CH3 : Limits , Continuity and Differentiation
S3.1 : Limits and Continuity

Remark 3.1.1: If the values of a function y = f(x) can be made as close
as

we like to a fixed number L by taking x close to x, ( but not equalto x, )
we say that L isthelimitof f as x approaches x, ,and we write it

as

lim flx)= L

X—X¢o

Also we can say that the limitof f as x approaches x, equals L.

Definition 3.1.2 :

Let f be a function defined onthe set (x, —p,x0) U (x¢,%o +p ), With
p>0 .Then

I flx) =L

X—Xg

iff foreach € >0 thereexistsa § >0 such that

if 0<|x—x,] < & then |f(x)—-L|] < ¢

Theorem 1 :

1) hm X = XO
X=X
2) lim k =Kk

X=>Xg

Theorem 2: If lim f(x)=L; and Ilim g(x)=L, , then
X—X

X—Xg

D Im [f@+g®]= L+ L

2) Jm [fC)—gl)]= Li- L,

3 im0 . g@= 1y - L,
9 Im [k.f6)]=k. L
grdim T Do

=x gx) Ly



Example 3.1.3 : Find each of the following :

1. lim 7
x——2
2. lin”ll x(3 —x)
3. Iirr; (x*+2x—1)
5 i
' erE XZ = 5X + 6
. @By
5. lim
x—0 X
Solution :
l. Iim 7= 7
X——2
2. lirq x(3-x)= 13-1)=2
3. Ilm3 (x2+2x—-1)=(3)2+2(3)—1=9+6—1:14
4 i X—2 p x—2 i 1 1 i
. M —— = |im = |IM ——— = .
=2 x2=5x+6 x2 (x—3)(x—2) 13 (x—3) 2-3
x? — 5x x(x—5
5. lim — = |im —(——):lim (x=5) = Il —§ = =5
x—0 X X—0 X—0
Theorem 3 :
] sinx
1) Iim =
X—0 X
) 1—cosx
2) Iim ——— = o
X—0 X

Example 3.1.4 : Find each of the following :

1.

) sin4x
lim —
x—0 Sin 5x

) 3x
lim —

x—0 Sin2x




tan x

2 lim
x—0 x
Solution :
_ sin4x
~ sin4x A o 4
1. lim — = lIm ———— = —
x—0 sin5x x—>0 sin 5x 5
5x. Ex
. 3x _ 3x 3
2. im — =lim — = —
x—0 Sin2x x—0 sin 2x
2X . 5
X
sin x )
. tanx . ) Sin x
3. lim = lim 2% = lim (
x—0 X x—0 i x—0
1

Exercise 3.1.5 : Find each of the following :

1.

) 1—cosx
im ————
-0 X +SsInx
lim (1 + cos=)

X— 00

sin 2x

lim
x—0 2X2 + X

tan 2y

lim
y—0 3y

y4

lim

y—oo Y*=7y3+3y2+49

COSX X

) sin x 1
= lim )
x—0 X COS X

=1®] =1

Definition 3.1.6 : A function f(x) is said to be continuous at Xy If

1)

f isdefinedat x, (ie. f(x,)=L where L ER).

2) lim f(x) exists
X—Xg

3) Jim £ = o) =1

)



x? x<1

E le 3.1.7 : Let —{
xample 3 et f(x) 3— 2y > 1

Is f continuousat x=1.

Solution :

1) f(1)=12=1
2) lirrll_ fix) = lirrll_ e=1?=1

xli% e} = xlin11+ (3=~2x)= 3-2(1) =1
since _lin}_ flx)=1= lirr11+ f(x)

Therefore limlf(x) exists and l_im1 flx) =
3) lim f)=1=f(1)

Therefore f is continuous at x =1

2r+1 if x< -2
22 if x=>-2

Example 3.1.8: Let f(x) = {
Is f continuous at x = —2..

Solution :

1) f(=2)=(-2)*- —2=2

2) hm flx) = 1%2112)_ 2x+1)= 2(-2)+1 = —-4+1 =

(=2)~

lim . f(x) = Qgﬁ(ﬁ—Z):(—mz—2:4—z=2
since x_}%r_nz)_ ) = x_l%r_nz)+ f(x)

Therefore li{nz) f(x) does not exists
x—(—

Thus f is not continuousat x=-2 .

