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CH2: Functions

\-gg“‘//_p ()\_J_).)\
S$2.1 : Functions and Their Graphs
TV D _év \j_"-
Definition : A function T {ora mappmg f )from aset 4 toaset B

w is arule tha{a35|gns to’each elemen a of A exactly one element b
of B, The set A is called the domam of _f and the set B is called

ey the codomain of f/lff assigns b to a,then b is calied the i |mage
_y2) of a under f. The subset of B compjﬂised of all the images of

elements of A under f (whlch is denoted by f (A ) ) is called the

image of A under S (ortherangeof f) .
We use f A i B to mean that f is afunction from 4 to B.We

will write f(a ) b to indicate that b is the image of a under f .

T “,—6"‘4-
Example 2.1.1: o o’
Let A={2,4,5}, B={1,2,3,6},and f:A - B be the function
defined by f(2)=1, f(4)=3, f(5)=6. Then the domain of f is
A={2,4,5},the codomainof f is B={1,2,3,6}, and the range
of f={1,3,6}.

i 77%ounter example :
: L{/ Let C={1,2,3,4} and D={2,3,4,5}, and let & be the rule defined
S by B(1)=2,h(1)=4,h(2)=3,1(3)=5,k(4)=4,then h isnota

, function from C to D since there are two different elements ( 2 and
4) belong to D are assigned to the same element 1 of C.

Example 2.1.2: Find the domam and the range of the function f
defined by f(x) = Jx+10 .

Solution : For y= f(x) = ./ x+10 to bereal, x+ 10 must be greater
than orequal to 0. Thatis, x+10 =0 which means that x > —10 .

Thus the domainis {x:x > -10} andtherangeis {y:y = 0}.

Exercises:

1) Let A={2,4,57}, B={1,2,3,69},and f:4 > B be the

function defined by f(2)=9, f(4)=3, f(5)=6, f(7)=2. Find
the domain of f , the codomain of f ,andthe range of f .

-—



2) Letf bea fanction defined by f(x) =

. Find the domain and

X+2 e
the range of the function f . AP

3) Find the domain and the range of the function f defined by

N () =y2x-9 . sl B b7 u?"
H GYA?\NOP E .—:\\ﬂ"‘j Jﬂ,\( §Vod D\Jjé ‘PM‘/
f/ /Definition: The graph of a function ]'“ is the line"passing through alt

the points (x, f(x)) on the x y-piane ,Uﬁ;\
g Co.;

( vy 1}4":\
#* Definition: Q’he y- coordmate of the pom here a graph of a function

J intersect the Y- axis is called theQ{ mtercept of the functron)
Z GE’W;\M/“'
x Definition: Q’hé/;Jcoordfflgte ofa pomﬂwhere a graph of a functlon
mtersects the x - a)us is called an x -intercept_of the function .
:L' 7 ’.__—-_'_"'__-"}'_._—-_:;)
, W) RS
Remarks : ‘
Y r;,,z 2 ks
\_‘f 1) The graph of any function f\has atmost ong y - mtercept The

graph of the function f has exactly one y-intercept if 0 is in the
domain of the function f and the{y-intercept is f(O :
2) The graph of any function f has no x - mtercept if there is no x
* in the domain of the function f such that U_':(x) ;:O;_
The graph of a function f has one or more than one x -intercepts

if £(x)=l0, for some x in the domain of f , and the.number of
X- mtercepts is the number of the dlstglct solutions of the

equation f(x) 0 7
Properties of Functions : ,"?}
1) A function f(x) is called an even fdnctlon of x if

f(—x) = f(x)
2) A function y = f(x) is called an odd function of x if

f(_x)=-_f(x) Y x .

S2.2 : Linear Functions and their Graphs

Definition: Afuncttonﬂj_ﬂR — R is called a hnear function if f is

defined by | f(x)= J‘x+b L, a#0 - )
where ¢ and b are real numbers

Jusld lia - aalall B3

Pape9 ——-



Example 2.2.1: The function f:R — R definedby f(x)=3x+12
is a linear function .

Example 2.2.2: The function .g:R — R defined by g(x)=x~0.2
is a linear function .

. 3
Example 2.2.3: The function #:R — R defined by Iz(x)=—5x+1

is a linear function .

Example 2.2.4: Let f:R — R be the linear function defined by
f(x)=4x+10 . Find the x -intercept and the y-interceptof f .

Solution: f(x)=0 = 4x+10=0

o = 4x=-10 qf

o ox= -8 _ 55 N

4 %

Therefore the x -interceptis —2.5 .

)( :

f(0)=10 = the y-interceptis 10 . f f}r
|

Exampie 2.2.5: Let g:R — R be the linear function defined by

g(x)= -ls—x — 6 . Find the x -intercept and the p -interceptof g .

Solution: g(x)=0 = éx—6=0 . b -

= x=3 iy

1 “L@ / // ,7
:(st —6‘ !

Therefore the x - intercebt is 30

g(0)=-6 = the y-interceptis —6

Graph of a linear function :

the two points '(—5__6) and (0 b) where a lS the x -intercept of the
function f and b is the y -intercept of the function f

¢/ Remark : The gra hof any linear function r has exactly one
(/________ grap y S y

x -intercept and has exactly one y -intercept.

Cals s« 5alall s3I
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Example 2.2.6: Let f:R — R be the linear function defined by
f(x)=-2x+7 .Find the x -intercept and the y -interceptof f,
then graph the function f .

Solution: f(x)=0 = -2x+7 =90

Therefore the x -interceptis 3.5 .

—

f(0)=7 = the y-interceptis 7 .

Thus the graph of the function( f )is the straight line passing through
~ B 0 /Y =
the ftwo points (3.5,0) and (0,7) .

Thus the graph of the function f is the following graph

$ poexis

J2

0,7
f{x)==-2x+1

(3.50) .
(0,0) N T x-axis

o

Example 2.2.7: Let g: R —» R be the linear function defined by

g(x)=4x+12 . Find the x -intercept and the y -intercept of g, then
graph the function g .

Solution: g(x)=0 = 4x+12=0
= 4x =-12

-12
= x=—"=(3

4

Therefore the x -interceptis -3
g(0)=12 = the y-interceptis 12 .

AL TR TN S
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Thus the graph of the function g is the straight line passing through
the two points (-3,0) and (0, 12) .

Thus the graph of the function g isthe following graph

yeaxis "/
{ (0.12)

gix)=4dx+12

(-3,0}

(0,0) X-Exis

Exercises:

1) Let f:R — R be the linear function defined by f(x)=3x-10.
Find the x -intercept and the y -interceptof f .

2) Let g:R — R be the linear function defined by g(x)=03x+0.7.
Find the x -intercept and the y -intercept of g.

3} Let f:R — R be the linear function defined by f(x)=-4x+8.

Find the x -intercept and the y -intercept of f , then graph the
function .

4) Let g:R — R be the linear function defined by g(x)=5x+15.

Find the x -intercept and the y -intercept of g, then graph the
function g . _

S$2.3 : Some well-known Functions and their Graphs

1} A function f(x) = c where c is a fixed number is called a
constant function .

