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2-7 The Rank Of The Matrix 48 giaal) A5
-2y

A nddtine Vil o Addadldn) b m*n aew Gl ddgas A S
Dda s s Y Ll dasdll

EX:- 48 ghiaal) 45 aa — s
A= [3 10}
5 71

@ﬁh}%%t)@&ﬂhﬁ%@?h}@\ﬁﬁ@d&hﬁy

2%2

Dta sl Y ldasa B 4gadl

2 i A Ad) o)

B= (3 1
S 7] 2%2

EX:- ~sJlia
48 s8imall 45 ) 2a

S 7 2 0
A = 0 O 0 6
9 0 0 0 B+

Sol :- -2 Jadl

A MJQE)LA@}L%‘XJM\JS\SEL@JJM\q;_'aei:\_)sj;alé)mc)m

A b iian AT W jiaa (s gy sl LS LT =PI JE - PR
Z\AM\MJAMMMQAJL@JJM\A;J;PTM

5 7 2
B = [o 0 O}:>|B|: 0
9 0

[ J

| B]=-63
Thenrank A =2
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Chapter Four

Vector Space cilgaial) glad

S,_The Vectors Cilgaiall

Def :- Let VbeavectorinR". Then V= (v, V...v,) Where v, (i=1,...,,n)
are called the components of the vector V

s (1)

—
(Origin)Jday) ddads dic gy dgaie afiie dadady ot 30 V= (V,,V,..V, ) 4aie JS
0(0,0,...,0)

b P all e Agatiall litonall Akl a3 P (V, W, Vg ) Ak die L
OP

g_\;}.d\ XJ)M@@M\@}\J\}AM\M@@\LJU

(1) Ex:-
V=(2,5)
Sol :-
5
P(2,5)
0=(0,0) P=(2,5)
V=0P =(2,5)
0O(0,0)
(2) Ex:-
P=(-7,2) 0=(0,0)

V = 0OP=(-7,2)
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Definitions -3 iy el
Def(1):-LetV=(V1,V2,.....,Vn)and W=(w1,wz2,...., wn) are two
vectors. Then V =W if vi=wi , where, i=1,...,n

EX:-
V=(5,7) , W=(4,2)

V 2z W

Def(2):-LetV=(V1,V2,....,Vn)and U= (U1, Uz, ...., Un) are two
vectors. Then

— —

U+V = (U1,U2,....,Un)+(V1,Vz2, ..., Vn)
=(U1+Vi1,U2+V2,........ , Un+Vn).

And

U-V=U+(-V)

=(U1—-V1,U2-V2,....,Un-Vn).
Ex:- Let V=(5,4),W=(3,-2) thenfind V+W

Sol :-
Q:W:(S,4)+(3,-2)
=(5+3,4-2)

=(8,2)

Def(3):- If U=( U1, Uz, ..., Un) and K is scalar number then
KU=K(U1,Uz2,...,Un)
=(KUi,KU2,...,KUn)

Def(4):- 1f U=(0,0,...,0)then U is called zero vector and denoted by
0=(0,0,.....,0), where satisfiesV + O=0 + V =V

9 U aaidl el plaill (b R" Jdasic U g8 13 ddasdla
-U=(-U1,-Uz2,....,-Un)
U+(-U)=0
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Def(5) :- The Length( Norm) of the vector V=(v1, v2) is denoted by ‘ ‘VH

and given by
| |V| | = \/V% +V%+'“+V721

—>
Ex:- Find the length of U=(3,4)

Sol :-

||U|| = \/(3)2+(4)2
= V9 + 16
= \/ﬁ =5,

Def(6) :- If  Pii(vy,vo V) , P2 (Ul,Ug,...,lT) are two points in R", then the

Distance from P1, P2 is given by | | P1 P2

\/( Vi-U1)? + (V2-U2)2 + ..e..+ (Vo= Un)?)

Ex:- Find the distance from P1:(-5,4) to P2:(-1,2)
Sol :-

PPz = \/\/((xz—x1)2 + (y2-y1)?)
= (4 +(-2)
=+ 20
EXx:- Find the length of PQ such that
P:(5,-2) , Q:(-1,-7)

Sol :-
| |PQ| |: \/\/((xz—m)z + (y2-y1)?)

= J(-1-5) + (-7 + 2))

= (=6)? + (-5)?
= V36 +25

=61
O
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Exc :- Find
Uu-Vv |, 12V ,4U+5V , U-9V and U +V ,where
(Hv=(1,-90,2) sU=(1/4,-2,0,5)

)V=(-2,13,3,0,1/4) sU=(1/5,-3,-1,1/3,0)

Theorem(4- 1):- If U ,V ,W are vectorsin R" and K, C are scalars
numbers then :-
QDHuU+v=Vv+U
2Q(U+V)+W =U+(V+W)
BU+0=0+U
AHU+(-U)=0
B5) (CK)U=C(KU)
BG)K(U+V)=KU+KV
(7)(C+K) V=CV+KV
81.U=U
Proof:- HW

S,.. Scalar Product(Dot product) gand) @ pall

Def:- let U= (uz,u2...uy) and V =(vi1, v2...V,) are two vectors in R" then the
Scalar product (Dot product )defined by

U.V =uwivi+u2ve+...+uyt V,

Ex:- Let V=(5,7,1) and U=(-8,0,-12) then find V.U

Sol :-

U.V=(5(-7)+7(0)+1(-12))
=-35+0- 12
= -47

Ex:- Let V=(3,-2,5) and U=(-6,1,9) then find the dot product of V and U
Sol :-

U.v=(3,-2,5).(-6,1,9)
=-18-2+45
=25

H.W:- Let V=(7,-9,5) and U=(-20,0,17) then find V.U, V-U V+U KV+U
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The Angle Between Two Vectors Cpgaia (O dagl 3

Theorem:- if U and V are non zero vectors in R or R®, and if o is the
angle between them , then

u.Vv

T

Cosa
Proof
o U-V| 251Ul 241 M 22| y| -[IM] Cos

||U'V||2:[#(Ul—V1)2+(U2—V2)2 }2

=(U1=V1)?+ (U2-V2)
=U12+V12—2U1V1+ U2+ V22 -2 U2 V2
= U1% + U2% + V12 + V22 -2U1V1 - 2 U2 V2

:||U||2 + ||V||2 -2 (U1V1+U2V2)

-2||U||.||V||C0sa =2U1V1 +U2V2
ol 20 Tvlls o
UiVi+U2V2
Cosa =
U] [M]] -V
A\
u .V V
Cosa =
[Tull. [M]]




Remark:-

e Jeani ) aahaiu o3le) A83all (a
u.v=1[ull . [vIl. Cosa

Ex:-if V=(-3,0) and U =(-3, -4) then find the angle between V ,U

Sol :-
U.V=-3(-3)+0(-4)
=9 +0—9
| |U|| = +16 =\l 25
||v||:\|(-3)2+(0)2 = J9+o =3
u .V
Cosa =
Lol v
9
Cosaa =
5 .3
=3/5

a = Cos ™ (3/5)
Ex:-if V=(0,0,1) and U =(1,0, 0) then find the angle between V
’S%I -
U.V=(1)0+0(0)+(0)1

=0

v ] 0+0+12 =l 1 =1

Ul 124040 = 1 =1
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Uu .Vv
Cosa =
Hul 1. T
=0/1=0
Cosa = 0 , o=m/2
THM4-2):-

If U,V and W arevectorsinR" and K isascalar, then

U .(V.W)=U.V+U .W
OK(U.V)=(KU).V+ U.(KV)
V.V =(| v Iy

e) V.0=0
TH(4-3):-

Vand W are orthogonal iff V.W =0 , V0 ,W#0
Or if cosa =0 = 0 =7 /2

Ex:-letU=(1,-2,2)and V =(2,7,6) showthat U and V are
orthogonal vectors .
Sol :-
U.V=2-14+12=0
Uu.Vv

Cosa =
IRV

0

Cosa =

[y [T TRy
Cosa = 0
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Unit _Vector Ba gl Aaia

Def :- If the length of a vector V equal one then V called unit vector

EX:-
Showthat V =(0, 1) is unitvector?

Sol:
|V |=\[0?+12 =1

Remark :-

If VV is non zero vector then the vector U
1

—>

\Y

U =
i

Is called unit vector with the same direction as V

EX:-
Let V = (-5, 7) find the unit vector that has the same directionas V ?

