
CH3 : Limits , Gontinuitv and Differentiation

S3.1 : Limits and Gontinuitv

BemArk 3.1.1: lf the values of a function y - f (x) can be made as close
AS

we like to a fixed number L by taking x close to x6 ( but not equal to xo )
we say that L is the limit of f as x approaches xo , and we write it
AS

t\m f (x) - Y
x+xo

Also we can say that the limit of f as x approaches xs equals L .

Definition 3.1.2 I

Let f beafunctiondefinedontheset (xo-p,xo) u(ro ,xo* p),with
p>0.Then

lim /(x) - Ix+Xo

iff foreach e>0 thereexistsa 6>0 suchthat

Theorem 1 :

1) lim x- x6
x+xo

2) lim k-k
x+Xo

Theorem 2 : If lim f (x) - y, and lim g(x) - l, , then
x---+xo

1) lim lf @) + s(x)l - Lr * L2
x+xo

2) lim lf @) - s(x)l - L1 - Lz
x+Xo

3) lim Lf @) . s(x)l - Lt . Lz
x+xo

4) lim lk.f(x)l=k.1,

x---+xo

x+Xo

f (x\ L,s) ,ry, td = ; ir Lz+o



Example 3.1.3 : Find each of the following :

1. lim 7
x+-2

2. liry x(3-x)
x-1

3. lir",t (*, + 2x - 1)
x+3

x-2+. ltm ---::-x-z xz-5x*6
x2-Sx5. lrm

x+0 X

Solution :

1,. lim 7 = 7
x+-Z

2. Iim x(3-x)= 1(3-1)=Z
X.*7

3. Jg (x2 +zx-1) _ (3)z +z(3)-L = s+6_r _ L4

4. lim -*-z .: limx+2 xL-5X*6 X+Z

)-x'-5x5. Itm - - _- limx+0 X X+0

Theorem 3 :

x-2
= lim

X---+2(x-3)(x-2) (x-3)- 2-3

= jS (x- s) = 0-5 = -5

r)

2)

.. sin r
X---+0 X

.. 1 - cosx
ltm
X+0 X

Example 3.1.4 : Find each of the foilowing :

4 ,. sin 4rl.ilm
x+o sin 5x

2. lim 3x
x-+0 SinZX

x(x - 5)



3.

1.

2.

tan x
lim
x+0 X

sin4x
limx-o sin 5x

3x
limx+o sinZx

_ lim
x-0

= limx+0

sin4x4x. 4x
- sin 5x
5x . _--=-

5X

3x

2x.

sin x

stnZx

each of the following .

2x

.. lsinx 1r /sinx 1 r=liml_. l_timtt -"'-". ^ 
)x*0 \COSX X/ x-0 \ X COSX/

COS T
x
T

3. lim
x---+0

tan x
- Iim

X x-0

=1x1, -1
Exercise 3.1.5 : Find

L - cosx1,. lim
x--+o x * sinx

2. ,lgg (r+cos|)

sin2x3. lim .----
x+o Zxz * x

tan2v4. lim
v--,o 3y

y45. lim
y-+@ y4 -7y3 +3y2 +9

Definition 3.1.6: Afunction f (x) is

1) f is defined at xo ( i e. f (xo)
2) lim f(x) exists

x-__+xo

3) tiry f@)=f(xi-Lx+xo

said to be continuous at xo if

-L where L e R).



Example 3.1.7 i Let f (x) =t !,* ::i
ls / continuous at x- L.

Solution :

1) f(1)=!2 -L
2) ]+ff*)-,qLx2=L?:1.

,r5./(r) - J+(3-2x)- 3-2(1) -1

since ]y_ft*)- 1=,lllt fU)

Therefore 
!1g,f @ exists and tiyi f @) - 1.

3) fif(x) = 1: f (1)

Therefore f is continuous at x - L

Exampre3.1.8: Let f(x)={T:; ;i ::-;
ls / continuous at x - -Z .

Solution :

1) f(-z) = (-2)z -2- 4-Z -Z
2) 1i*^.- f(x)_ li*^.-(2x+1)= 2(-?,)+t_ -4+t=-3x*\-t) x+\-z)

,j11,- f (x) _ ,itg,. (*'-z) = (-Dz -z - 4-2 -Z

since lim f (x) + lim f (*)x---+(-z)-'\' *-Gz)+

Therefore ,Ip, f (x) does not exists

Thus f is not continuous at x = -Z



Exersise 3.1,9 _;

(

Let f (i -l
(

xz -zx-B if
if

-2.ls f continuous at x -

S3.2 : Differentiation

Definition of Derivative BUles of Differentiation
DefinitioJr 3.2.1j

Let y - f (x) be a function and let the variable x receive a certain
increment Ax. Then the function y will receive a certain increment
Ay. Thus for the value of x we have y = f (x) and for the value of
x+Ax,we have y+ Ly= f(x+Ax) .