Juald pbia ¢ o) 53




Example 2.3.1 : The function y = f{x) = 1sa constant function and
its graph is

M -axis

2 — - R —_—
1.8}
1G]
1.4
1.2 '~ y=I1

1
o.8 .
o.a N
0.q l— —
o.zjf 4

oz 3 1 0.5 F a.5 1 1.5 % A-LLXIS

2) The absolute value function y = f(x) = |x| is defined by the

formula .
y=r@ =il ={% } 20

and its graph is

yaxis

2 s T AT TlosTTT T TR s T TTas T

Remember that |x| = VxZ .

3) Afunction y = f(x) = x” where r is areal numberis called a
power function .

Example: 2.,3.2:

The function y = f(x) = x? is a power function ( which is also a
quadratic function } and its graph is

s i ol sl
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Example 2.3.3:
and its graph is

y-axis

0%

X-axis
2

The function y = f(x) =x* is a power function

- X-QXi5

Example: 2.3.4: The function y=f(x)=+x is a power function and

its graph is

y-eexis

o5k

TS

X-axis

Juaald i - saladl 335
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Example 2.3.5: The function y = f(x) = % is a power function and

its graph is

x-axis

4) Let a be a positive real number other than 1. The function
y = f(x) = a* is called the exponential function with base a.

Example 2.3.6 : Graph the exponential function y = 2*

Answer : To draw the graph of y = 2* , we can make use of a table
give values for x and find the corresponding values for y
x=0 gives y=2"=1,

x=1 gives y=2'=2,

x=-1 gives y=2"=

1
2

Following the process we make the table

-4 -3 -2 -1 0 1 2 3 4
0.0625 (.125 0.25 0.5 1 2 4 8 16

X
2.‘!

Jumld s - 3oLl B
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Example 2.3.7 : The function y = 5* is an exponential function and
its graph is

Answer : _
x=0 gives y=5"=1,
x=1 gives y=5 =5,

x=-1 gives y=5"=02

X —2 —1 0 1 2
5* 0.04 0.2 1 5 25
- y-als
20}
15% .
wE- -
s
.——.-;—-——“F""'-’- -ZXi5
T aE A 45 TosT T s T T2 *

Exercise 2.3.8 : Graph the exponential function y = 10* .

The properties of exponential function and their graph

= The domain is R (set of real numbers).
.= Therange is R’ (set of positive real numbers) .
= The graph is always continuous (no break in the graph) .

Yl e - 3l 33V
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Rules of Exponents : If a> 0 and b>0 , the following rules of
exponent should be hold for all real numbers x and y :

1. a*xa=a*"’
a* x—
2. E'}—,-: a\ ¥
3. a'=1
4 f;: a*
5 (a‘ = (ay) =a*’
6. (ab)" = a*b*

X X
7. (8} = 7
5) - 5
5) The function y = e* is called the natural exponential function
whose base is e = 2.718281828 , and its graph is

X -2 -1 0 1 2
e’ 0.1353 0.3679 1 2.718 7.389

12] yraxis

10

8

6

4

2

X-axis
2 1 0 1 2

Remark : Graph of ¢* and e™ are reflections of each other.

6) The function y =log, x is called the logarithm function with base
b where b is a positive number 1 ;and x> 0 ,and the graph
of y=1log,x where b is greaterthan 1 is the following graph

r
_(&,i 1) "'\’ - Jog,x

/:. 3 x

/

14

Juzld hia ol 33t

Page 17



Remark: y=Ilog,x meansthat x=DbY .
Example 2.3.9 : The function y = log; x is alogarithm function with
base 2 and its graph is

x 0.25 0.5 1 2 4
y=logx | -2 ~1 0 1 2

X-0xis

Example 2.3.10 : Draw the graph of logx .

Answer :
X 0.5 1 5 10 15 20 50 100
y=logpx | —0.301 0 0.699 | 1 1.176 | 1.301[1.699 | 2
-y-a.r:'s
1,; SIS oo
0.5
5] r 10 20 Z0 A0 50 GO 7O an Qg 100;' X-axis
0.5 ﬁ‘

Rules of logarithm : Forx >0 and y> 0, and b is a positive number # 1
we have the following rules :
1. logy xy =log, x +1logy y

2. logy §= logy, x ~ logy ¥

3. logyx¥ =y. logy x

log.a
4. 1 =-—=f_ where ¢ can be any base.
%5p @ log. b y

Juald i ¢ 5ol sMEd
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Remarks :

* The logarithm of any number to the base of the same number
will be 1 ( log,b=1, log,5=1 etc...}.

= Logarithm of 1 to any baseis 0 (log,1=0, log,1=0 etc..}.

» The logarithm function is defined only for positive numbers .

« The domain of the fogarithm function is R”

= The range of the logarithm functionis R .

7) The logarithm function with base e is called the natural logarithm
function and will be denoted by y=Inx (i.e. y=log.x =Inx)
and its graph is

/l 2 €3 -«

/

Remarks :

* Ine=1 (since Ine = log.¢)
» In1=0

Exercise 2.3.12 : Draw the graph for the followihg logarithmic

functions:
1. log;x
2. loggx
3. log,x

8) A polynomial function is defined as
y=f(x)=aux"+ ap_1x" 1+ -+ax+a, where

ag, a4,... , Uy, , @, areconstants. —

Jozmld s - oLl 33E
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Example 2.3.13 : The function y = x*—5x+ 6 is a polynomial
function .

S ——

¢ o5 1 15

Algebra of Functions

Definition: The sum , difference , product , and quotient of the '
functions f and g are the functions defined by

(frg)(x)=f(x)+ g(x) sum function
(f-2)(x)=f(x)- g(x) difference function
(f.g)(x)=f(x).g(x) product function

(i](x):ﬂ g(x) =0 quotient function
4 g(x)

The domain of each function is the intersection of the domains of f
and g ,with the exception that the values of x where g(x)=0 must
be excluded from the domain of the quotient function .

Definition: Let f and g be functions, then fog .is called the
composite of g and f and is defined by the equation

(fog)(x)=f(g(x)) -

The domain of fog is the set
D = { xe domain g : g(x) € domain f } .

Example 2.3.14 : Let f and g be the functions defined by
_f(x)=x-7 and g(x)=x*+5 .Find the functions f+g, f-g

s, f-8» % , fog , gof and find their domains .

ezl i - salal 33
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Solution :

(f+g)(x)=f(x)+g(x) = x=T+x*+5 = x*+x-2
(f-g)(x)=f(x)-g(x)=x-T7 - x'-5 = —x’+x- 12

(f-2)(x)=f(x).g(x) = (x=-7).(x*+5) = x3-—7x2+ 5x- 35

[;f-"](x) _g(x) _ x.2+5

flxy  x-7
(fog)(x)=f(g(x)) =f(x*+5)= x'+35-7=x>-2

(gof)(x)=g(f(x))=g(x-T)=(x=-T)+5
=x2-14x+49+5=x%- 14 x+ 54

The domainof f = R

The domainof g = R

The intersection of the domains of f and g is R

Thus the domain of each of the functions f+g , f-g, f.g ,fog

,and gof is R .

The domain of —j;i = R-{7} .

Remark : The domain of any polynomial functionis R .

Example 2.3.15: Let f and g be the functions defined by
f(x)=x+5 and g(x) =x2 —3 ,Find fog(x), gof(x),
fog(3) and gof (3).