Sol :-

_>
VvV

V]| =d (-5) +(7)
=] 25 +49

=\] 74

U = 174.(-5,7)

=(-5/V74, 7174)
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—>

151 s +

=N 25/74 +49/74

= rama= =1

EX:-
Let W= (4, -2, 1) find the unit vector that has the same direction as W ?
Sol :-

1 —

W
[l |

U=

INIER

= \‘16+4+1 :\‘ 21

U=—.(@4,2,1)

=(anl 21 ,2/N21 N2

||u||:\ (4/\'?1 )2+(-2/\r2/1)2+(1/\r2_i)2

=]16/21+4/21 + 1/21

=N21/21 =1
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Remark :-
(1)in R*there exist two unit vectors are i=(1,0) and j=(0,1)

Y

X
i

(2) every vector in R® is expressible uniquely in terms of i and j as follows
V=(V1,V2).

=(V1,0)+(0,V2)

=V1(1,0)+V2(0,1)

=Vii +V2]
(3) in R® there exist three unit vector are
1=(1,0,0),j=(0,1,0),k=(0,0,1)
(4) every vector in R®is expressible uniquely interms of i, j, k
as follows .
V=(V1,V2,V3)

=(V1,0,0)+(0,V2,0)+(0,0,V3)
=V1(1,0,0)+V2(0,1,0)+V3(0,0,1)

=Vii +V2j +V3k

EX:-
The vector V=(7,-9,2) we can written as follows .
V=7i-99+2k

The Properties Of Unit Vectors

x X+
i1
O O o
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Def :- In both R? and R® the angles between anon zero vector V and the unit
vectors i, j, k are called direction cosines of V.

Theorem :-(4—-5)

The direction cosine of a non zero vector

V=Vil+V2j+V3k are
V1 V2 V3

Cos o =" ,cosP= —  ,cosf=

i val v
Ex:-
Find the direction cosines of the vector
V=2i-6j+3Kk
Sol :-

IV l= v3+36+9 = V49 =7

So that
V1 2
Cosa="_ = — =
v 7
V2 -6
CosB=—"" = "=
I
V3 4
Cos0=—"" = —=
vl 7
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S; --Cross Product AN o gl

Def :-if V=(V1,V2,V3), U=(Uz1, U2, U3)are two vectors in R® then
the Cross Product is denoted by U *V and defined as follows :-
U*V=(U2V3-U3V2,U3V1i-U1V3,U1V2-U2V1)

Or by determinants

+ - +
> — i ] k
U*VvV=| U U2 Us

V1 V2 V3

=i(U2V3-U3V2)—-j(U1V3-UsVvi)+k(Ui1V2—-U2V1)

Ex:-
letV=(1,-1,0),U=(2,3,-2)
find V*U
Sol :-
— —> i J k
u*v=|2 3 -2

1 -1 0
=i1(2-0)—-j(-2-0)+k(3+2)
=21 +2) +5Kk
TH([4-6):-

If U and V two vectors in R® then
a) U*v-- U

— —> —>
b) U*VL V
— — —> —> — —

UV = UIPV[|? -(u. vy
( Lagranges identity ) z=IS¥ diilata _eud s pAY) daaidll

EX:
If V=(4,2,-5) And U=(-2,1,0)then find
— —> —>
( U*VvV)_LU
Sol :-

J
-2 1 0
4 2 -5

U*V=
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=i(-5)-jJ(10)+k(-8)
=-51-10j -8k
— —> —>
Uu.(U*V)=(-2,1,0).(-5,10,-8)
=10-10+0
=0
TH@A-7):-
If U,V and W are vectors in R®and C isascalar, then

aU*V=-(V*Uu)
— > > > —> —»
) U *(V+W)=(U*V)+(U*W)
—  —

— —> — —

O(U+V)*W=(U*W)+(V*W)
- > > —
C

U)*V =U%*(CV)

(i.i.k) S gl il gate als S

2 i*j=k,j*k=i,k *i =]
J¥i=-k, kK*j=-1,1*k=-

kC;

Al 3 LAY aguYlaladl GuSe 5 daa ga 3 )LEY) agus¥) oladly
TH@4-7):-
If U,V benonzerovectorsin R*>and o be the angle between these vectors
then
@/ lu*v | [=[[ul| [IVI] sina
(b) The area A of the Parallelogram that has U and V as adjacent sides
is A3 | u=xvl|

(c) U*V =0 iff U and V are parallel vectors
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EX;- Find the area of the parallelogram determine by the vectors
_’

PyP2=3i - j+2k
PiPs=21+3]+k

Sol :-
—> —> I J k
PiP2*P1P3s = |3 -1 2
2 3 1
=i(-7)-j(-1)+k(11)
=-7Ti+j+11k
A =1|lu * v]|]
—> —>
=||P1P2*P1P3|
— —
[ PLP2*PuPs| | = (-7)%+ (L)% + (1LY
= J49+1+121
=N 171
H.W:-
Exc:- (1)

Find the area of the triangle that is determined by the pointsP1(1,2,0),
P2(-2,0,1),P3(0,2,3)

Exc:- (2)
Find the area of the parallelogram determined by the vectors
PiP2=31+2)j-2k,P1P3=4i-5j+2k

Exc:- (3

Find the area of the parallelogram thathasU =i-3j+ 2k and V = 3] +4 k
as adjacent sides .

Exc:- (4

Find the area of the triangle with vertices
@P(1,2,-2),Q(0,0,0),R(3,5,1)

(b) P(2,0,-3),Q(1,4,5),R(7,2,9)
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Scalar triple product SN gamd) )

Def:-let U=(u1,u2,u3), V=(vi,v2,v3)and W=(w1,w2,ws3)are
vectors in R® then the number U . (V * W ) is called the Scalar triple product
of U,V and W

Remark :-

The Scalar triple product can be obtained directly from the formula

U1 U2 Us
U.(V*W)= V1 V2 V3
Wi W2 W3

EX :-
Calculate the Scalar triple product U. (V * W) of the vectors U = 3i — 2j — 5k
, V=1+4j-4k , W =3j+2k

Sol :-
U1 U2 U3 3 2 5
U.(V*W)= Vi V2 V3 |=|1 4 -4 |=49
Wi W2 W3 0 3 2

Theorm(4-8) :-

Let U,V and W be non zero vectors in R®
( a) the volume of the parallelepiped thathas U,V and W as adjacent
edges is

V=|U.(V*W)
(b) U.(V*W)=0if U,Vand W lie in the same plane.

EX :-
Let U=(3,4,1),V=(0,5,-1),W=(3,0,-1)

Sol :-
> 3

V= |U.(V*W)| =] 0 5
N3
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=|-15 +12 +O—15‘ = ‘-18‘ = 18

V=16

EX -

Let U =(1,-2,3),V=(3,2,-2),W=(1,0,3), determine whether
the vectors lie in the same plane .

Sol :-
By Th. the vectors lie in the same planeif U(V*W)=0
> | 7
V = U.(V*W)‘: 3 1
- ~2 N0

=6 +0+0-6-0-0 = 0
U.(V*W)=0 ,then these vectors are lie in the same plane .

H. W :-

(1) let U=3i+j+2k, V=41+5j+k, W =1+2j+4k then find the
volume of parallelepiped that has U,V and W as adjacent edges .

(2) determine whether the vectors U,V and W lie in the same plane where
@U=5i-2j+k ,V =4i—j+k, W=i—j

(byu=(4,8,1), vV=(2,1,-2), W=(3,-4,12)

(3) consider the parallelepiped with adjacent edges
U=3i+8j+k,V=i+j+2k, W=i+3j+3k

(a) find the volume

(b) find the area of the face determined by U and W

(c¢) the angle between U and V

(1) LetU=(1,3),vV=(2,1) ,W=(4,-1) .
Find the vector X that satisfies 2U-V+X=7X+W
(2) Giventhat K=-2 and ||KV ||=6 . Find ||V|]|

(3) Find the initial point of the vector V =(-3,1,2), if the terminal point is

(5,0,-1)
o
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(4) if v |:1,| IE 2,the angle between U and V is (30°) then find U .V

(5) Use vectors to show that A(2,-1,1) , B(3,2,-1) and C(7,0,-2) are vertices
of aright triangle . ? At which vertex is the right angle ?