Thus the increment Ay is given by :

Ly-f(*+Ar)- f(x)
Rgne&-a.el; A is an abbreviation of difference ( in x , ! ) and is not
a factor.

Forming the ratio of the increment of the function y to the increment
of the variable x , we get

Ly =f(x+Lx)-f(x)Ax Ax

x+2

-3
x*-2
x--Z

is called the average rate of change of the function y _ f (x) with

respect to the variable x . y" is also called the difference quotientAx
of the function y - f (x) . lf the limit of this ratio as Ax approaches
zero exists, that is

lim 4I=lim f@+Lx)-f(x)
ax+0 [y 

^;; Ax

exist, then the function is cailed differentiable and the limit f;ig *l
is called the first derivative of the function y: f (x) with respect to



the variable x, which is denoted by f'(x), ,' ,# , fi, ,fifet.

Differentiation Ru les :

Let /(x) and g(x) be two differentiable functions ( in the interval

under consideration ), then

RULE 1 Constant MultiPle Rule

lf f(x) is a differentiable function of x, and c is a constant, then

dtl
- (. f(x)) = c:l f(x't 'dx dx

RULE 2 Derivative of the Sum

lf f (x) and S(x) are differentiable functions of x , then their
sum /(x) + g(x) is differentiable , and

!-, r,*r+ s(x) ) = + fG) * * s@)
dr \ '/ \" i tlx ctx

RULE 3 Derivative of the Difference

If /(x) and S(x) are differentiable functions of x , then their
difference f(x) - S(x) is differentiable, and

lrr.,o- s(x)) = +f@) - !sr*tdx dx dx

RULE 4 Derivative of the Product

If /(x) and S(x) are differentiable functions of x , then their
product f(x). S@) is differentiable , and

fttrat s(x)) = f(x).ftN.t + s(x) .fr ro



-

RULE 5 Derivative of the Quotient

If /(x) and S(x) are differentiable functions of x and g(x) * 0

then the quotient 44 is differentiable, and
s(x)

d ( rot\
rcx I g(x) J

s@.*r@-r(i.*s@)
s(x)'

Derivatives of $qme Special Functiqns and the Qhain Rule:

1 ) Derivativep -olSomq A&rebraic Functlons:

1) Derivative of a Constant Function

rf f(x):c, then *Or=*c=o

Example -3.2.3 : tf f (x)-12 , then fr n*l = *( 1z; = 6

2) Derivatives of a Power Functions

+*n: n*tt-t , nee
dx

provided that x * 0 when n is negative .

Example 3.2.4 : Find f ' for each of the following functions :

(i) f(x)=x t Qi) f(x):x2, (iii)f(x):x-3, (iv)f(x)=x0''

Solution:

(i) f'(x\- x'-' = xo - I

(ii) f'(x)=2x'-' = 2x

(iii) f'(x)= -3x-'-' = -3x-o
(iv) f'(x)= 0.3x0''-'= 0.3x-o''



E{ample 3.2.5 : Find f ' for each of the following functions :

t (ii\ f(x)=9x2 , ' , (iu).f(x)=x25(t) f(x)=)* , Qi) "f(*)-9x2 , (iii) f(x)=4x-

S-olution:

(i) f'(x)=+ o r> |
(ii) f '(x) - 9tr(2 *'-' ) = 18 ,
(iii) f'(x) = 48((-3)x-' -') = -12 x- o

(iv) f'(x)=2.5 *'5- 1 :2.5 xt's

(i) f'(*) - 2x - 15 x-o

(ii) f'(x)=4x' -ry* + 7 - 0 = 4x' -l*+t55

Example 9.2.7 : Find f' for the function f (x)-2x ( 3x'+

Solution:

f'(x)= 2 x(15x' -+)+ (3x' + 11.,
x'x

=30*'-9+6ru+9 =36x'

Example 3.2.6 : Find f '

(r) ,f(x) = x2 + 5x-' )

Solution:

Exqmple 3.2.8 :

Solution:

for each of the following functions :