Solution: fog(x) =f(g(x)) = f(x*-3)

= x> — 345
= x*+ 2
gof(x) = g(f(x)) = g(x+35)
= (x+5)%*-3

= x2 +10x+25~-3
= x%2 +10x-+ 22

Gt i+ 3alall 3306
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fog(3) = 3)2+2=9+2=11
g0 f(3) =32 +10(3)+22 = 9+30+22 = 61

Exersice 2.3.16 : Let f and g be the functions defined by
f(x)=x-—4 and g(x)=ﬁ . Find the functions f+g, f-¢

» g, é and find their domains .

S 2.4 : Unit Circle and Basic Trigonometric Functions

Definition 1: Let x be any real number and let U be the unit circle
with equation @+ b’ =1 ( the centre of the circle U is the point O (0,0) ,
and the radius of the circle Uequals 1) . Start from the point A(1,0) on
U and proceed counterclockwise if x is positive and clockwise if x
is negative around the unit circle U until an arc length of |x| has
been covered . Let P(a,b) be the point at the terminai end of the arc .
The measurement of the angle AOP is x radians.

A
P(a. b)

If x radians = t ( degrees ), . b\ x units
then the following six — i .
trigonometric functions of x 00,0y 2 A(1,0)
are defined in terms of the
coordinates of the circular
point P(a,b) :

'
1) y=sinx =& = sin (x radians) = sin (¢ degrees )= sin ¢°

0

2) y=cos x = a =cos (x radians) = cos (f/ degrees ) = cos ¢
b
3) y=tanx = — (a=0)
a
= tan { x radians ) = tan (¢ degrees )= tan ¢°

% (b%0)

= cot {x radians ) = cot (f degrees )= cot ¢°

4) y=cot x

Jadald e - gl 33
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I

5) y=secx = — (ax0)
a
= sec { x radians) = sec (¢ degrees )= sec{’
1
6) y=csex = P (6=0)

= c¢s¢ (x radians ) = csc(f degrees )= csef®

. Remark 1: Definition 1 uses the standard function notation, y= f(x), with
f replaced by the name of a particular frigonometric function . For example ,
y=cosx actually means y=cos(x) and

cos {° actually means cos (£°) .

Remark 2: Rememberthat #°= ¢ x % radians and

0 .
x radians = (x X 1—8—)
.

Theorem 1:

For any real number x we have the following trigonometric identities :

1
1) cscx = — .
sin x
1
2) sec x = .
COS X
1
3) cotx= .
tan x
sin x
4) tan x = .
COS X
COS X
5) cot x = —
sin x

6) sin (- x) = —sin(x) .

7) cos (—x) = cos (x) .

8) tan(—x) = —tan(x).
9) cot(—x) = -cot(x).
10) sin’*x +cos’x =1 .
11) sec’x = tan’x +1 .
12) esc’x =cot’x +1 .

Qi lia  5alall B3
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S 2.5: Graphs of Sine and Cosine Functions

2.5.1: Table for values of sin x, cos x,and tan x for selected values
of x

Values of Degrees o 30 45 60 20
X _ ] 4 n n T
Radians 0 — —_ - —
6 4 3 2
. 1 1
sin x 0 — — ﬁ 1
2 xE 2
1 1
cosS X 1 ﬁ e - 0
2 J2 2
tan x 0 : % 1 Jg Undefined
3
Degrees 120 135 150 180 270
Values of
x Radians -2—75 EE EE T 3_11:
3 4 6 2
sin x V3 ! - 0 1
2 2 2
1 1
cos X -— -— _ IB_ -1 0
2 '\/—2_ 2
1
tan x _z -1 - T 0 Undefined
3

Definifion: A function f is periodic if there exists a positive real number
p suchthat f(x)=f(x+ p) forall x inthe domain of f.

The smallest such positive number p is the period of 7.

Remarks :

1) The functions sin x, cos x, secx, and cscx are periodic functions
with period 27 .

- 2} The functions tanx and cotx are periodic functions with period =« .

izl faa - saball 330
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2.5.2: The Graph of sinx

The graph of the function y =sinx is the line passing through all the points
(x,sinx) onthe x y-plane.

The graph of the function y=sinx for the interval {0,2xn] is the line

T | T St 1
assing through the points (0,0), (—=,—=) ., (=,1), (—,=), (x,0),
p g g p ( )(62)(2)(62)(?1)
Tt 1 3in Iim 1 . .
—,-=),(=,-1),(—,—-=),and (2r,0) which is shown in the
(6 2)(2 )(6 2) (2m,0)
following figure
w
y (31)
10+ /,—.—-\\‘
I 1 A 57 1
i '.;"(1;':5) .'._‘(\?'E)
A O X
O
2 N 2 /
o 7T 1\ % Srun 1
N
n_uL o’
3
(1)
2

ST Z N

[o= =]

s

=T —_ —_
2

The period of the function y=sinx is 2n . The domain of the function
y=sinx Is the set of all real numbers R ..

The range of the function y=sinx is theinterval [-1,1] .

il s - 3aladl B3l
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2.5.3: The Graph of cos x
The graph of the function y = cos x is the line passing through all

the points (x,cosx) onthe x y-plane.
The graph of the function y = cos x for the interval [0, 2x | is the line

Passing through the points (0,1}, (g,—;-) , (—;E,O) , (2,‘—7[,——;—) s(m,—-1},
2

(2—“,—%) _, (3—;,0) , (%E,%),and (2z,1) which is shown in the

foliowing figure

y
(0, l)l'.-"-\\ ,-‘._ ( 2“! 1)
(E'l) sm 1\
os) .\_“3 2 (—3-.5)".
/.‘.
i I R ¢ - I | X
Q (ﬂ'? 2 T /13 2
E- )".. 7 (""’.0)
. 7 2
.
o3 (Zn: 1)b\ $an 1
EREEEA / G3)
N ’
sl e
(ﬂ,—l)

The period of the function y=cosx is 21 .
The domain of the function y = cosx is the set of all real numbers R .

"The range of the function y=cosx is theinterval [-1,1] .

Gali s+ oLl B3
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2.5.4: The Grgph_s of tanx and secx
The graph of the function y=tan.(x) is the line passing through all

the points (x, tan x) onthe x y-plane.

The graph of y=tan (x) is shown in the following figure

M y-axis

8 f——- -
L

The graph of y=sec (x) is shown in the following figure
,#y-axis

E T Lo T — T ™

\

_0_ - . R N X-axis

n
A
it ]
L.
ra
wl
F-
(4, ]
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Exercise: Draw the graph of the following trigonometric functions :
I) p=cse(x)
2) y=cot(x)
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CH3 : Limits , Continuity and Differentiation

S3.1 : Limits and Continuity

Remark 3.1.1: If the values of a function y = f(x) can be made as close

as
we like to a fixed number L by taking x close to x, ( but not equalto x; )

we say that L isthelimitof f as x approaches x, , and we write it
as

lim f(x) =L

x—Xg

Also we can say that the limitof f as «x apprbaches x, equals L.

Definition 3.1.2 :

Let f be a function defined on the set (xy —p,xo) U (xg,%0 +p ) , With
p >0 . Then

lim f(x) =L

X—Xp

iff foreach & >0 thereexistsa & >0 such that

if 0<|x—x| <& then |f(x)—-L| < ¢

Theorem 1 :

1) lim x= x
X—Xg
2) lim k=k

XXy

Theorem 2: If lim f(x)=L; and Ilim g(x)=1L, , then
X—Xp

X—+X 0

D Im [f@+g0]= L+ L,

2) lim [fGx)—g(x)]= L — L,

3) Jjm [f(x). gx)]= L, . L,
4) lim [k.f()]=k.L,
5) lim o _ Lo if L0 . .