(6) Find K so that the vector from the point A(1,-1,3) to the point B(3,0,5) is
orthogonal to the vector from A to the point (k, k, k)
(7) Find the area of the parallelogram that has U and V as adjacent sides
@U=i+3j-2k andV =3i-j-k
(b)U=2i+3jandV=-i+2j-2k

(8) Let be the angle between the vectors U=2i+3j-6k and V=2i+3j+6k
(a) use the dot product to find Cos0
(b) use the cross product to find Sinf

Jgaldll g Juadl) 13 dp@}bgﬁﬁ\gécﬂgﬁﬂbmJUﬂb&m&.\A;-;g !A.BAN-A
s AY

S, Vector Space clgaiall gliad

Def;- Let V be nonempty set of vectors then VV called Vectors Space over
R if and only if its satisfy the following conditions

(1)

@ U,V e V =—> U+V € V
V is closed under +

(b) U+V =V +U

(c) U+(V+W)=(U+V)+W

(d) Cung Vo ) ey g dall 4niadl s an g paicaa
U+O =0+U=U

(e) U+(-U)=0 Aldusny Vo iy -U g ald Vv ) U dS

2if vueV and a,be R then

@a.U €

(b a.(V+U)=a.V+aU
(c)(a+tb).U=aU +b U
(da.(b.U)=ab. U
(e)1.U=U




Ex:- show thet R" is vectors space over R ,where
V+u= (Vi=U1,Vat+Uz,....,vatUn) and cv =(Cvi,CVa,...... ,CVn )
Sol:-
By theorem
If U,V W arevectorsin R" and K, C are scalars numbers then :-
LHU+Vv=Vv+U
QQ(U+V)+W =U+(V+W)
U+0=0+U
AU+(-U)=0
5) (CK)U=C(KU)
B)K(U+V)=KU+KV
(7)(C+K) V=CV+KV
81.Uu=U
Therefore , R" is vectors space over R .
Ex:- Let V is the set of all vectors of the form (U1,0,Us) and defined the
operations of addition and multiplication by scalar number as following
U+v=(U1,0,U3)+(V1,0,V2)=(U1+V1,0+0,U3+V3)
cU=C.(U1,0,U2)=(CU1,0,CU2).IsV vectors space over R .

Sol :-
-t o LS5 lgaiall pliab Ciy jad da g ) (3385 () oy Cilgaia sliad V(b s S
(1)

@)u+Vv=_(U1,0,U3)+ (V1,0 ,V2)=(U1+V1,0,U3+V3)
Uu+Vv V

Then V is closed under + .

(b) U+V=(U1,0,U3)+(V1,0,Vs3)

=(U1+V1,0,Us+V3)
=(Vi1+U1,0,V3+U3)

=(V1,0,Vs)+(U,0,Us)
=V + U
C)U+(V+W)=(U+V)+W
Let U=(U1,0,Us3),V=(V1,0,V3),W=(W1,0,Ws)

U+(V+W)=(U1,0,U3)+((V1,0,V3)+(W1,0,W3))
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=(U1,0,U2)+(V1i+W1,0,V3+W3)
=(U1+V1i+W1,0,Us+V3+Ws3)
= (U1+V1)+W1,0,(U3+V3)+W3)
= ((U1+V1),0,(U3+V3))+(W1,0,Ws)
=((U1,0,U3)+(V1,0,V3))+W
=(U+V)+W
(d) U+O0O=0+U=U

U+0=(U1,0,U3)+(0,0,0)

=(U1+0,0+0,U3+0)

(U1,0,U3)
U

(e) a.(U+V)=a(Ul+V1l,0,U3+V3)
=(a(Ul+V1), a.0,a(U3+V3))
=(aUl+aVvl,0,aU3+aV3)
= (aul,0,au3)+(aVvi,0,aVv3)

—aU+aV
o5l dga) dpually 1384
Cleaia slind 4V de gendll

Ex:- Let U={(ul1,5,u3,u4) ,ul,u3,u4 R }and
U+V=(U1,U2,U3U4)+(V1,V2,V3V4)=(Ul+V1,U2+V2,6U3+
V3,U4+V4)
CU=C(U1,U2,U3U4)=(CU1,CU2,CU3CU4)

Is U vectors space
Sol:- H.W
Ex:- If V =M 2:3(R) ={ set of all matrices of order 2*3 which defined over R}
with the addition and multiplication by scalar number of matrices , then show

that V is vectors space

Sol :-
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all al2 al3 b1l bl2 Db13

Let U=A=| azl a22 a23|,V =B =| b2l b22 b23
all al2z al3 b1l b12 bl3
(a)U+V=A+B= a2l  a22 a23|+(b21 b22 b23

~
all+bll al2+bl2  al3 +bl3
= \a21 +b21  a22 + h22 a23 + b23

~
b1l +all bl2 + al2 b13+ al3
= b21 + a2l b22 +a22  b23+a23
-
b1l bl2 bl3 all al2  al3
= b21 b22 b23| + (a2l a22  a23

=B+A
=V+U
(H. W ealylg il ad gla 5 ) oy pdll dad dally 13
RM\J\&Y\&:&;Q@;L&@ V 4e sandl o3

Exc:- Determine whether the sets are vectors space

(1) V =R?* ,with two operations (U1, U2)+ (V1,V2)=(Ul+V1,U2+V2)
k(U.V) = (U.kV)

(2) M =R> ,with two operations (x1, y1,z1) + (X1, y2z2 ) = ( X1+ X2.,y1+y2, 71 + 22)
k(U.V.W) = (0,0,0)

(3) S= M 22(R)= { [a O] ,ab € R }
0 b
with the addition and multiplication by scalar number of matrices.
(123 ) 4aday (120) 4ada Culad -y
(4-1)- SubSpace () Ll

Def:- Let V is vectors space over R ,then the nonempty subset U of V is
called subspace of V ifand only if itself is vectors space

Ex:- Let V is vectors space over R ,then

(1) V issub space of V
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(2) {0} issub space of V
RemarKk :- the two sub space V and{ 0} are called the trivial subspace of
V EXx:-
LetV=R* and W sub set of V such that W={ (0,a,0,b);ab R }and
defined the operations of addition and multiplication by scalar number as
following
(0,a,0,b)+(0,x,0y)=(0+0,a+x,0+0,b+y)
C.(0,a,0b)=(0,c.a,0,ch). IsW subspace of V?
Sol:-

W e sluadll (g y2ida gyl Budai () e
()Let Ue W—* U= (0,uz, 0,us)
Ve W— V=(0,v2,0,va)
U+V=(0,uz,o0,us)+ (0,v, 0,0 ,va) = (0+0,u2tv2 ,0,ustva) € W
A ety da g 0l A
therefore W is subspace of R’ LR e i slad Jig W

Theorem (4-9) :- Let W be sub set of the vectors space V then W is sub

space of V iff

(1) W is closed under the addition ;(ifu,v ¢ W jthenu+v € W)

(2) W is closed under the multiplication by scalar number; (ifu e W and
ce R then cu € W).