,3
(ii) f(x):x{ -ir' * 7x - 14

3
-)x

Find f ' for the function f (x) -

(3x+t).2 - (2x-t).3
(3x+ 1)2

6x+2- 6x+ 3 5

2x-l
3x+1

f'(x) =

(3x+1)2 ( 3x+1)2



7

The derivative of the cosine function is the negative of the

sine function :

d

-(cosxl=-slnxdx'

Exampte 3.2.10 ; Find f '(x) for the function f (x)=3x'+ 2 cosx

Solution: f'(x)=6x- 2 sinx

Fltan0ple 3.2J 1 : Find y' for each of the following functions :

(r) y = sin x - cosx (ii) y= 2sin x cosx (iii) y= ;ffi
Solution:

(i) Y'= cosx + sin x

(ii) y, =2sinx. (-sinx) + cos x.(zcosx) :-2sin'x + 2cos'x

(iii) y'- (cosx + 1) . (3cosx) - (3sinx). (*sinx)
(cosx+1)'

3cos'x+ 3cosx + 3sin'x
(cosx+1)'

The derivative of other trigonometric functions
d

ft{t""x) = sec' x

d
j;{"otx) = -csc' x

d

;(t..x) = secxtanx

d

;(.t.x) = -cscxcotx

Example 3.?.1? : Find y, for each of the following functions :

(i) y=tanx+secx (ii) Y =5cotx cscx



sqLutiqn:

(i) Y'= sec2 x + secx tanx

(ii) y' =5cotx. (-cscxcotx) +cscx'(-5csc'x)
- -5cscxcot'x -5csc'x

Derivative of Loqarithmic Function:

Example 3.2.13: Find y'

(r)y=4x'lnx (ii) Y-

for each of the following functions :

Zlnx
9x +l

9ol.ut!on;
(i) Y' =4x'(+) + In x(llx') = 4x'+ llx'lnx

)2
(9x+1)(A) - (2lnx)(9) 18 +: - l8lnx

(ii)y'= x - x
(9x + 1)' (9x + 1)'

Derivative of Exponential Function :

The derivative of the

d o' = a'lno
dx

exponential functions are:

d
and 

-g^ 
- gt

dx

Exaryrple 3.2114 : Find

Sgf Utionl f '@) = 5x' e'

f ' for the function

+ e'(35xu ) +4e'

f (x)=5x' e* + 4 e'

= 5x' e' + 35xu e* +4e'

The derivative of the natural

=1x

logarithmic function is:

4( t,rr)
dx-



lmplicit Differentiation (Derivative of Composite Functions) :

Chain Rule :

Let y--f(u) , u=S(x) then
dy dy du

dx du dx

Example 3.-2J5 : Let ! =6u' + 5u , u-lnx , find +
dY

Sqlutiqn:
dY - rga'+5 '1" =Ldudxx
dv dv du (tlu'+s)(1) - (rstrnx)'*s)( 1 

I= (toa f r/(;): \ro(ttt-L) t, 
xdx dudx x 

_lg(lnx),*5
xx

EXAmpl,-e*Q.?.16-., Find + for each of the following functions :
dY

(i)y=(x+4x')u , (ii) /:ln(x'+3) , (iii) !:tan'x
Solution:

(i)let Lt=x+4xt ,then !=u
Thus 

d! 
-6r' and d' 

-l+lzx'du dx

+-+ + = 6u'11+tzx')=6(x+4x')'(t+ tzx')dx du dx

(ii)let u=x'+3 ,then !=lnu
Thus 

dY =l and 4!*z*
duudx

+-+ + ='(r*)- 2*
dx du dx u x'+3

(iii) let u= tanx , then ! = u'

Thus 4=3u, and du 
-secrxdu ilx

+=+ + = 3u' (sec'x) = 3tan'x sec'xdx du dx



ln examples ( 3.2.15 and 3.2.16 )we use the Chain rule to get the
derivative of a composite function using substitutions, but also we
can get the same results directly without substitutions, considering
the following rules:

ftt/(,n" = n (f(x))"-' . f'(*),

*trnf(x))- .! . f'(x),LY J@)

*r""" )- er* .f'(x),

ft rt, f(x)) = ( cos f(x)). f'(*),

ftt"o, f(*)) = ( - sin/(x) ) . f'(x),

fr<*"" f(x)) - ( sec' f(x)) . f'(x),

fttr"" f(x); : ( sec f(x) .tan f(x)) . f'(x),

ft< "r" f(x)) = ( - csc/(x) . cot f(x)) . f'(x),

ftt"o, f(*)) = ( - csc' /1x) ) . f'(x).