-z, g(x) B L,
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Example 3.1.3 : Find each of the following :

1. lim 7
x—~2
2. lim x(3—x)
x—1
3. Iim (x*+2x-1)
x—3
4. i x 2
’ :E—rg x2—-5x+6
- x?—-5x
5. lim
x—0 X
Solution :
1. lim 7 = 7
r—=-2
2. Iirq x(3—-x)= 13-1)=2
X—r
3. lirr; (2+2x-1)=3)*+23)—-1= 9+6—-1=14
X—r
4 fim =2 fim — -~ lim — ! 1
. | —_—— = —1 = —-
—2 x2—=5x+6 x=2 (x—3)(x—-2) x=2 (x—3) 2-3
x? —5x  x(x-5
5. lim ~ tim ¥ 7% _ i x—5) = 0—5 = —5
x—0 X X0 x X—)
Theorem 3 :
sinx
1) lim =
x—0 X
. 1-—cosx
2) lim =
x—0 X

Example 3.1.4 : Find each of the following :

_ ~ sin4x

1. lim —
x—0 Sinb5x
. 3x

2. hm —
x—0 sin2x

Suold s ;s BNEL
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fanx

3. lim
x—f) X
Solution :
' : sin4x
_sin4x M. 4
1. lim — = [m ——— = —-
x—0 sinbx x—0 5 sin 5x 5
x- 5
X
> 3x i 3x 3
) = |im —m8m — = -
x[—r"?) sin 2x x—r-'?:\ 7 .sin2x 2
TR
X
sinx
tanx
3. lim = lim OSE = jim
x—=0 X x—0 T x—0

Exercise 3.1.5 : Find each of the following :

1. lim
x—0
2. {im
x—Co
3.  lim
x—0
4. lim
y—0
5. lim
y—co

1—cosx
X +sinx

(1+ cos%)
sin 2x
2x2% +x
tan 2y

3y

}’4

y*—7y3+3y249

sinx 1

coOsx x

. Sin x 1
) = lim (—-—— )
x—0 \ X COsS X

Definition 3.1.6 : A function f(x) is said to be continuous at x, if

1) f isdefined at x,

2) lim f(x) exists
Xr—Xg

3) lim f0)=f(xo) =L

(i.,e. f(x)=L where L €R).
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x<1
3—-2x x>1

Example 3.1.7: Let f(x) — {
Is f continuousat x =1.

Solution-:
1) f(1)y=1*=1
2) lim flx) = lir?_.xz =12=1

hm flx) = li’n11+(3-—2x)= 3-2(1) =1
since JE1_1_’1111_ fly=1= llm Jit)

Therefore lim1 f(x) exists and hm flx) =
3) limf(x)=1=f(1)

Therefore f is continuousat x =1

2x+1 if x< -2

Example 3.1.8: Let f(x) —{

2.2 if x>-2
Is f continuous at x = —2.
Solution :
1) f(=2)=(-2)*- -2=2
2) I%n;)_ flx) = l%r_nz)_ 2x+1)= 2(-2)+1 = —4+1 = -3

lim . f(x) = 1%1_112)+(x2—z)'= (~2)2—2 =4-2=2

x—(=2)+

since x_}%r_r%)_ flx) = . _!%r_r}zﬁ f(x)

Therefore lifnz) f(x) doesnot exists
x—{—

Thus f is not continuous at x = —2 .
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Exercise 3.1.9 :
x*-2x—8 .

Let  f(x) = x+2 if x#=2
-3 if x=-2

Is f continuousat x = —2.

S3.2 : Differentiation

Definition of Derivative , Rules of Differentiation

Definition 3.2.1:

Let y= f(x) be afunction and let the variable x receive a certain

increment A x. Then the function p will receive a certain increment

~Ay. Thus for the value of x wehave y=f(x) and forthe value of
x+Ax ,wehave y+Ay=f(x+Ax).

Thus the increment A y is given by :
Ay=f(x+Ax)- f(x)

Remark 3.2.2 : A is an abbreviation of difference (in x, y } and is not
a factor.

Forming the ratio of the increment of the function p to the increment
of the variable x , we get '

Ay _Sfx+A8x)- f(x)

Ax Ax
is called the average rate of change of the function y = f(x) with
respect to the variable x . ﬁ—-}i is also called the difference quotient
X

of the function p= f(x) . If the limit of this ratio as Ax approaches

zero exists, that is
dx -0 Ax Ax—30 Ax

exist, then the function is called differentiable and the limit (lim -E—X-)
AX—» x

is called the first derivative of the function y = f(x) with respect to

Uhmld ptia - 3ol a3l
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dy d d
dx ' dx’ 'dx

the variable x, whichis denoted by f'(x), y', f(x).

Differentiation Rules:

Let f(x) and g(x) be two differentiable functions ( in the interval
under consideration ) , then

RULE 1 Constant Multiple Rule

If f(x) is a differentiable function of x ,and c is a constant, then

d d
E(Cf(x)) = C;—;f(x)-

RULE 2 Derivative of the Sum

If f(x) and g(x) are differentiable functions of x |, then their
sum f(x) + g(x) is differentiable , and

d d d
S+ g(x)) = f(x) + - 8(x)

RULE 3 Derivative of the Difference

If f(x) and g(x) are differentiable functions of x , then their
difference f(x) ~ g(x) is differentiable ,and

%(f(x) - 8(0) = () - %g(x)

RULE 4 Derivative of the Product

If f(x) and g(x) are differentiable functions of x , then their
product f(x). g(x) is differentiable , and

2 (10)-8(3) = 1) 2 809 + 509 = ()
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RULE 5 Derivative of the Quotient

If f(x)and g(x) are differentiable functions of x and g(x)=0,
f(x)

then the quotient ——- is differentiable , and
g(x)

d d
d [f(x)} =g(x)-Ef(x)—f(x). Eg(x)

ax\ g(x) g(x)?

Derivatives of Some Special Functions and the Chain Rule:

1) Derivatives of Some Algebraic Functions:

1) Derivative of a Constant Function

If f(x)=c, then -{g;f(x) - %c -0

d : d
Example 3.2.3: If =12, th — = —(12)=0 .
P f(x) en ixf(x) ix(?-) 0

2) Derivatives of a Power Functions

d -
S x"=nx""', neQ

dx

provided that x # 0 when n is negative .

