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Theorem(4-5): 

Every subgroup of a solvable group is a solvable. 

Proof: let (𝐻,∗) be a subgroup of (𝐺,∗) and (𝐺,∗) is a 

solvable group. 

To prove (𝐻,∗) is a solvable. 

Since 𝐺 is a solvable ⟹  

there is a finite collection of subgroups of (𝐺,∗), 

𝐺0, 𝐺1, … , 𝐺𝑛   such that 

1. 𝐺 = 𝐺0 ⊃ 𝐺1 ⊃ ⋯ ⊃ 𝐺𝑛−1 ⊃ 𝐺𝑛 = {𝑒}, 

2. 𝐺𝑖+1∆𝐺𝑖    ∀𝑖 = 0, … , 𝑛 − 1, 

3. 
𝐺𝑖

𝐺𝑖+1
⁄  is a commutative group ∀𝑖 = 0, … , 𝑛 − 1. 

Let 𝐻𝑖 = 𝐻 ∩ 𝐺𝑖 ,   𝑖 = 0, … , 𝑛 

𝐻0 = 𝐻 ∩ 𝐺0, 𝐻1 = 𝐻 ∩ 𝐺1, … , 𝐻𝑛 = 𝐻 ∩ 𝐺𝑛 = {𝑒}  

Each 𝐻𝑖 is a subgroup of (𝐺,∗). 

1. 𝐺 = 𝐻0 ⊃ 𝐻1 ⊃ ⋯ ⊃ 𝐻𝑛−1 ⊃ 𝐻𝑛 = {𝑒} is hold 

2. 𝐻𝑖+1∆𝐻𝑖    ∀𝑖 = 0, … , 𝑛 − 1,   𝐻𝑖 = 𝐻 ∩  𝐺𝑖, 𝐻𝑖+1 =

𝐻 ∩  𝐺𝑖+1 , since 𝐺𝑖+1∆𝐺𝑖 ⟹ 𝐻𝑖+1∆𝐻𝑖 
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3. To prove 
𝐻𝑖

𝐻𝑖+1
⁄  is a commutative group ∀𝑖 =

0, … , 𝑛 − 1. 

Let 𝑓𝑖: 𝐻𝑖 ⟶
𝐺𝑖

𝐺𝑖+1
⁄ , 𝑖 = 0, … , 𝑛 − 1 such that 𝑓𝑖(𝑥) =

𝑥 ∗ 𝐺𝑖+1∀𝑥 ∈ 𝐻𝑖 ⊆ 𝐺𝑖. 

To prove 𝑓𝑖 is a homomorphism, 

𝑓𝑖(𝑥 ∗ 𝑦) = 𝑓𝑖(𝑥) ⊗ 𝑓𝑖(𝑦) ? 

𝑓𝑖(𝑥 ∗ 𝑦) = 𝑥 ∗ 𝑦 ∗ 𝐺𝑖+1 = (𝑥 ∗ 𝐺𝑖+1) ⊗ (𝑦 ∗ 𝐺𝑖+1) =

𝑓𝑖(𝑥) ⊗ 𝑓𝑖(𝑦)  

So, 𝑓𝑖 is a homomorphism 

𝑓𝑖 is onto ? 

𝑅𝑓𝑖
= {𝑓𝑖(𝑥): 𝑥 ∈ 𝐻𝑖} = {𝑥 ∗ 𝐺𝑖+1: 𝑥 ∈ 𝐻𝑖} = 𝑓𝑖(𝐻𝑖)

≠
𝐺𝑖

𝐺𝑖+1
⁄   

𝑓𝑖(𝐻𝑖) ⊆
𝐺𝑖

𝐺𝑖+1
⁄ ⟹ 𝑓𝑖 is not onto 

𝐻𝑖
ker𝑓𝑖 

⁄ ≅ 𝑓𝑖(𝐻𝑖)  ( by theorem of homomorphism) 
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ker𝑓𝑖 = {𝑥 ∈ 𝐻𝑖 : 𝑓𝑖(𝑥) = 𝑒′} = {𝑥 ∈ 𝐻𝑖: 𝑥 ∗ 𝐺𝑖+1 = 𝐺𝑖+1}

= {𝑥 ∈ 𝐻𝑖: 𝑥 ∈ 𝐺𝑖+1} = {𝑥 ∈ 𝐻𝑖 : 𝑥 ∈ 𝐻 ∩ 𝐺𝑖+1}

=  𝐻𝑖+1 

so, (
𝐻𝑖

𝐻𝑖+1
⁄ ,⊗) ≅ (𝑓𝑖(𝐻𝑖),⊗) 

 𝑓𝑖(𝐻𝑖) ⊆
𝐺𝑖

𝐺𝑖+1
⁄  and 

𝐺𝑖
𝐺𝑖+1

⁄  is a commutative  

Hence, 𝑓𝑖(𝐻𝑖) is a commutative 

Therefore, 
𝐻𝑖

𝐻𝑖+1
⁄  is a commutative 

So, (𝐻,∗) is a solvable ∎ 

 

Theorem(4-6): 

Let 𝐻∆𝐺 and 𝐺 is a solvable, then 𝐺 𝐻⁄  is a solvable. 

 