Ex:- Let W = ain 0
0 a2 ©oa1l, a2 ,a1 € R
as1 0

and V = Ms= ( R) , then show that W is subspace of V

Sol :- L ga)
AL Al Biad o iy (i0a slad W o) i (S
Let

ait 0 bin o0
= 0 a2 , B :[ 0 bzzJ
ais 0 bis O
(D)
air 0 b11 0
A+B=| o az + [ 0 b22 J
aizs O b13 0
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a1 + bu 0
= 0 az + b2
as1 +ba1 0 W A (i JSE) 12a
W J=<in A+B o
(2
aiil 0)
CA=C. 0 a2
as1 O
C a1 0]
= 0 Caz
C as1 0
W iy JS 18
W < CA o
V e smebad W

LetV =R *and W sub set of V such that W={ (a,b,7,d ); a,b,d € R} with the
operations of addition and multiplication by scalar number
Is (W ,+,.) subspace of R*?
Sol .- HW
A5 S Cn il (133- 132) 4adea (el -: g

TH(4-10) ;- If U, W are two sub space of V then U + W is subspace of V
EX:-
Let V = M2=2(R) and

o Yy
U+W = X Zz , X,y,Z € R ,Z=m+n

Then show that U+ W is subspace of V ?
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Sol :- -2 Jadl
Al 4,00 da gl (38a0 O g lld s S
Let uq,uz ¢ U , wi,W2 € W
5 wtwr e¢ U+W ,  u2twe e U+W
To prove that
(Urtwi) + (U2+tw2) € U+W Ol O O e OY)
(1)
[o Vi1 J [o o} 0o V2 0 o0
(Uur+wi)+(uz2+wz) 0O ny+Xxa myl + [O n2J+[X2 sz
e
0o Vi 0 y2
= L X1 nﬁmJ + [Xz n2 +mj
(0 Y1 0 y2
=L X1 Z1 J + [Xz Z2 J

0 yit y2
= Xt X2 21+ Z2

RES

(2)
0 Y1) 0 0
Let u: :[ 0 N1 ., W1 = [Xl mlJ
0 VI (0 0"
C(uu+wi)=C [o m} X m

0 CVy1
C X1 Cz1 e U+W.

Therefore U + W is subspace of V.
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Theorem( 4-11) :- If U, W are two subspace of V then UN W is subspace of
V

Proof :- since
OeU, 0eW——> 0 e¢ WNU
then, W N U 1s nonempty set .

(1) Let

uwv € W N U

— % uwve W ,uv € U
utve W ,utv € U

—> utv ¢ WN U.

(2))

Letu ¢ W N Uand keR.
Then, because W and U are subspace ,we have ku ¢ W ,and kueU.

Thus, ku eWN U
Therefore , by (1) and (2), weget W N U issubspace of V

(4-2)Direct_ Sum i L) panl)
Def:- let V be a vectors space and U ,W are two sub space of V ,then we say

that V is Direct Sum of U and W if and only if every vectors in V can be
written by sum of two vectors the first from U and the second from W such that the

representation is uniquely ,and denotedby V=U @ W
EX:-
Let V =R® and U, W are two sub space of V such that
:{ (a,b,0) ,a,b eR }
W=1(o.b.c) .b.ce Rl
Determine whether V is direct sum of U and W ?
Sol :-
Let (x,y,z) € R
(X,y,z)=(x,y,0)+(0,0,2)
IS not direct sum
since (4,-6,3)=(4,-6,00+(0,0,3)
=(4,-3,0)+(0,-3,3)
=(4,-1,00+(0,-5,3)
the representation is not uniquely lua g el Jiiadll )

R+ U W
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EX:-

Let V =R* and U, W are two sub space of V such that
U= {(a,0,0,d ,a,bd € R
w={0,b,c0) ,b,c e R }

Determine whether V is direct sum of U and W ?

Sol :-
Let (x,y,zr) e R’
(x,y,zr)=(x,0,0r+(o,y,z,0)
since , the representation is uniquely
then, V is direct sum of Uand W

TH(4-12) ;- If U, W are two subspace of V then V is direct sum of U and W
(V=U & W)iff

(1) V=U+W

2Q)yunNw={0}

EX:-

Let V =R° and U, W are two sub space of V such that

U= { (a,0,c.0.e) ,a,c,de ¢ Rll{ }

W=1%(0,b,cd0) ,b,ce €
Determine whether V is directsum of U and W ?
Sol :-
Let (x,y,zrm) e R
By th (4-12)

1)(x,y,zrm)=(x,0,z0m)+(o,y,0,r,0 )

(2) U N W={c}#{0}
then, V is not direct sum of U and W

(4-4) Linear Combination A cus Sl
Def:- Let V be a vectors space over R .Then we say v € V is Linear )
Combination of the vectors vi ,va, ........ , vn (Where vi € V, for each
i=1,...,n) if can be written as following v =kivi+kav2+......... Kn Vn

.where ki, ka,...... kn are scalar numbers.

Ex:- Let Vi= (1,2,1,-1) ,V2=(1,0,2 ,-3) ,V3 =(1,1,0,-2 ) are vectors in R* show
that the vector V =(2,1,5,-5) is linear combination of V1,V2, V3 ?
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Sol :-
By Def oo | oy yaill o
V=c1Vi+c2V2+C3V3
To find c1,c2,C3

(2,1,5,5)=c1(1,2,1,-1)+c2(1,0,2,-3)+c3(1,1,0,-2)
=(c1,2¢1,cC1,-C1)+(c2,0,2c2,-3c2) +(cs ¢c3,0,-2¢3)
(2,1,5,-5)=(C1+C2+C3,2C1+ C3,C1+2C2 ,-C1-3C2-2C3)

Ci+Ce+Cs=2 ... (1)
2C1+Cs=1 ................ (2)

Ci+2C2 =5 ...l 3)
-C1—-3C2-2C3=-5 ... (4)

ALl aliall (3 51l laiily Yl o3 Ja
C3:-1,C2:2,C1:1 @m‘@m‘&;wu&)&:\%ﬁ%m
Vi, V2, Vs Gleaiall e i S 5 g8 V asiall o)

V=1.Vi+3V2-2Vs3 O !

Ex:- Let U= (1,2,-1) ,U2=(1,0,1 ) are vectors in R® . Determine whether
U =(1,0,2) is linear combination of U1,U2?

Sol :-
Let a ,b R then
U=aUi+bU:
U=a(l1l,2,-1)+b(1,0,1)
(1,0,2)=(a+b,2a,-a+bh)
therefore
a+b=1 (1) O
2a=0 . (2)
—a+tb=2 (3)
Jada oV ol (Raa e s hb=2 diX;9=0,b=1 e dasi@Valzal Ja 2xy
. alail) 3]

U is not linear combination of Ui1,U>
Ex:- Let Vi= (1,-2,0,3) ,V2=(2,3,0 ,-1) ,V3 =(2,-1,2,1 ) are vectors in R* show
that the vector V =(3,9,-4,-2) is linear combination of V1,V2, V3?

H..W-
2 g Gl o el (133- 132) Andia G lai -: qaal g
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(4-5) Span — Generate of vector spase V cilgaial plad Al ga
Def:- LetS={vi,v2,....... ,vn } be a subset of a vectors space V then we

sat that S is Generate ( Span) V if every vector of V is a linear combination of
S={v1,v2,ccccce,Vn}

Ex:- Let V=R® and S={vi,v2,vas}suchthatVvi=(1,2,1),V2=(1,0,2),
V3=(1,1,0).Does S generate V?

Sol :-
WSS palie (e bd @l 5 a V A b aste JS o) Gl ) ey VAl 8 S gl &l
Letv ¢ V v=(a,b,c) &

By Def of linear combination
v=Kivi+Kkev2+Kksvs
(a,b,c)=ki(1,2,1)+ko(1,0,2)+ks(1,1,0)

A @¥alad) Lo Jeant ) (S il A6yl 8 Jan LS Aalaall 038 (i 2au g
Ki+Ke+Ks =a

2K1+ Ks=D
Ki+2Kz=c
™ol 3 hna 3206 Y
1 1 1
A = 2 0 1
1 2 0

2l Led ans B

Al Ay s (o sSie Led Gl Ly SO AL e s a5 sbow Laane (1S 13 (1)
cdall s VOASY S ) e diasi diey Ja plaill 1ag Gl

O e dranidia g (o sSae 2 g3 ) WS ALE A U jhia (5 s 22l IS W (@)
el g VoAg S o) e deant Cag UL da Led Y Alaal) 032

Al 5okl A 48 teaall aaaall aai Y
DG

=0+1+4-0-2-0=3#0
| Al # 0
Thus, A'is exists ,and hence, there exists solution of this system.

hence , every vector of V is a linear combination of S={vi1,v2v3}
therefore , S is generated of R®.
Ex:- Let V=R? and S={i,j } ,show that S is generated R?