Example 3.2.17 : Find
dy

dx
for each of the following functions :

'-------(i) y=^/x' +4x, (ii)/=ln(x' +3x)

Solution:

(i)y- 1_ (rt+ 4x)i

1(rt+4x)-r.(sx4+4) Sxn+4
dxz xt +4x



(, r) v-
dy

dx

!: e3*

dy:
dx

2x +3
xz +3x

(.rrr.)

e3*.3 -3e3*

Example 3.2.18 : Find y" for each of the following functions :

(i) y = 4x' -7x' +3x, (ii) y = x' eu*, (iii)./ = 2sinx+ gcosx

Second Order Derivative and Derivatives of Higher Qrder:

When we differentiate a function y = f (x) we get a new function y'

tor ff or f '(x) or ftf )which is the derivative of y= f (x)( orthe

firstderivative of y- f(x) ) . Now if this derivative y' - f'(*; is also a
differentiable function , we can define the second derivative of y - f (x)
( or the second order derivative of y - f (x) ) by differentiating y' (or
dv r frf ), which is denoted by y ( or ,_, or f "qxy or* o, f '(x) or ftf ), which is denoted by n d'v

d'
NJ ).

Now if the second derivative y" = f "(x) is also a differentiable function
, we can define the third derivative of y - f (x) ( or the third order

derivative of y - f (x) ) by differentiating y" (o, # or f"(x) or

ftf ),which is denoted by y"' (", * or f''(x) or 
o; f ).so

Iong as we have differentiability , we can continue in this manner

forming the fourth derivative of y - f (x) , which is denoted by y(o)

dlv ttt dt(o, # or f '''(r) or ;;f ), and more generally the nth derivative

of y - f (x) is denoted by .lrt"' ( or # or f("1r; or #, ,.



(i) y'* Zaxo -2lx'+3 , !" = 80 x'-42x

(ii) y' - x'( 4no* )+ e4* (3*') = 4xt en* + 3x'eo'

!":4xt (4e0. )+ ,o* (l2x' ) + 3 x'(4eo* ) + et' 16x1

- 16 x' eo* + l2x'eo' + l2x'eo* + 6x eo'

= 16 xt e" + 24x' en' + 6x eo'

(iii) y'= 2cos x * 9 sin x

y" =-2sinx- gcosx

Example 3.2.19: Find !' , !" , y"' and yto' foreach of the following
functions :

(i)y= x6+xo-3x' , (ii) !=e" , (iii) /=sinx , (iv)./= cosx

Solution:

(i) y'= 6xt +4x3 -9x2 , ln = 30xa + l2x2 - 18x

, !'' = l2ax3 +24x - 18,, !'n) = 360 x2 + 24

(ii) y'= 2e" ) !":4e'* ,

Y":- sinx

Y" = - cosx

y"'= 8 e" y(o) = 16 e'*

Y(') = sinx

Y(n) = cosx

(iii) y'= cosx

(iv) y'= -sin x

Y'' = - cosx

Y"' = sinx

S3.3 : L'Hopital Rule

Suppose that

exist . Then

f (x) - g(x) = 0 , and both f '(xs) and g'(xo)

lim
x-1xo

f (x) f'(xo)
s(x) g'(xo) if g'(x)+A.



2.

a
J.

4.

Exa-mple 3.3.1 : Find each of the following limits by using L'Hopital rule :

x3 -l1. lim --------:-.r-1 4xs-x-3

1-cosx
lim ---_-:-x*o X*Xz

3x - sinx
lim
x-+0

lim
x+0

selqliqn;

L. lim
r+1

x3 *L
4x3-x-3 L2-1 1,1.

x

,,14 +V - Z

2.
L - cosx

Iim __--:_ -x-o X*xz

3x-sinr
lim

.x --+0

lim
x+0

3x2
- lim-=x+1 lZxz - |

0 * sinxlim-=x-o 1* 2x

3 - cosxlim_-
x--0 1

sin 0

L+0

3-cos0

-0

3-L
1

t;]

/)
J.

4.

)
L

2. tim
x+0

{4+x -Z

_ lim 2 {4+x
x---+0 1,

1

Tl

Example 3-.3.2 : Find each of the following limits by using L'Hopital rule :

x - sinx1, lim
x--+ 0 X SlnX

x4 - sx2

x2+x- sinx



Solution:

1. lim
x+0

x - sinx
x sinx

1 - cosr

t;]

t;]

0

t;]

t;]

2.