Example 3.2.4 : Find f’ for each of the following functions :

(@) f(x)=x, () f(x)=x* () f(x)=x7, () f(x)=x"

Solution:

@) flx)= x'"'=x" =1

(D) fl(x)=2x*" = 2x

(i) f'(x)= -3x7 "' = —3x"*

() £(3)= 035471 = 0.3x7%

Jutd i - saball a0
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Example 3.2.5: Find £’ for each of the following functions :

() f=5x , @) [(=95 , @) f()=4x" , @) /()= ,

Solution:
s rog=l gl
(£) f(x)—2 £1)= 5
(i) fl(x)=982x""") = 18 x
(iii) f'(x)=48((-3)x7""") = -12x""

(iv) fx)=25x>"1=25x"

Example 3.2.6 : Find s’ for each of the following functions :

() f(x)=x"+5x7 , (ii)f(x)=x‘—-—g—xz+ 7x — 14

Solution:
() f(x)=2x—-15x""
(i) f'(x)=4x" - i—g—zf)x +7—-0= 4x3—gx+7

Example 3.2.7 : Find 7' for the function f(x)=2x(3x"+ i)
) X

Solution:

fl(x)=2x (ISx‘—%)+ (3x5+i).2
x x

' 6
=30x"- — + 6x"’+E =36x"
X X

Example 3.2.8 : Find /' for the function f(x)=§x—i
x+
Solution:
0y = (3x+1).2 - (2x-1).3
S (3x+1)*
_ 6x+2-6x+3 _ 5
(3x+1) (3x+1)

Jusld o ¢ sl B3

Page 36




The derivative of the cosine function is the negative of the
sine function :

d : :
—(cosx)=—sinx
dx

Example 3.2.10 : Find f'(x) for the function f(x)=3x"+2cosx

Solution: f'(x)=6x— 2sinx

Example 3.2.11 : Find p' for each of the following functions :

3si
(i) y=sinx—cosx  (if) y=2sinx cosx (i) p=
cosx+1
Solution:
() y'=cosx+sinx
(i) y'=2sinx . (~sinx) +cosx.(2cosx) =—2sin” x + 2cos’ x
(i) ' = (cosx+1).(3cosx) — (3sinx).(—sinx)
(cosx+1)*
_ 3cos” x+ 3cosx + 3sin’x
(cosx+1)*

The derivative of other trigonometric functions :

d

—(tan x) = sec’ x

dx

d

—(cotx)=—cse’ x

d

—(secx) =secxtanx
dx

d
—(esex) = —cscxcotx
dx

Example 3.2.12 : Find p' for each of the following functions :
“(f) y=tanx+secx (i) y=>5cotx csex
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Solution:

(i) y' =sec’x +secxtanx

(if) y' =5cotx. (—csexcotx) +csex.(—5csc’ x)

= —Scscxcot’x —Sese’x

Derivative of Logarithmic Function:

The derivative of the natural logarithmic function is:

d 1
—(Inx)=—
lir( ) x

Example 3.2.13 : Find p’ for each of the following functions :

2Inx
/) yv=4x"1In i) y=
@y b @) y I
Solution:

@) y'=4x’(£) + Inx(12x?) = 4x?+ 12x? Inx

Ox+1)(2) < (2Inx)(9) 18+ 2 — 18Inx
’ X _ X

@y = (9x +1y’ T (9x+1y

Derivative of Exponehtial Function :

The derivative of the exponential functions are:

X xr

ox d
—a* ' =ag’'lna and —e* =¢
dx dx

Example 3.2.14 : Find s’ for the function f(x)=5x"e*+ 4e* .

Solution: f'(x)=5x"e"+e" (35x°) +4e¢" = 5x" e* +35x° " +4¢”
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Implicit Differentiation (Derivative of Composite Functions) :

Chain Rule :
dp dy du
Let y= f(u) , u=g(x} then — = — , —
y=fu)., n=g(x) =D =
] . dy
Example 3.2.16: Let y=6u +5u4 , u=Inx, find *d; .
Solution: .
ﬂ,—=l-‘3u2+5 , du _1
du dx x
dy dy du ) 1 s 1
—=—,— =(18u"+5)}(—)=UU8({Unx) +5 )(—
= = (18 +5) (=) = (18 (Inx) ()

B neys 2
X X

. d . .
Example 3.2.16 : Find Ey for each of the folowing functions :

() p=(x+4x°) , (#) y=In(x*+3) , (iif) y=tan’x
Solution:

() let u=x+4x’ ,then y=u .
d d
Thus 2 =64 and 2=1+12x
du dx
& _dy du

el oS = (14126 =6(x 44X’ (14 12x7)

(ii) let u=x*+3 ,then y=Inu .

Thus ﬂ=l and EE=2.1|c
du u dx
dy d 1 2
d—y=—y.—~£=—(2x): zx
dx du dx u X +3

(iif) let u=tanx ,then y= 1’ .

Thus -dl:&ntz and gg:sec’x
u dx
d dy d
Y u_ 4 (sec®x) = 3tan®x sec’ x o
dx du dx

Joald ol - salall 33

Page 39



In examples ( 3.2.15 and 3.2.16 ) we use the Chain rule to get the
derivative of a composite function using substitutions, but also we
can get the same results directly without substitutions, considering
the following rules:

%(f(x))” = (SO (%),

i . 1
E(lﬂf(x))= F—‘—fi S (x),

%( e )= ¢/, fl(x),

%( sin f(x) ) = ( cos £(x)). f'(x),

L (cos f(x)) = (=sin f(x)) . £(2)

4 (tan f(x)) = (sec* £(x)). £(x),

dx

%( sec f(x) ) = (sec f(x) . tan £(x)) - (),

%( esc f(x)) = (= ese f(x) . cot £(x)) . £(x),

%( cot £(x)) = (- ese? f(x)). f(x).

Example 3.2.17 : Find % for each of the followi_ng functions :

(i) y=~x*+4x , (i) p=In(x*+3x) , (iii) p=e&*

Solution:

Hy=+VxS+4x = (x5+4x)%

5x‘+4

2./x°+4x

d 1 _1
Ey = E(x5+4x) 7. (52%+4) =

Sty lia - Balad) 33l
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Solution:
(i) y'=20x"-21x"+3 , y"=80x'-42x
(i) y'= x> (4e" )+ e™ (3x*)=4x’ ™ + 3x* "
y'=d4x’ (4e” )+ e (12x* ) + 3x* (de* ) + " (6x)
=16’ e™ + 12x* ™ + 12x* ¥ + 6x ¥
=16 x’ e™ + 24x’ ¢ + 6x €*
(ifi} y'=2cosx—9sin x

y"=-2sinx— 9cosx

Example 3.2.19: Find ', y”,y™ and y‘* for each of the following
functions :

() y= x+ x'=3x*, (if) y=€&* , (ili) y=sinx , (iv) y= cosx

Solution:

@) p=6x"+4x’-9x | p"=30x"'+12x" - 18x

p" = 120x* +24x — 18 , = 360x"+ 24

b
(l.i) yr= zehr , yrr= 4 ehr , ym'= 862x , y(d) — 16621:

(i) y'=cosx , y'=—sinx , y"=-cosx , y=sinx

(iv) y'=-sinx , p"=—cosx , y"=sinx , pY=cosx

83.3 : L'Hopital Rule

Suppose that f(xy) = g(x) = 0, and both f'(x;) and g'(x,)
fGx)  f(xo)

“exist . Then lim —k = =
x=x gx) g (%)

if g'(x,) #0 .
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(i) y=In(x*+3x)

d

g ,1 (2x+3) = 21x+3 .

dx x° +3x x° 4+ 3x
(iii) y = e3*

Y _ gax 3 -3

Second Order Derivative and Derivatives of Higher Order:

When we differentiate a function y= f(x) we get a new function )’
d d N e
(or Ey or f'(x) or Ef ) which is the derivative of y= f(x) (or the

first derivative of y= f(x)) . Now if this derivative y' = f'(x) is also a
differentiable function , we can define the second derivative of y= f(x)
( or the second order derivative of p = f(x) ) by differentiating y’ (or

dy d I mo o d'y
— or f' or — , which is denoted b or — o "(x) or
i S (x) dxf) e y y ( T r f(x)

dz
dxz
Now if the second derivative y" = f"(x) is also a differentiable function
, we can define the third derivative of y= f(x) (or the third order

derivative of y= f(x) ) by differentiating y" (or ‘;C'f or f"(x) or

d’ N or d*y " d’
E;;f),whlchlsdenotedby y" (or o or f"(x) or E[).So

f)-

long as we have differentiability , we can continue in this manner

forming the fourth derivative of y = f(x), which is denoted by y*

4 4

(or ‘;xf or fx) or ;4 /), and more generally the nth derivative

0 d"
“ (or y

of y=f(x)is denoted by y or f‘“’(x) or ijf).