Sol:-
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Let V. ¢ R>=—— V= (a,b)
V=Ki1Vi1+ K2V
(a,b)=Ki(1,0)+Kz2(0,1)
(a,b)=(K1,0)+(0,K2)
(a,b)=( K1, K2)

— a= K1 > Ki= a

—» b= K> *K2 =b

Then there exists solution to this system, and
hence , every vector of V is a linear combination of S={vi,v2}.
Therefore , S is generated of R®

Ex:- Let V=R? and S={i ,j,k } ,show that Sis generated R®
Ex:- Let V=R® and S={vi,v2,vs}suchthatVi=(3,1,2),V2=(1,0,1),

V3=(2,53).Does S generate V?
sladl) 1) jualic Al gl slad (<) Baa o) cilgada ¢ -3 Ad2ada

(4-6) Linearly Independent & Linearly (add) Jals ) g Jadd) JMELLY)
Dependent
Def:- LetS={vi,v2,....... ,vn } be a subset of a vectors space V then we
say that Sis
(1) Linearly Dependent if there exist elements ki ,kz,...... kn in R such
that not all equal to zero with ki vi1 +ka2 v+ ...... +knvn=0

(2) Linearly Independent if there exist elements ki k2 ,...... ,kn in R such
that all equal to zero with kivi +k2 v+ ...... +knvn=0

Ex:- Let S={v1,v2,v3 }suchthatvi=(1,0,2),V2=(0,-1,3),Vs=(-2,0,1)
are vectors in R®. Determine whether S is Linearly Independent or Linearly
Dependent ?
Sol :-
Aalaal) (3aat ) aay Ll Alils § (<8 S
KiVi+K2V2+KsVs=0
oy yo O sS8 Cagn SN pSe 5 laial L..gjh.u'.i K16 K2, K3 J‘JCY\@A.AO“SJQLG_.\AMJ
Lha

KiVi+K2eV2+KsVz=0
Ki(1,0,2)+Kz2(0,-1,3)+Ks(-2,0,1)=(0,0,0)
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Al Adadl) ¥ aleall e Joast ¥ aleall 028 s (e

Ki—2Ks=0 .................i. (1)
Ke=0 (2)
2Ki+3Ke+Ks=0 ............. 3)
Lo Joans 8L A8 RIL Sle ) Y abaall Jas s
Ki=K2=Ks=0

Therefore , S={V1,V2,Vs }is linearly independent
EXx:- Does the vectors Vi=(1,-1),V2=(2,-3),Vs=(5,1) arelinearly
dependent
Sol:- AU bl gukai -2 Jad)
KiVi+K2V2+KsV3i=0

il JY Je Ki, Kz, Kz dlae ¥ o588 o) asgy bhad ddadi je Vi, V2, Ve 0S5 (S

Ja 5 sy L

KiVi+K2V2+KsVi=0
Ki(1,-1)+Kz2(2,-3)+Ks(5,1)=(0,0)

) Ll Y sl A e Jeans Aol 038 (s (e
Ki+2K2+5Ks=0 ............... (1)
-Ki—3K2+Ks=0 ................. (2)

Jsladloda asf alag¥W 5 Jslall e Al Y e ad () S & e S 5 (ilalae (pa (58 Uail) 138
b Sy Kz, Ka Wil o 254, jlid) dad (o by K o)
LetKs=1
e Jeani odle ¥ abaally iy gaill
Ki=-17 ,K2=6
Ll ddad e Vi, V2, Ve ol i 13g

Sl drani (Jlal lgmwaas ) (K, K2, K3 ) 4 e liase Jday
(-17)(1,-1)+(6)(2,-3)+(1)(5,1)=(-17,17)+(12,-18)+(5,1) = (0,0)

dﬁj\ (;Gim}

EXxc:- (1) Determine whether the following sets S is Linearly Independent or
Linearly Dependent ?

(a)S= (6,2,3,4),(0,5,-3,1),(0,0,7,-2)

(b)S= (1,-1,0)(1,3,-1),(5,3,-2)

(c)S= (1,1,1,1),(2,3,1,2),(3,1,2,1),(2,2,1,1)

(d)S= (1,0,0),(0,1,0),(0,0,1),(2,3,-5)
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(e)S= (1,2,5),(1,2,-1)

(2) Show that S={i,j, k }is Linearly Independent

( 3 ) Determine whether the matrix B is linear combination of the matrices Al ,A2
A3 such that

1 -1 (1 1 2 2
Al= |0 3| ,A2=|0 2 ,A3= |1 1
N

Where
(a)B = 3 1
3 2
(b)B= (5 1 J
-1 9
-

(c) B = [3 -2}
3 2

(4 ) Determine whether the following sets S is generate of R®
@)s= (3,0,3),(2,2,0),(1,1,1)

(b)s= (2,-1,3),(4,1,2),(8,-1,8)

(4 ) Determine whether the following sets S is generate of R*
@SsS= ((1,0,0,1),(0,2,0,0),(1,1,2,0),(2,1,1,1)

(b)S=(2,0,0,1),(6,4,-2,4),(5,6,-3,2),(3,2,-1,2),(0,4,-2,-1)
(¢gS= (1,1,-1,0),(2,2,1,0),(0,0,0,1)

(4-7)Basis & Dimension ) g guba)
Def:- LetS={v1,vz2,....... ,vn } be a subset of a vectors space V then Sis
called Basis for V if

(1) S is spans ( generate) V

(2) S is Linearly Independent
Ex:- Let V=R® and S={i ,j } ,show that S is Basis for R*

oDl iy il o 5 Gk o g -1 gl

(1)To prove that S Linear Ind.
Kii+Kz2j=0
Ki(1,0)+K2(0,1)=(0,0)
(Ki,0)+(0,Kz2)=(0,0)
(KiK2)=(0,0)

Ki=0 & K2=0
Therefore S is Linearly Independent
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(2)To prove that Sis span set.
Let WeR? then W= (wi,w:)
Now, let ai+bj =w
a(1,0)+b(0,1)=(w1,w2)
(a,0)+(0,b)=(w1,wz2)
(a,b)=(wi,w2)
AT WL oo, (D)
b=w2 .. (2)
R*35S My S jualic o s a5 4 R (i dnie IS 3 da 4l aUaill 14 o3
By (1), (2) then S is Basisfor R?
- adaada
R &4 (Standard Basis ) dmic¥sacldl) {j j} e 3l
Ex:- Let V=R* and S={v1,v2,vs,vs } suchthatvi=(1,0,1,0),
V2=(0,1,-12),V3=(0,2,21) v4a=(1,0,0,1).Does S Spans R* ?
Sol :-
(1) To show that S Linear Ind.

Let Ki1Vi+K2V2+KsVi+KaVi=0
A0 Zladl) ¥ alaal) pUas e Jianid i e WS Vi, V2, Vi, Vi s 0o (g
Ki+Ks=0
Ke+2Ks=0
Ki—-K2+2Ks=0
2K+ Ks+Ka=0
dg\ﬁj%}d;mgﬁa\ﬁmumw@ay;u\mjmghuuaew\mu\w
Q‘Lﬁ‘gﬁ)ﬁﬂa}\
Ki=zK2e=Ks3=Ks=0
Therefore , S is linearly Ind.
(1) To show that S Spans for R*
Let V=(a,b,c,d) R?

V=Ki1Vi1+K2Vz2+ K3 V3+ Ks Vs
@,b,c,d)=Ki(1,0,1,0)+Kz2(0,1,-1,2)+K3(0,2,2,1)+Ka(1,0,0,1)

- Al dphadl) Yalaall aUas e Jiass dlalaall oda s g

Kit+ Ka=a............. (1)
Ke+2Ks=b ......... (2)
Ki—K2+2Ks= ¢ ....... (3)
2Ke+Ks+Ka=d .......(4)
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Lﬁé;\ﬁ\ﬂae\.ﬁaﬂ\ \J@Jub)wu@)hmﬁmhd\ﬂﬁmnhbu\u;ﬁe&ﬂ\ s Jad
AL 3 alaall 26 siaa ()55 (5 a0 B ylat g GlSaiDU ALIE S lladl) 4 sian S 1

1 0

0 1
A= 1 -1
0

2

P o DO

1

0

0

1
Al (3 kally dasal) aas

| A | z 0

i, A' thereexists then there exists solution to this system

hence , every vector of V is a linear combination of S={vi1,v2v3}
therefore , S is generated ( Spans) R’

by (1), (2) then S is Basisfor R’

Exc:- (1) Show that S is basis for V = M2+2( R) such that

LIRS

(2) Show that S={i,j, k}is basisfor R’
( 3 ) Determine whether the following sets S is basis for R®

(@) S={(0,1,-1), (4,1,-1), (2,3,4), (1,1,-1)}
(b) S={(0,1,0), (-1,2,1) ,( 3,2,2)}

(c) S={1,6,4),(2,4,-1),(-1,2,5)}
(4 ) Determine whether the following set S is basis for V = M2#2( R such that

A PO I R B B

( 3 ) Determine whether the following sets U is sub space of the vectors space R’
(A) U={(X,y,z), suchthat x+y+z=0}

(b) U={(X,y,z), suchthat x=y and2y=z }

(¢) U={(x,y,z), suchthat x+y=3z }
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Def :- Let V be a vectors space over R ,then the number of its basis
is called the Dimension of V and denoted by dim( V).
Ex-:- LetV = { 0}, Find the Dimension of V?
Sol :-since V ={0}is L. D then
The basis of V = @
So that dim(V) =0

Ex-:- Let V = R?, Find the Dimension of V?
Sol : The basis is

B={(1,0),( 0,1)2} ={ij}
So that dim(V) = dim (R%) =2

Ex-:- Let V = R*, Find the Dimension of VV?