=3



Exercise 3.1.9 :

- Zr—8 ;
Let f(x) = x+2 i 52
-3 if x=-—2

Is f continuous at x = -2

S3.2 : Differentiation

Definition of Derivative , Rules of Differentiation
Definition 3.2.1:

Let y = f(x) be afunction and let the variable x receive a certain
increment Ax. Then the function y will receive a certain increment
Ay. Thus for the value of x we have y= f(x) and for the value of
x+Ax ,wehave y+Ay=f(x+Ax).

Thus the increment Ay is given by :
Ay=f(x+Ax)- f(x)

Remark 3.2.2 : A is an abbreviation of difference (in x, y )and is not
a factor.

Forming the ratio of the increment of the function y to the increment
of the variable x , we get

Ay _f(x+Ax)- f(x)

Ax Ax
is called the average rate of change of the function y = f(x) with
respect to the variable x . i—y is also called the difference quotient
X

of the function y= f(x). If the limit of this ratio as A x approaches

zero exists, that is
lim Ay _ lim S(x+Ax)- f(x)
Ax—>0 Ax  Ax—o0 Ax

exist, then the function is called differentiable and the limit (lim i—y)
Ax—>0 X

is called the first derivative of the function Y= f(x) with respect to



dy d d

the variable x, which is denoted by f'(x), )y, : ¥, f(x).
dx dx dx

Differentiation Rules:

Let f(x) and g(x) be two differentiable functions ( in the interval
under consideration ), then

RULE 1 Constant Multiple Rule

If f(x) is a differentiable function of x ,and c is a constant, then

d d
E(Cf(x)) = C’d—xf(x)-

RULE 2 Derivative of the Sum

If f(x) and g(x) are differentiable functions of x , then their
sum f(x) + g(x) is differentiable , and

5"~(f(x) + ) =L foo) + 2 g
X dx dx

RULE 3 Derivative of the Difference

If f(x) and g(x) are differentiable functions of x , then their
difference f(x) — g(x) is differentiable, and

d d d
E(f(x) - g(x)) = Ef(x) = Eg(x)

RULE 4 Derivative of the Product

If f(x) and g(x) are differentiable functions of x , then their
product f(x). g(x) is differentiable , and

d d
L) 800) =f (). g(x) + (%)= f()




RULE 5 Derivative of the Quotient

If f(x) and g(x) are differentiable functions of x and g(x)=0 ,

J(x)

is differentiable , and
8(x)

then the quotient

[

1 d
i(f(x)] _g(x)'dx f(X)_f(x)Jx—g(X)
dx

g(x) g(x)’

Derivatives of Some Special Functions and the Chain Rule:

1) Derivatives of Some Algebraic Functions:

1) Derivative of a Constant Function

If f(x)=c, then %f(x): %c = )

d d
E le 3.2.3: If =12, then — = —(12)=0 .
xample S(x) dxf(x) dx( )

2) Derivatives of a Power Functions

d _n
X

=1
—x"=nx""", neQ
dx

provided that x # 0 when n is negative .

Example 3.2.4 : Find s’ for each of the following functions :
@) f()=x, (@) f(x)=x°, (i) f(x)=x7", () f(x)=x"

Solution:

@) fl(x)= x'"""=x" =1
(ii) f'(x)=2x>" = 2x
i) fix)= -3x7" = =3x"*

@) f'(x)= 0.3x*""' = 0.3x° "



Example 3.2.5 : Find £’ for each of the following functions :

() f)=5x , ) F)=9%7 , (i) fO)=4xT" , (W) [ =",
Solution:

@ fi=2 1=t

) ) 2

(i) f'(x)=9%12x""") =18x

(iii) f'(x)=48((-3)x"") = —12x7"

(iv) fi(x)=2.5x>"1=25x"

Example 3.2.6 : Find f' for each of the following functions :

(i) f(x)=x*+5x7° , (i) f(x)=x" —-Zixz +7x — 14
Solution:

(i) f'(x)=2x —15x7"*

i) e =ax - 252

x4 T 0= 4x3—gx+7

Example 3.2.7 : Find f' for the function f(x)=2x(3x"+ 3)
) X
Solution:

(o= 2x (15x4——§2—)+ (3x5+—3i).2
x X

y 6
=30x"— E+6x°+— = 36x°
X X

2x -1
3x+1

Example 3.2.8 : Find s’ for the function f(x)=

Solution:

(3x+1).2 — (2x-1).3
(3x+1)?
6x+2-6x+3 _ 5
(Bx+1)*>  (3x+1)?

f'(x)




The derivative of the cosine function is the negative of the
sine function :

(cosx)=-—sinx

o

Example 3.2.10 : Find f'(x) for the function f(x)=3x"+2cosx

Solution: f'(x)=6x— 2 sinx

Example 3.2.11 : Find p’ for each of the following functions :

. . " . 3sinx
(i) y=sinx—cosx (ii) y=2sinXx cosx (iff) yo=———7
cosx+1
Solution:
(i) y'=cosx+sinx
(if) y'=2sinx . (—sinx) +cosx.(2cosx) =—2sin’ x + 2cos’ x

(ii) y,:(cosx+1).(3c0sx) = (32sinx).(—sinx)
(cosx+1)

3cos’ x+ 3cosx + 3sin’ x

(cosx+1)°

The derivative of other trigonometric functions :
d :
—(tanx) = sec” x
dx
d
—(cotx)=—csc’ x
dx( )
d
:i—(secx) =secxtanx

X

d
—(cscx) =—cscxcotx
dx

Example 3.2.12: Find y' for each of the following functions :
(i) y=tanx +secx (if) y =Scotx ecscx




Solution:

(i) y'=sec’ x + secx tanx

(if) y'=5cotx . (—cscx cotx) +esex.(—5Sese’x)

— —5csexcot’x —5cse’ x

Derivative of Logarithmic Function:

The derivative of the natural logarithmic function is:

d 1
—(Inx)=—
dx( ) X

Example 3.2.13 : Find y' for each of the following functions :

2Inx
9x +1

(i) y=4x’Inx (ii) y=

Solution:
@y =4x’ (L) + Inx(12x*) = 4x? + 12x" Inx
X

(9x+1)(3) ~ (2Inx)(9) 18+ ET
X _ X

) y' = (9x +1)’ T (9x+1)

Derivative of Exponential Function :

The derivative of the exponential functions are:

—a*=a’lna and —d—e"':e"'
dx dx

Example 3.2.14 : Find s’ for the function f(x)=5x"e"+ 4e".

Solution: f'(x)=5x"e* + e"(35x") +4e* = 5x" "+ 35x " +4e"



Implicit Differentiation (Derivative of Composite Functions) :

Chain Rule :
dy dy du
Let = f(u) , u=g(x) then — = — , —
y=f(u) g(x) . T
3 : dy
Example 3.2.15: Let y=6u"+5u, u=Inx, find — .
Solution:
d—y:18u2+5 , L
du dx x
dy dy du 5 1 " 1
=, — = (18u"+5)(—) =18 (Inx) +5 )( —
= = )() = (18 (nx) +5) ()
18
= (lnx)2+é
X X
dy

Example 3.2.16 : Find = for each of the following functions :
() y=(x+4x>)° , (@) y=In(x*+3) , (i) y=tan’x
Solution:

(i) let u=x+4x> ,then y=u’ .

Thus 4y =6u’ and L =1+12x’
du dx
b _dy du

=, = 6u’(1+12x*)=6(x+4x)°(1+12x°
dx du dx ( ) ( ) )
(ii) let u=x*+3 ,then y=Inu .

Thus i}i:l and ilﬁ:

2x
du u dx
2
dy_dy du 1 2
dx du dx u x +3

(iii) let u=tanx ,then y=u’ .

Thus d—y:3u2 and ﬂ:seczx
du dx
d dy d
., S B 3y (sec’x) = 3tan’x sec’x
dx du dx



In examples ( 3.2.15 and 3.2.16 ) we use the Chain rule to get the
derivative of a composite function using substitutions, but also we
can get the same results directly without substitutions, considering
the following rules:

%(f(x))" = n(F)™. f1(x),

d 1 :
E(lnf(x))— ) S (x),
d

I N TS
S(e)= S,

2 (sin £(x)) = ( cos £(x)). £'(x),

dx

2 (cos f(x)) = (= sin F(x)). F'(x),

dx

2 Ctan f(x)) = (sec’ £(x)). £,

dx

ZZZ( see £(x)) = ( see £(x) - tan £(x)) . £'(x),
—(;i—( ese f(x) ) = (= ese £(x) . cot £(x)) . £1(x),