Example 3.2.18 : Find y" for each of the foliowing functions :

() y=4x*-Tx’+3x , (i) y=x’e*™ , (iii) y=2sinx+9cosx
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(i) y=In(x*+3x)

d C 2xt

B L (ppesye 223

dx X +3x x" +3x
(iii) y = e3*

dy

= e¥*.3 =3¢&%,

Second Order Derivative and Derivatives of Higher Order:

When we differentiate a function y= f(x) we get a new function
(or -Z—J; or f'(x) or %f ) which is the derivative of y= f(x) (or the

first derivative of y= f(x)) . Now if this derivative y' = f'(x) is also a
differentiable function , we can define the second derivative of y= f(x)

( or the second order derivative of y= f(x) ) by differentiating y' (or

2

dy d - . ”n d ¥y
— or [’ or — ,which is denoted b or or f"(x) o
i f(x) dxf) y ¥V ( I f(x) or

dl
/)

Now if the second derivative y" = f"(x) is also a differentiable function

, we can define the third derivative of y= f(x) (or the third order
derivative of y= f(x) ) by differentiating y" (or jxf or f"(x) or

d’ o " d:"y _ e
-Ef),whlchlsdenotedby y" (or - or f"(x) or -d?f).SO

long as we have differentiability , we can continue in this manner

forming the fourth derivative of y= f(x),which is denoted by y’
4 q

(or f—f or fYx) or f;,f ) , and more generally the nth derivative

(n) d
(x) or dx“f ).

of y= f(x)isdenotedby y™ ( or ix—f or f

Example 3.2.18 : Find yp" for each of the following functions :

(i) y=4x*-7x*+3x , (i) y=x*e™ , (iii) p=2sinx+9cosx
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Solution:
(i) y'=20x"-21x*+3 , y"=80x’-42x
() y'=x(de” )+ e (3x")=4x> ™ + 3x* "
p'=4x’(4e¥ )+ e (12X )+ 3x7 (d4e¥ ) + e (6x)
=16x" e + 12x* e” +12x* e + 6x &™*
=16x" e + 24x* e* + 6x e*
(iif) y'=2cosx~9sinx

p'=-2sinx— 9cosx

Example 3.2.19: Find ', y", y” and y'¥ for each of the following
functions :

(i) y= x*+x*-3x> , (if) y=¢& , (i) y=sinx , (iv) y= cosx
Solution:
(i) p'= 6x*+4x’-9x* , p"=30x"+12x* - 18x

pU =120 +24x - 18 , pW'=360x"+ 24

(ii) yr_: zel.r , yrr= 462: , ym= 8e2r . y(-i): 16 ez.r
(4

(ifiy y=cosx , p"=-sinx , p"=-cosx , yP'=sinx

(iv) y'=-sinx , p"=-—cosx , yT"=sinx , y*=cosx

S$3.3 : L'Hopital Rule

Suppose that f(xy) = g(xp) = 0,and both f'(x,) and g'(xp)

o . f(x) _ f(xp)
exist . Then x'l,”,lo g g'(x)

if  g'(x) # 0 .
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Example 3.3.1 : Find each of the following limits by using L'Hopital rule :

1 lim 1
. m —
x—1 4x3 —x -3
) 1—cosx
2. lim —
x—0 XxX+Xx
. 3x-sinx
3 lim —
x—( X
] Vit+x —2
4. im —————
x—0 X
L x3 — i 3x2 3 3
. 1m = 1Im = = —
x—1 4x3 —x—3 —1 12x2 -1 12—-1 11
) i 1 —-cosx i 0+sinx sin 0 0 0
. = [ = = - =
xl—,mo x+ x? x—% 1+2x 1+0 1
) 3x —sinx . 3-—cosx 3 —cosD 3—-1
3. Iim = |im = = = 2
x—0 X X0 1 1 1
i V4+x -2 0
4, lim [—]
xr—0 X 0
1 1
2t +x 71
= || = — = -
a1 1~ 2

Example 3.3.2 : Find each of the following limits by using L'Hopital rule :

) X =~Ssinx
1. im ———
¥xr—0 xS5Inx
] x* —5x2
im

x—0 X2 +x— sinx

Page43 -~

Juiald i ¢ 3ol 33




Solution:

) x —sinx 07
1. m —— —
x—0 xSinx 0
) 1—cosx 107
= lim - still |=
x—0 X CcOSX +sinx 10
) sinx 0
= lim - = — =0
x—0 —xsinx +cosx+cosx 2

) x* — 5x2 0
2. lim 5 - H
x—=0 x4+ x— sinx 0
i 4x% —10x il [0]
= |l —_
x—rpo 2x+1— cos x St 0

— lim 12x% —10 _ —10 - _c

T xoo0 2 + sin x - 2 -

Exercises :

In exercises 1-6, find y’ and p" (the first and second derivatives
with respectto x ).

1) y=x’+6x-5

2) y=3x‘-—£—

xl
3) y=7x" —3sinx
4) y=5sinxcosx
5) y=3tanx+4secx

6) y=2sinx—5cosx

In exercises 7 —9, find the first and second derivatives of the given
function with respect to the given variable.
7) w=2u"-3u+1
4
8) y=6¢ - "

9) y=1* —8sinf

Jeiald (ia - 5alall 5305

Page 44




In exercises 10 — 12, find y’ by applying the Product Rule

10) y=(4+x)}(x* —-2)
11) y=(x+2)(x’ +x—4)

12) y=(4+ x)(x* - i)
X

In exercises 13 -17, find y'.
13) p=tanx—-3sinx
14) p =5sin3x* + /x

15) y=3sinx—e”

In exercises 18 —21 ,find y',p",p", and p'¥ .
18) y=x"+6x' —25x

19) y=3sinx

20) y=cos2x

21) y=¢e** +Inx

In exercises 22 —24 , find the fimit by using L'Hopital rule .

22) i x-1
) Im s m T2

. sinbx
23) lim
x—0 X

. e =1
24) lim —
x—0 SInx
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S3.4 : Applications of Derivatives:

Slope and Tangent Line and Normal Line :

The slope of the curve y=f (x) atanypoint P(x,y) is y'=/f'(x) .

The tangent line to the curve y= f/ (x) atany point Py(x,, f(x,)) isthe
line whose equation y;—fsﬂ’—) = f'(xy) which pass through the point P,

on the curve y=/(x) .

The normal line to the curve y= y (x) atany point Py(xy, f(xg)) is the

line whose equation YoI(x) _ _ —,1—- which pass through the point
xX—Xg S (x0) _

Py, onthecurve y=/(x) .

Example 3.4.1 : Find the slope of the curve of the function
y = f(x) = x®—2x*+ 4 atthepoint (1,3) . Then find the equation of
each of the tangent line and the normal line to the curve at the point (1, 3).