= lim
x+O

-- lim
x+0

x cosx * sinx

sin x

- x sinx * cos x + cosx

x4 - 5x2

still

_0

still

tr
--J

y" ( the first and second derivatives

lim
x+0 x2+x- sinx

4x3 -1-Ox= lim
x+0

= lim
x+0

2x*1-cosx

1.2 x2 - 10 -10
2* sinx

Exercises :

ln exercises 1 - 6, find y' and
with respect to x ) .

1)Y=x'+6x-5

2) y -r*' -*
3) y-7x'-3sinx

4) y - Ssinxcosx

5) l=3tanx+4secx

6) y-2sinx-5cosx

ln exercises 7 - 9, find the first and second
function with respect to the given variable.

7) w -Zuo -3u+l
4

8) -y - 6to -:t
9)v-l'-8sint

derivatives of the given



14)Y=5sin3x'+Ji

=3sinx-e'
2sinx

3x
2tan x * 3x

17) y=
3x+4

ln exercises 18 - 21

13) Y=xs + 6xo -25x
19) y = 3sinx

20) y =cos2x

2l) y=el* +lnx

ln exercises 22 - 24

x-1.22) lin a-//

y' by applying the Product Ruleln exercises 10 - 1 2, find

10) y=(4+ x)(x'-2)

ll) y=(x*2)(x'+x-4)

12) J, : (4 +x)(x' - ')x
!n exercises 13 - 17 , find y'

13) y=tanx-3sinx

ls) y

t6) v

,find !',!",!"', and y(a) .

, find the limit by using L'Hopital rule.

--l i--i 3x3 - x2

sin 5x23) lim _'x-0x

ex-l24\ lim 

-
' x*0 sin x



Slope and Tanqent f-ine and N

The slope of the curve y= .f (*) at any point P(x,y)

S3.4 : AppliqationE qf Derivatives,

The tangent line to the curve

line whose equation Y: f 9o)
x*xo

on the curve y: f (*)

The normal line to the curve y= -f (*) at any point Po(xo, f @)) is the

line whose equation '+* : - ?;; which pass through the point

Po on the curve y= f (x)

Exampt_e 3.4.1 : Find the slope of the curve of the function

y - f(x):x3 -Zxz +4 atthepoint (1 ,3). Thenfindtheequationof
each of the tangent line and the normal line to the curve at the point (1 ,3).

9olu!!sn :

The slope at any Point - f'(x) : 3x2 - 4x

Theslopeatthepoint (1 ,3) -f'(t) -3-4:-l
y-f(1) r,t v-3'.i-l'G) 1 x-r- -l

y-3--x*1 + y+x-4=0

x) at any point P(x,y) is y': -f '(x)

y= f (*) at any point Po(xo,f @)) is the

- f'(x) which passthrough the point Po

Thustheequation of thetangent line atthe point (1 ,3) is y* x-4=0

x-L f'(1) x-1.

y-3=x-1- + y-x-2=0

Thustheequation of the normal lineatthe point (1 ,3) is y- x-2 - 0.

Example 3.4.2 : Find the slope of the curve of the function

y - g(x) : xz at the point (3 ,9) . Then find the equation of each of the
tangent line and the normal line to the curve at the point (3 ,9).



Solg*tion: g'(x) -2x
The slope of the curve at the point (3 ,9) is g' (3) = 2(3) - 6

v-q3\ v-9'--:+: - .ct'(3) + ' ^ = 6 =x-3 '' x-3
y-9-6x-18 =+ y-6xf9:0

Thus the equation of the tangent line at the point (3 ,9) is y - 6x * 9 : 0 .

y-s(3) __ \ = 
y*9 _ _1

x-3 g'(3) x-3 6

+ 6y*54=-x*3 + 6y+x*57-0

Thus the equation of the normal line at the point (3 ,9) is 6y * x - 57 - 0 .

Exercise.3.4.3 : Find the slope of the curve of the function
y - h(x) - 3xz - L at the point (-1 ,2) . Then find the equation of each
of the tangent line and the normal line to the curve at the point (-l ,2) .

Exercise ?,3._4: Find the slope of the curve of the function
y - f (x) = x3 - 4 at the point (2 ,4) . Then find the equation of each of
the tangent line and the normal line to the curve at the point (2 ,4) .