B={(100),0,10),(001)}={ij,k}
Dim(R%) =3

Remark:- in general dim (R") =n.

Theorem (4-13):- Let U be a sub space of a vectors space V such that
dim(V)=n ,then dim(U)<n andif V =U then dim(U)=n

Ex:- Let U be asubspace of R* , Then find dim(U)?
Sol:- since dim( R*)=4 and by above theorem ,then

Dim U= (0), or (1) or (2) or (3)or (4)
a)dimU=0=»> U=(0)

b)dimU = 1= U=(a,0,0,0)
c)dimU=2—p U=(ab,0,0)

d) dimU=3=%" U=(ab,0)

d) dimU=4=% U=(ab,d)=R*

Theorem (4-14):- Let U and W be a sub space of a vectors space V and
for each of them finite dimension then
Dim(U+W)=dim (U) + dim (W) —dim (U N W)
Remark:- If V=U & W then Dim (V) =dim (U)+ dim (W)
EX:-
Let V=R’and U ,W two sub space of VV such that
U={(a,b,0),ab € R} =xy plane
W= {(0,b,c),b,c, eR} =yz plane

Then find dim( U + W) ?
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Sol:

Dim (U) =2

Dim (W) =2

Dim(UNW)=1

Dim (U +W) =dim (U) + dim (W) —dim (U N W)
=2=2-1
=3

Ex:- (1) let S:{ i ] } is a basis of R”

candletVsEZ (x,y) R2,X+y:O }

(a) show that W is sub space of R?
( b) find the dim (W)
Sol :- HW

Remark :-

Let S= iVl V2, . , vn } 1s basis of vector space of V and if
V is any vector in V then we can written as linear combination of the
vectors of S as following

V=kwvi+kava+........ +knvn ,where ki,ko,........ ,kn are scalar
number , then we shall called the vector ( ki, k2, ....... , kn ) by the
coordinates vector of V and denoted by{ V}s

Ex:-letV=R® . find the coordinates vector of the vector

V =(3,1,-4) with the basis S = tVl,VZ,VS such that
Vi=(1,1,1),V2=(0,1,1),V5=(0,0,1

Sol :-

OV Cusy k1, k2, ks 2l aa g adl o) Vi, V2, Vs (e oha S KV il
(3,1,4)=ki(1,1,1)+k2(0,1,1)+ks(0,0,1)
A Y sl e Jomn 25 b e LS Alsbedl) 538 (Ja3

Ki=3
Ki+ko=1
Ki+ke+ks=-4

e Leia Jan g ¥ aladll 52 d;..e.‘
ki=3,k2=2,ks=-5
Then the coordinates vector is { V} s=(3,2,-5)
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Chapter Five
Inner Product Spaces AR plaad) gl

Def :- let V vector space then the inner product on V is function from V*V to
the filed R and denotedby < u,v > ,where u,v. € V |, then

(1) INR? ,wehave <u,v>=u1vi+u2v2

(2) INR®, we have <u,v>=uivi+U2Vv2+U3V3
(3)INR",wehave<u,v>=uivi+uzvz+....... +un vn

Theorme :- ( Cauchy — Schwarz Inequality )
Let U,V anytwo vectors in inner product space V then

<U,v>2<<U ,U>.<V,V>

EX:-

Let U=(2,1,-4), V= (-1,2,1)be avectorsin R*showthat U,V is satisfy
( Cauchy — Schwarz Inequality )

Sol :- ( Cauchy — Schwarz Inequality )

<U,Vv>?<<U ,U>.<V,V>

now <U,V>=(2)(-1)+(1)(2)+(4)(1)=-4
<V, V>=(-1)(-1)+(2)(2)+(1)(1)=6
<U,U>=(2)(2)+(1)(1)+(-4)(-4)=21

<U,V>?<<U ,U>.<V,V>
(-4)°<6(21)

16 < 126

Def :- let V be vector space . then we say that S is orthonormal set if
(1) S is orthogonal set
(2) the length of any vector in S equal one .

Ex:-let S= (U1, Uz, Us) such that

Ur=(1/ 3,1/ 3,1/ 3 ),U2=(-2/ 6,1/ 6 ,1/ 6)
L Us=(0,1/ 2,-1/ 2)

show that S is orthonormal set

Sol :-(a)

(1) < U1,U2>=(-2/ 18 +1/ 18+1/18)=0
(2) < U1,U3>=0+1/6-1/6=0

(3) <U2,U3>=0+1/ 12 -1/ 12 =0
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S is orthogonal set

(b)
Ut || = < U ,U2> = 1/3+1/3+1/3= 3 /3=1
U2 || =1
Us|]| =1

By (a)and (b)then S is orthonormal set

Ex:-let S=((1,1,1),(0,0,0)) determine whether S is orthonormal set
Sol:- H.W

Gram — Schmidt Process Gdrad - al S i) glad

V Gl S={U1,U2,.....,Un} Oy (n) sada e Jllaelaa clad VS
( orthonormal basis ) 4 teeseld Jo diaas Sl

S ={V1,Vz2,....,Vn}

AN Ciaadi al S i glad s

- S9¥) 3 ghadll
(1)tofind (V1)
O
Let U1
Vi=____
i
|| Vif]=1 (alsadsbasic V1)
(2)tofind (V2) -s AU 5 ghadl)

Qasead) Uz 48 et (LS dlbaly VI e gagee 5aal 5415k 58 Cuny V2 o Jsaall
u‘g;\(b\;gjbed)b)u\-,\u&&é V1 ‘zgﬂ}mﬂ W1 C«LAASS\LA.D

U2 -< U2,Vi1> V1
V2=

||U2- <U2,Vi1>V1 ||

(3)tofind (V3) s ALY B ghadl

LS ALt Vi V2 e dS e gasee 5 aal s alsh S Sy V3 e Jpaall

U\LS\(-‘;\}")L‘MJ"A-‘@S V]_,VZ L)AJ.‘)MM W2 chaﬁj\‘_;sd\:m}'vj\ Us &A\MS)A&.}M;S)
Us - < Us3,Vi1>Vi-<U3s V2> W

V3=
HUs— <Us3,V1i>Vi-< U3, V2> V2 H
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(4)tofind (Va) s Aagl )l 3 ghadld)

S @b ah V1, V2, Ve e dS e gaseally aaly (alsh) o laa sy Vi 4aniall e J gaall
Q\L"g\ (J;\ja_)\:\&ndz;lj V1i,V2,V3 (el W3 sladll Je 40 gaell Usg qu_)Aa_u;S)

Us - < Us,V1>Vi-<Us, V2 >V2-<Us,V3)V3
V4 =

HU4— <Us,V1i>Vi-< Us,V2> V2-<Us, V3> VSH

_: daldl) 5 ghadl)
Lo Joan Aay L i

Vi slad 41 che i 8 o 508 ey ple (S

Un-< Un,Vi>Vi-.......... -<Un, Vn1) Vn1

HUn-<Un,V1>V1- ............. -<Un, Vni1> Vni H

Ex:- using ( Gram — Schmidt Process ) to find orthonormal basis from the basis
S={U1,U2,Us} suchthat U1=(0,1,0),U2=(0,0,1),Us=(1,1,0)
Sol :-

GsSEdus Vi, V2, V3 dleatall aas o) casy (orthonormal basis ) bee 3208 e Juass Sl
A A8 Sl I3 % Cadpadd— al S gl Casn g 2809 (5 b Leia 2a) 5 S J sl XS5 3alata Lgasen