Solution :
The slope at any point = f'(x) = 3x2 — 4x
» Theslope atthepoint (1,3)=f(1)=3-4=-1.

y—fQ) y-3 _
EE AT

y—3=—x+1 = y+x—4=0

Thus the equation of the tangent line at the point (1,3) is y+x—-4=0.

y — f(1) _ 1 y —3
x—1 __m = x—I_1

y—3=x-1 = y—-x-2=0
Thus the equation of the normal line at the point (1,3) is y—x—2=0.

Example 3.4.2 : Find the slope of the curve of the function
y = g(x) = x? atthe point (3,9) . Then find the equation of each of the —
tangent line and the normal line to the curve at the point (3,9).
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Solution : g'(x) = 2x

The slope of the curve at the point (3,9) is ¢'(3) =23)=6 .

y—g93 | y—9 _
T 3 =g@3 = x_3-6 =

y-9=6x—18 = y—6x+9=0

Thus the equation of the tangent line at the point (3,9) is y—6x+9=0.

y-9® __ 1+ _y-9_ 1
x — 3 g'(3) x — 3 6

= 6y—54=—-x+3 = 6y+x—-57=0

Thus the equation of the normal line at the point (3,9) is 6y +x—~57=0.

Exercise 3.4.3 : Find the slope of the curve of the function
y = h(x) = 3x2 — 1 atthe point (—1,2) . Then find the equation of each
of the tangent line and the normal line to the curve at the point (—1,2).

Exercise 3.4.4 : Find the slope of the curve of the function
y = f(x) = x3 — 4 atthe point (2,4) . Then find the equation of each of
the tangent line and the normal line to the curve at the point (2 ,4).

(Juzld i - Balall s3lad
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CH4 : Integration

S4.1 : The Indefinite Integral

Definition : A function F(x) is anti-derivative of a function f(x) with
respectto x if ﬁ F(x)= f(x) forall x inthedomainof f. The set

of all anti derivatives of f is the indefinite integral of f with respectto x
,denoted by [f(x)dx ie [f(x)dx=F(x)+c.

The symbol [ is an integral sign .

The function f is the integrand of the integral and x is the variable of
the integration .

Example 4.1.1: [ 3x%dx=x3+c.

Integral Formulas :

u'ﬂ.+1

1) [urdu= +c, n# —1,n rational

1
fdu= [1du = u+c (specialcase)

2) [sinudu=—cosu+c

3) [cosudu=sinu+c

4) [sec?u du=tanu+c

5) [csc?u du=—cotu+c

6) [secutanu du=secu+c
7)  fescu cotu du=—cscu+c
8) [-du=Inlul+c

9) [etdu=e¥*+c

U gy =
10) fa du=:—+c ,a>0

Juald i - Balall 33
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Rules of Indefinite Integration :

1) [ kfO)dx= k [ f(x)dx
2) [~fG)dx=~ [f(x)dx
3) [(f(x) £g())dx= [f()dx % [g(x)dx
Example 4.1.2 :

1) [dx=x+c

2) J’xsdx=-’;—6+c_

3) [sinx dx= —cosx+c¢

4) [cosx dx=sinx+c

5) [sec*x dx=tanx+c

6) [esc?x dx =—cotx +¢
7) [secx tanx dx =secx +c¢
8) [cscx cotx dx=—cscx+c¢

Example 4.1.3 : Find each of the following :

1)
2)
3)
4)
5)
6)
7)
8)
- 9)

[ (x®*+7)*.3x2 dx
J(x?2+4x+5)0 (x+2)dx
[ sin(3x) dx

[ 2x sin(x?) dx

[sin3x cosx dx

{2cos2x dx

[ x?* cos(x?) dx

[sec?(7x) dx

Jesc?(6x) dx

10) [ csc(5x) cot(5x) dx

Lol s 1 5oLl 3L
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~ Example 4.1.4 : Find each of the following :

H i dx
2) [tanx dx
3) Jcotx dx

' x+1
4) -fx2+3x+2 dx
5) Je*dx

6) [2xe* dx
7)  [(7x*=5¢’*)dx

Solution :
1 —
1) [idx=nlxj+c

sinx
d

2 tanx dx = = —In{cosx| +¢
coOsSXx

3) Jcotxdx = [ o8 ~dx =In |sinx| +¢

x+1
4) ‘rx2+3x+2 J-Er_ﬂT(x_ﬂ_) =ln|x+2]+c¢
5) Jefdx =e¥+c
6) [2xe“dx =e" +c¢
7) J’(']x?-._seh:)dx =f7x2dx ~ [ 5e™dx = 7_;i_ 55;71 re

Exercise 4.1.5 : Find each of the following :

1) [cos*x sinx dx
2) [sec?(3x) dx
- 3) [x*sec?(x®) dx
4) [sec?x tanx dx
 5) [sec?x tan®x dx

6) [sec*x tanx dx

7) [ x®csc?(x°) dx
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S4.2—: The Definite integral

Definition : If f is a continuous at every pointof [a,b] andif K is
any anti-derivative of f on [a,b], then

[P fx)dx =F(b)—F(a)

is called the definite integral .

Example 4.2.1 : Evaluate the integral [, (x® +2x+9) dx

4

Solution: [’(x*+2x+9)dx = [§+x2+9‘x]1

= (Z4+16+36 ) (3+1+9)

= 116 — 10.25 = 105.75

Example 4.2.2 : Evaluate [? sinx dx

Solution : [? sinx dx = [—cosx]g =0-(-1)=1

How to Find the Area :

To find the area between the graph of y = f(x) andthe x —axis over
the interval [a,b] we should follow the following steps :

Step 1 : Partition [a,b] with the zeros of f .
Step 2 : Integrate f over each subinterval .

Step 3 : Add the absolute values of the Integrals .

Example 4.2.3 : Find the total area of the region between the curve
y = x% + 2x andthe x — axis over the interval [-3,4] .

Solution: x*+2x =0 = x(x+2) =0
= x =0 or x =-2

~ the area = lf_";( x2+2x)dx|+lf_°2( x2+2x)dx|+|f04( x% +2x)dx
= [[Fre L+ (52 ], [+ 5+

Juald s+ Baldl 53]
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- |(-3+9)- (Ze9)|s| 0~ (£+9)

+ l(-‘;—"+16)—(0+0)[

3 3 3

(NN

Example 4.2.4 : Find the total area of the region between the curve
y = x3 — 4x%? + 3x andthe x — axis over the interval [0,2] .

Solution: x%—4x%2+4+3x =0 = x(x2—-4x+3)=0
= x(x—1)(x—3)=0= x=0 (neglected) or x =1

or x =3 (neglected)
-~ the area = lfol( x3 ~4x* +3x) dxl + ’j;z( x3 —4x% +3x) dxl

1 2

4 3 2
x 4x 3x

[...____|__.._
4 3 r 2 P

4 3 2
x 4x 3x
[__._..__|__
4 3 2

+

0

G- 3 D=0l (3 -2+ 2)- (-1
4 3 2 4 3 2 4 3 2

_ l 3-16+18 | + | 48-128+72 3-16+18 |

o 12 12 12
5 8 5 5 13 5 13 18

- [+ lg- Sl gl bRl - e 2 - s
12 12 12 12 12 12 12 12

How to Find the Area Between Two Curves over an Interval [a,b]:

To find the area befween the two curves  f(x) and g(x) overthe
interval [a,b] we should follow the following steps :

Step 1 : Partition [a,b] with the zerosof f—g .
Step 2 : Integrate f — g over each subinterval .