2 (ot £(x))=( - es¢® F(x)) . F1().
dx

Example 3.2.17 : Find % for each of the following functions :

(i) y=+x"+4x , (i) y=In(x*+3x) , (iii) y=e*

Solution:
1
D y=+Vx5+4x = (x°+4x):

d . 4
D = L (F+ax)E (5xt44) = i T

2.x° +4x



(i) y=In(x2+3x)

d_y = 21 .(2x+3) = 22x+3

dx Xt 3x x° + 3%
(iti) y= e*

dy 3% 3

=T = e < 3 ZSex ¥

dx

Second Order Derivative and Derivatives of Higher Order:

When we differentiate a function y= f(x) we get a new function )’

(or % or f'(x) or gx—f ) which is the derivative of y= f(x) (or the
first derivative of y= f(x)) . Now if this derivative y' = f'(x) is also a
differentiable function , we can define the second derivative of y= f(x)

( or the second order derivative of y= f(x)) by differentiating y’ (or
d’y

2

% or f'(x) or —f) which is denoted by »" (or or f"(x) or

Now if the second derivative y" = f"(x) is also a differentiable function
, we can define the third derivative of y= f(x) (or the third order

2
derivative of y= f(x) ) by differentiating " (or ill): or f"(x) or
4.4
d2 n d3y d3
f ) ,which is denoted by y” (or —5- or f"(x) or —f).So
dx? dx dx

long as we have differentiability , we can continue in this manner

forming the fourth derivative of y= f(x) ,which is denoted by y

dat d*
(or -d—x% or £ x) or — 7 ) , and more generally the nth derivative

of y=f(x)is denotedby y™ (o ild—xl or ™ (x) or

d
ot )

Example 3.2.18 : Find " for each of the following functions :

(i)y=4x5—7x3+3x R (il) y:xse“ 5 (iii)y=25inx+9cosx



Solution:

(i) y'=20x"-21x"+3 , y"=80x’-42x
(@) y'=x>(4e™ )+ e*" (3x* ) =4x’ " + 3x* e™
P'=4x(de™ )+ e (12x* ) +3x7 (4e™ ) + ™ (6x)
=16 x" e™ + 12x° ™ + 12 x* ™ + 6x e**
=16 x’ e™ + 24x* e + 6x "
(iif) y'=2cosx —9sin x

y'=-2sinx - 9cosx

Example 3.2.19 : Find ', ", »” and y‘* for each of the following
functions :

(i) y=x"+x"-3x*, (if) y=e* , (iii) y=sinx , (iv) y= cosx
Solution:
() y'=6x"+4x>-9x* , y"=30x"'+12x> - 18x

s y" =120x>+24x — 18 , W = 360 x* + 24

(ii) _}7’: 2e2x » y"= 4e2x , ym= selx , y(4) = 16elx

” m (4

(fii) y'=cosx , yp"=-sinx , p"=-cosx , y¥=sinx

” (

(iv) y'=-sinx , p"=—cosx , y"=sinx , p*'=cosx

S3.3 : L'Hopital Rule

Suppose that f(xy) = g(x,) = 0,and both f'(x;) and g’'(x,)

- @ _ f'(x0)
x—x  g(x) g'(x0)

exist . Then if g'(xy)#0.




Example 3.3.1 : Find each of the following limits by using L'Hopital rule :

Example 3.3.2 : Find each of the following limits by using L'Hopital rule :

) X —Sinx
1. im ———
x—0 xsinx
_ x* —5x?2
2. lim

x—0 x2+x— sinx

1 ; x3 -1
. m —
x—1 4x3 —x —3
_ 1—cosx
2. I
=0 X+ x?
) 3x —sinx
3. Iim ——
x—0 X
) vé4+x —2
4. hm ——
x— 0 X
Solution:
, i x3—1 - 3x? 3 2
= m == = —
ol A —x—3 il 12x2—1  12—-1 _ 11
5 i 1 —cosx i 0 + sinx _ sin 0 B 0 B
xl-—mox x? = 14+2¢ 1+0 1
] 3x —sinx 3 —cosx 3 —cos0 3—-1
3 lim = lim = — = 2
x—0 Y x—0 i 1 1
) Vi+x —2 0
4 lim [—}
x—0 X 0
1 1
T 1
= Tim 2v4+x _ 4 _ 2
x—0 1 1 4



Solution:

Sie =is

) X —Ssinx
1. im ——
x—0 xsinx

) 1—cosx )
= lim - still
x—0 X COSX + Sinx

_ sin x
= i : = — =0
x—0 — XxSinx + cosx + cosx 2

_ x* — 5x2 0
2. lim - [ }
x—»0 x2+4x— sinx

LT 4x3 —10x ol [O]
= 2x+1— cos x o

) 122 — 10 —-10
= lm ———— = —— = -5
x—0 24 sin x 2

Exercises :

In exercises 1-6, find ' and y” (the first and second derivatives
with respectto x ).