(1) U1
Vi1 =
]
HUl H: 0°+1°+0° =1
(0,1,0)

Vi = =(0,1,0)

1
(2)

U2 -< U2,Vi1>VWV1

V2 =

| |Uz2- <Uz2, V1> Vi ]

Now U2-<U2,Vi>V1=(0,0,1)-((0,0,1)(0,1,0))(0,1,0)
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=(01011)_(0+O+0)(01110)
=(0,0,1)-0=(0,0,1)
||U2—<U2,V1>V1|| = 0°+0°+1* =1
There fore
V2=(0,0,1)

(3)tofind Vs

Us - < Us3,Vi>Vi-<Us V2> WV

V3=
HUs- <Us3,V1>Vi-< U3, V2> V2 H

Then Us-<Us,Vi>Vi-<Us, V2> V2=
=(1,1,0)-((2,2,0)(0,1,0)(0,1,0)-((2,1,0)(0,0,1))(0,0,1)
(1,1,0)-((0+1+0))(0,12,0)-((0+0+0)(0,0,1))
(1,1,0)-(0,1,0)-0

(1,0,0)

Us- <Us3,V1 > Vi-< U3, V2> VZH

= 1°+0°+0° =1
Thus V3=(1,0,0)

S"= {V1,V2,V3} isorthonormal basis

EXx:- using ( Gram — Schmidt Process ) to find orthonormal basis from the
basis

(a) S={(2,0,0),(0,1,1),(0,1,-1)}

(b) S={(1,1,1),(-1,0,-1),(-1,2,3)}
(c)S={(1,1,1),(1,12,0),(12,0,0)}
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Chapter Six
Si.._Linear Transformations dodadl) L gail)

Def :-let Vand U be vector spaces over the field K. if L: V==>U is function from
V to U , then we say that L is linear transformation if

(1)forall U,v € Ve> L(U+V)=L(U)+L(V)

(2)forke K ,Ue V= L (ku)=kL(U)

_: A3l
dad A L(U)+L(V) el ddes iy Vslailhdald U+ V el dides )
all Llee dllis g Ysliaill,y
Ex:- show that L :R® == R?be defined by L (U1, U2, Us)= (U1, U2) is linear
transformation
Sol :-
(Dlet U,V e R= U=(U1,U2,Us) and V=(Vi,Vz,V3) bydef

L(U+V)=L((U1,U2,U3)+(V1,V2,V3))
L((Ut+V1,U2+V2,U3+V3)) ( by sum of vector)
((Ut+V1),(U2+V2)) (by defof L)
(Uz,U2)+(V1,V2)
=L(U1,U2,U3)+L(V1,V2,V3)
=L(U)+L(V)
(2)let ke R
L(kU)=L(k(U1,U2,U3))
=L(kU1,kU2,kU3)
=(kU1,kU2)
=k (U1, U2)
=kL(U1,U2,U3)
=kL(U)
by (1)and (2)
therefore , L is linear transformation

Ex:-(2) Let L : R® ==> R* be defined by

L(U1,U2,Us3)=(U1,U1+ U2+ Us3).showthat L is linear transformation
Sol:-(1)let U,V € R®
L(U+V)=L((U1,U2,U3)+(V1,V2,V3))
L(Ut+V1,U2+V2,U3+V3)
((Ut+V1),(Ur+V1)+(U2+V2)+(U3+V3))
(Ut+V1,(Ur+U2+U3)+(V1+V2+V3))
(Ur,Ur+U2+U3)+(V1,Vi+V2+V3)
L(Ux,U2,U3)+L(V1,V2,V3)

L(U)+L(V)
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Q)Let K € R and U € R®
L(K(U))=L(KU1,KU2,KU3)

=KU1, KU1 +KU2+K U3

=K (U1,U1+U2+U3)

= KL (U)
by (1)and(2) therefor L is linear transformation

Ex:-(3) let T: R’==> R’ bedefinedby T( x,y)=(x,y+1).determine

whether T is linear transformation

Sol :-

(1)let V,U ¢ R*® == T(V)=(V1,V2+1)

T(U)=(U1,U2+1)

T(V+U)=T((V1,V2)+(U1,U2))
=T((Vi+U1,V2+U2))
=(Vi+U1,V2+U2+1)

but T(V)+T(U)=(Vi+U1,V2+U2+2)

T(V+U) # T(V)+T(U)

Then T isnot linear transformation

Sy The Kernal and Rang Of Linear Transformation
dadadl) e gatl) gda g 3) ¢l

Def:- let L:V — W be alinear transformation the kernel of L is the sub set of V

consisting of all vectors V suchthat L(v) = Ow and denoted by ker(L)
Ker(L)={ v ¢ V :L(v)=0w}

(L Aol Al 85 it W 3 (s jieall Anial (g glasi i) gam Canmy V3 puslinll (S e g -1 5l

Ex:- if L: R® — R? bedefinedby L (U1, U2,U3)=(Uz1,Us) findker.(L)
Sol :-

Ker(L)={U € R*: L(U) =0~r?}

{(U1,U2,U3): T(U1,U2,U3)=(0,0)}
{(U1,U2,U3):U1=0,U2=0}

{((0,0,Us) € R*,Us € R}

Ex:-(2) let T:R— R* be defined by

T(U)=(U,2U), find ker (T)

Sol :-

Ker(T)={U € R : T(U)=0r}
—fU € R: (U,2U)=(0,0)}

={U € R: U=0}

={0}
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Ex:-(3) let T:R® — R® be defined by
T(U1,U2,Us )=(U1+U2,U2,U1-Us3 ), find ker (T)
Sol :-
Ker(T) ={U ¢ R®*: T(U)=0r}

={(U1,U2,Us) e R®: T(U1,U2,U3)=(0,0,0)}
={(U1,U2,U3) ¢ R*:(U1+U2,U2,U1-U3)=(0,0,0)}
{(U1,U2,Us) e R*:Ut+U2=0,U2=0,U1-U3=0}
{(U1,U2,U3) € R®,U1=0,U2=0,Us=0}
{(0,0,0)}

Ex:-(4) let T:R* — R? be defined by
T(x,y,z,w)=(x+y,z+w ), find ker (T)

Def:- let L: V— W isa linear transformation the Range of L is the set of all
vectors in W that are images under L . of vectorsin V.
Range (T)= { weW : veV st T(v)=w}

L dabdd) A)al) il caati V (e cilgaial g (985 Gl g W (8 Cilgadiall 4e gana —: sal)

Theorm:- if T:V — W islinear transformation then
(1) Ker (T) issubspace of V.
(2)Range (T) issubspace of W.

Proof :- (1)

(a)let U,V e Ker(T)

T(U)=0,T(V)=0

T(U+V)=T(U)+ T(V) (T. linear tr.)
=0 +0
=0

Then, U+V € Ker(T)

(2)let Ke R , U € V

T(U)=0

T(KU)=KT(U)
=K.0
=0

Thus, KU € Ker (T)
By(1)and(2) Ker( T) issubspace.

Proof :-( 2)

H.W (210 = KLS)

Ex:-let T: R®— R? such that
T(0,1)=(1,2),T(1,1)=(2,-2),thenfind T(3,-2) andfind T (a,b)?
Suchthat S=((0,1),(1,1))isspansof R?
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Sol :-

S spans R?

Then , every vector in R? is linear comb . of element of S .

Ki(0,1)+K2(1,1)=(3,-2)

(0,K1)+(Kz2,K2)=(2,-2)

(K2, Ki+K2)=(3,-2)

K2=3

Ki+K2=-3 ==>Ki1=-5

(3,-2)=-5(0,1)+3(1,1)

T(3,-2)=T (-5(0,1)+3(1,1))
=T(-5(0,1))+T(3(1,1))

S5T(0,1)+3T(1,1)

-5(1,2)+3(2,-3)

(-5,-10)+(6,-9)

=(1,-19)

(2) tofind T (a,b)

Ci(0,1)+C2(1,1)=(a,b)

e diani Aaladll 228 Ja 2my

Ci=b-a, C=a
Then
(a,b)=(b-a)(0,1)+a(1,1)
T(a,b)=T ((b-a)(0,1)+a(1,1))

=T (b-a)(0,1)+ T (a(1,1))
(b-a) T (0,1)+aT(,1))
(b-a)(1,2)+a(2,-3)

=(b-a,2(b-a)+(2a,-3a)

=(b+a,2b-5a)
Exc:-if T: R®— R islineartrans.and T(1,0)=(2,-2),T(0,1)=(4,1)
find T(3,2) andT (a,b)?

