜(Cent(G)) = {𝑒}, but this is 

contradiction with remark(2-9), so 𝑜(Cent(G)) ≠ p0. 

If 𝑜(Cent(G)) = p2 = 𝑜(𝐺) ⟹ Cent(G) = 𝐺 
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⟹ 𝐺 is an abelian. 

If 𝑜(Cent(G)) = p1 ⟹ 𝑜 (𝐺
Cent(G)⁄ ) =

p2

p1 = p  

𝐺
Cent(G)⁄  is a cyclic. 

Therefore, 𝐺 is an abelian ∎ 

Remark(2-11):  

The converse of theorem(2-10) is not true in general, for 

example  (Ζ8, +8) is an abelian, but 𝑜((Ζ8) = 23 ≠ 𝑝2. 

 