1) y=x*+6x-5
6
2) y=3x'——
X
3) y=7x" - 3sinx
4) y =Ssinxcosx
5) y=3tanx + 4secx

6) y =2sinx—5cosx

In exercises 7 -9, find the first and second derivatives of the given
function with respect to the given variable.

7Yyw=2u'"-3u+1
8)y=6t“—;

9) v=1¢* —8sin¢



In exercises 10 — 12, find y’ by applying the Product Rule

10) y=(4+ x)(x’ =2)

11) y=(x+2)(x’ + x —4)

12) y=(4+x)(x* — i)
X

In exercises 13 —-17 , find y'.

13) y=tanx —3sinx

14) y=5sin3x* ++/x

15) y=3sinx—e*

2sinx
16) y=
)y iy
2tanx — 3x
17) y=—————
)y 3x+4

In exercises 18 -21 , find ', p",»", and p*) .

18) y=x"+6x" —25x
19) y =3sinx
20) y=cos2x

21) y=e* +Inx

In exercises 22 — 24 , find the limit by using L'Hopital rule .

I T i
) x'—rp1 3x3 - x2-2

. sinb5x
23) lim
x—0 X

. et—-1
24) lim —
x—0 SsIinx

)



S3.4 : Applications of Derivatives:

Slope and Tangent Line and Normal Line :

The slope of the curve y=f (x) atany point P(x,y) is y'=f'(x) .

The tangent line to the curve y=f (x) atany point Py(xo, f(xg)) isthe
line whose equation y—x:_LS@ = f'(x,) which pass through the point P,

0
on the curve y=71(x) .

The normal line to the curve y= f (x) atany point Py(x,, f(x,)) Iisthe

line whose equation Dbl o o —7—1——— which pass through the point
X = Xo f'(xo0)

P, onthe curve y=f(x) .

Example 3.4.1 : Find the slope of the curve of the function
y = f(x) = x3 — 2x? + 4 atthe point (1,3) . Then find the equation of
each of the tangent line and the normal line to the curve at the point (1, 3).

Solution :
The slope at any point = f'(x) = 3x* — 4x
The slope at the point (1,3) =f'(1)=3-4=-1 .

fQ)
~-1

y - - b3 y — 3
—x————f(l)

x — 1

= -1

y—3=—x+1 = y+x—-4=0

Thus the equation of the tangent line at the point (1,3) is y+x—-4=0.
y — f(1) 1 y—3
_ = =%

x—1  f') x—l_—1

y—3=x—1 = y—-x—-2=0
Thus the equation of the normal line at the point (1,3) is y—x—-2=0.

Example 3.4.2 : Find the slope of the curve of the function
y = g(x) = x? atthe point (3,9) . Then find the equation of each of the
tangent line and the normal line to the curve at the point (3,9).




Solution : g'(x) = 2x
The slope of the curve at the point (3,9) is g'(3) =2(3) =6 .

- 9@ -9
y 9():g,(3) L ¥

=6 =
-3 x — 3

y—9=bx-—18 = y—6x+9=0
Thus the equation of the tangent line at the point (3,9) is y—6x+9=0.

y—g(S): 1 ¥ =13 1

P ﬁ _ —_— -

x — 3 g'(3) =3 6

= 6y—54=—x+3 = 6y+x—-57=0

Thus the equation of the normal line at the point (3,9) is 6y +x —-57=0.

Exercise 3.4.3 : Find the slope of the curve of the function
y = h(x) = 3x%2 — 1 atthe point (—1,2) . Then find the equation of each
of the tangent line and the normal line to the curve at the point (-1,2).

Exercise 3.4.4 : Find the slope of the curve of the function
y = f(x) = x3 — 4 atthe point (2,4) . Then find the equation of each of
the tangent line and the normal line to the curve at the point (2,4).