S;.._Matrix Of Linear Transformation Jagail) 48 ghuaa

T(U)=AU Cusy m*n 4audl <ld (Matrix Of Linear Tran . ) Jissill 48 siae slag¥ —; d3adla

T:R" => R"

T(er), T(e2),......... , T(en)

Ex:-let T= R2 ==> R? is L .transformation such that

T (X1 |[=] x+2x2
X2 X1 — X2

Find amatrix A suchthat T(x)= A X.
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Sol :-

Let S=((1,0),(0,1))beabasisof R® then

T|1| = |1
0 1

T(o)l=(2)
\1 J -1J
2
A=( 1 2
[1 1
4

Ex :- find ( Matrix Of Linear Tran.) of T:R® ===>R’ defined by

X1 X1+ 2 X2
T X2 = 3X1 — X2
X3 X2 — X3

X1
Sol:- let S={(1,0,0),(0,1,0),(0,0,1)} beabasisof R®

Then
0 2 0 0
’ T l = '1 : T 0 = O
0 1 1 -1
0

(3] b

MM)A :\.Sjs.m.qﬂo.\ac\ T d\ﬂ)}d\:&cw@@ Gkﬂ\dgjaﬂ\ﬂ)wugﬂmud\

R O W

(T ol Josail
1 2 0

A= |3 -1 o0
o 1 -1
1 0 0 | 4*3
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Chapter Seven

Si. Eigenvalues and Eigenvectors
A0 A cilgaiall g 405141 addl)

Def :-Let A be a square matrix ,then the real number 4 is called Eigen value
if there exist a nonzero vector X in R" such that

AX-A X=0
(AIN=A)YX=0 oo, (1)

A 48 giaall Eigen vector il 4aially e (1) Asleall (giay X s b e 4ka JS -; daadla
7 A0 dagily (el ) (58

5 jaaall 3 gantl Basaiay (|,1In -A |) Ml Ji (n*n) dewcldddgian A oSil-; diadla
8ipaall Aaeal) | 1IN - Al = 0 Aaleal) cans Laiyy A 48 siaall Characteristic Polynomial
A 44 iaall Characteristic equation

Ex :- Find the Eigen value and Eigen vector of the matrix

33 ghal) 2513 Cllgaial s A1) 2l aa

(ALY IS (A 40 3 shall oda ) aaae Led 3L &5 8 peall Adladdl Bokai -: o

Ale—A=1|1 0 -1 1 1
0 1 -2 4
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(A=1)(A-4)+2=0
J2_5)+4+2=0

P -51+6=0
(A-3)(A-2) =0
either 1-3=0 ==> )=3
or A—2=0 ==> 1=2
=3, 12=2 & AddiadEigen value 45l a8l o3

4 Addlaal) & Lpdagaiy gole Ulas Al G ad addiad X AIA Aaiall dad e oY)
@i A1=3
(A 12 - A)YX =0 ool (1)
(312-A)X =0

2X1—X2 =0
2X1—X2 =0

2 X1=X2

let X2=1r,r € R
X1=1r/2

Xi=|r/2
r

QIf j2=2

J1=3 A8AN Aalll (81 yall ) Jadipall Jg¥) AN Andall x

(A2 2-A)X=0.........coooa.l. (1)
(212-A)X=0

B
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X1—X2=0
2X1-2x%2=0

X1 = X2

Let X2= s se R
S1=S

ol
cl

Ex :- Find the Eigen value and Eigen vector of the matrix

2= 2 A daglll (38 pall ) Jadipal) AL I AiallX

0
Als -A = 0O X 0 (-]
A
Als -A =0

(A-1)(2-3)(1+2)=0
either A1-1=0=— A=1
or A-3=0 ==> =3
or A+2=0> L=-2

this is the Eigenvalue of the matrix A EW{RV PO WX TY

2 (MARS) el AR cilgadtiall aad oY)
1) Ifa2=1
(1s-A)X=0
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X1—-2x2=0 = x1=2x%2

3X1—-2X2+3x3 =0

this is the Eigenvector of the matrix A with A1=1

x3= 8/3x2
let xo2=r
271
X1 = r
8/3r
ifr=3
6
X1= 3
8
If 4 =3
(3I3-A)X=0
2 0 0
1 0 0
-3 -2 5
2x1=0
Xx1=0

3X1—-2X2+5x%x3=0

...........................

2X2+5X3=0 =—=> -2X2=-5X3

let xa=r
0
Xo= | 5/2r
r
ifr=2
0
Xo = 5
2

> 3x3=3X1+2X2=6X2+2X2 =8X2

(r=3 oSd) dgaalllacyl Jaall ety s lis) o o 1ol L

Al Aadll 38yl A 4aial

.........

|:>X2:5/2X3

(r=2 &) dggaall lae¥l Jaall iy g sl axe s 1 o) Ly
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this is the Eigen vector of the matrix A with A=3 A8l Aesll @) jall Sl 4l
@) If 2=-2
(213-A)X=0

-3 0 0 X1

-3 -2 0 X3

-3x1=0
X1—5x2=0
-3X1—-2x%2 =0
Xx1= Xx2=0

0
X3 = 0

r

(r=1 US:‘S) wb\m‘ﬁ\&ﬂ\wﬁjﬂgg‘)gﬁ\qm}a I'[J“-A-}

ifr=1

0
Xs= | 0

1

this is the Eigenvector of the matrix A with A=-2 4gdll ieall G4 ) 1Al asidl

Exc :- Find the Eigenvalues and Eigenvector of the matrix

1 2 -3
A = 0 3 1
0 0o -2
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S,. Cayley- Hamilton Theorem Ooilald - i)

.SJ',.\AAS\L@."\SJL’.A‘BN AKHJAZ\AJLAAJS-;LUEJ

3 jnaal) Lgililaa (388 A 4dshaal) o) Ja -2 JUia
A=15 2
2 1 - dall
‘ h Iz -A‘ =0
-
hl2- A = |h 0 - 5 2
0 h 2 1
-
r
= A-5 -2
-2 A-1
-
|i|2-A |:O

(A-5)(4-1)-4=0
J2-6A+5-4=0
2-61+1=0
san sl 48 ghuany] (o (MAY 2al) iy A Adghiaally ] IS o Gl gad
A’_6A+1=0
A% aad oY
A=A A

IR

~
=129 12

12 5
J

A2_6A+12=0

[ 29 12 ) - [30 12 J + [1 0 J
12 5 ) 12 6 0 1

5 jnaal) Alalaal) g8as )
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Ex:- if A be square matrix find A™ by using Cayley- Hamilton Theorem ,where
A=13 -2

1 2
Sol:-

‘llz—A‘=0
‘/llz—A ‘: L0 3 -2
0 2 12
= [4-3 2
-1 72

‘/llz A ‘:o

(4-3)(A-2)+2=0
J2-5)+6 +2=0
J2-5),+8=0
san 148 ghaas 1 (o (AL dal) qpualg A 4dshuaalils 1 JS Jy Gl

A’-5A+812=0
A’-5A =-81
(A-512)A=-81
-1/8(A-5L)A=1I
Al @ Gkl Gl Y
Al=-1/8(A-512)

Sl N

Al=-1/8(A-51I2)

=-1/8 -2 -2
1 -3

=| 1/4 1/4
-1/8 3/8

Ex:- if A be square matrix find A™* by using Cayley- Hamilton Theorem ,where

1 0 1
A = -1 1 -3
2 2 4

H. W
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S;._ Similar Of Matrices cild ghuaal) AL

Def :- the matrix B is called Similar to the matrix A if there exist a matrix P has inverse
suchthat B=P*AP
Ex:- Let

) )

Find B such that similar to A

Sol:-
B=P! AP
e N N e N
= (2 -1 1 1 1 1
1001 2 4 1 2
g = g
~
= 4 -2 1 1 2 0
3 3 1 2 0 3
g 2N _/ g _/

B 48 saiadll Jiad