Step 3 : Add the absolute values of the Integrals .

Example 4.2.5 : Find the total area of the region between the fwo curves
f(x) =x* and g(x) =2x overtheinterval [-1,2] .

_Solution: f(x)—gx)=x*-2x =0 = x(x-2) =0
x=0 or x=2 (neglected)

Jeald lia - 5alalt 3]
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- the area = ’f_ol( x?—2x) dx, + Ifoz( x%—2x) dxl

a
x3
2]
_ -1

+
3

- [+l -
3 3

2]0

[(0-0=(-5-1)]+](5-4)-C0-0)

4 4
_+ —_ —_ -
3 3

2

8
3 -

How to Find the Area Betwee'n Two Curves :

To find the area between the two curves  f(x) and g(x) we should

follow the following steps :

Step 1 : Findthe zeros of f—g ,and letthembe a and b .

Step 2 : Integrate f — g overtheinterval [a,b].
Step 3 : Find the absolute value of the Integration found in step 2 .

Example 4.2.6 : Find the area of the region enclosed by the parabola

y=x%>—-2 and the line y=x .

Solution : f(x) —g(x)=(x*—-2)-x =0 = x*—-2-x=0

= (x—2)(x+1) =0 = x=2 or x=-1 .-

~ thearea = U—21( x?-2-x )dxl

2
x3  x?
= |[5-%-2]
3 2 -1
8 4
15~ 3-1e2)]
3 2 2
_ B—6—12_—2—3+12|
3 )
10 7 —-20-7 27 27 i
- e 2] = e
3 ) ) 6 ) 2

Example 4.2.7 : Find the total area of the region enclosed by the parabola

f(x) =x% and the line g(x)=2x

 Solution: f(x)—g(x) =x2-2x =0 = x(x—-2) =

Page 53
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- the area = |f02( x% —2x )dxl

- |32,
- |(3-4)-c0-0)
-] - -

Rules for definite Inteqrals

1} Order of integration :
fLfG) dx == f(x) dx

2) Zero integration :
Jfedx =0

3) Constant multiple :

[P kfe)dx=k[’f(x)dx V k€ R, and thus
2= fe) dx =[] f(x) dx ‘for k= -1 .

4) Sum and difference :

U@ + g@))dx = [ f(x) dx £ f, g(x) dx
5) Additively :

[PFedx + [SFG)de = [Cf(x)dx

Example 4.2.8 : Suppose that

[Lfedx=4 , [Pf@dx=-3 and [>h(x)dx = 6. Find

1 f; fG)dx

2) [, (2f()+5h(x))dx

Jesald lia - salall 3305
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3) [ f(x)dx
4y [ (3f(x)—2h(x))dx

Solution :

D) [, f)de = - [ fG)dx = ~(-3)=3 .
2) [ (2f(x)+ 5'h(x)jdx = [ 2f(x)dx + [, 5h(x)dx
=20l fG)dr + 5[ (o dx
=2(4)+5(6)=8+30 = 38 .
3) [ fl)dx = [, f(x)dx + [ f(x) dx
= 44+ (3)=1 .
4) [1(3f()=2h(x))dx = [}, 3f(x)dx — [, 2 h(x)dx
= 32 fe)dx — 2 h(x)dx

= 3(4)—-2(6)=12-12=10 .

Exercise 4.2.9 : Evaluate the following integrals :

1) [0 (2x+5)dx
2) J; (2 ++x)dx

3) f; (1+cosx)dx
4) [% (8y*+siny)dy

2
5 f; = dx

Jezld s, - Bl 8L
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CH5: Sequences and Series
55 I : Avithmetic ch_uence and Geomeltvic Se?uence

Definition 5.1.1 : A Sequence of numbers /s a sel of numbers

, ar’fanieo[ n o .Sfoecfﬁic order.

Each number is called a term in the Sequence The First number
15 called the Fivst term and will be denoted 5/ a, , the second.
number is called the second term and will be a/enal‘eafly a

P f})c )’}2% nu’méer IIJ' CdI//ea/ Z"/lc nz‘A Term q”d wr'// bc

- olenoted éa/ a,
The Sequence will be writlen as a, ,0,,...,3,, ... and

~will be olenotedd éi {anj .

Deﬁmi‘:oﬂ 5.1.2 : IF {anj is aﬁu}en Segucnce_ ano{ Sy
. is definesl bﬂ“

E’Sl:ali‘

iS22 = A+ a,

Sz = A4 A4+ Oy
'_Sn Ct,.{..a?__f.-.._;—a Za

—7},_3” the Sequence _i_Shj will be called an z}aﬁhife Series

L and will be wyitten as oo

S SBCLICS o

V1 Defimition 5.1.3 : A sequence of numbers in which each

_ @, 5
1.!

ana( the terms. S, will be called. l%e._/adrzf!cx/ sum. 0/3 Z‘Ae




lodd=a.. . e
,_ Solution : The First term a =Y

term ofter the fivst term is obtained é; ao/o(}% a Fixed
number that is added is called the common oifference
and will be denoted 6’77 oA .

EXamp/c 5.L: F,10,13,16,19,... 1s an arithmelic

- sequence , since each term after The Frst term 1s oblained
_ bﬁq aofo(i.v 3 to the previous Lerm.
In this example we have ol =3 and
a, = 7
A, = ol = 74+ 3 =10
a, = A, 4o =10+3 =13
= Oy 4+d =13,3 =&

. Example 5.1.5 : Find the common difference o for #he

Fa_/_/awini arithmelic Sequence

! 3,9,15,21,27,...

Solution : |
d=9.3=¢6 S
;or d=15_9 =4 |
- or d=21_15 =4

or d= 27_21=46

Exanﬂp/.c. 5.1.4 : Write the First seven terms oF.i'hc_.avjz‘.’hme_tsé

5e7uen_c_e__ a)/?oSe ﬁ'ﬂSZ‘ term _af = ‘{__..cma(..fammo_n_.a’;ff_'cxen.ce_

The second term a, =0, +d =4+9 =13 .. .




The third term a; = a,+0d =134+49=22

The Fourth term a, = 4a, +d = 22+9 = 3
The fiFth term a, = Q,+d =31+9 =40
—7}-1-6. Sixth term ag = a5+d = H0+9 = Y49
The seventh term a, = aé-f—Ol =494+9=258 .

 Exercise 5.1.7 : Write the First nine terms of each of the

Faz’/awin; cirithmetic sequences IF gou know that
(1) Q'I =3 andl o(: -2

(?_) a, = OUID( O(—': 5

{3) a, =10 ond o = 4

) a, =12 and a =17 .

; Remark 5.1.8 : In the arithmetic Se7ucnce with. the First

. term @, and common olifference d , the nth tem a,
S ﬁ:}/en b/ a = a, +(n-1)d

Exam.,ole 5.1.9: Find A, 5 Q, ond O, forthe arithmetic

| 567_uence —~2,5,12, ...

. Solution :
Q.= -2 and od=5_(-2)=5+2 =17
= A, = -2 +{0-1)x7 = -2 +3x7 =-2+63=461.
Q= -2 4 (12T =24 lixT mm2477.2 T5. ..
1 A, = —-Z 4+ nN-1)x7=—2+7n-7-=79n-9 ]

| Exevcise 5.1.10 : For ecach. of the Fo./[.awin; arvithmetic

sequences, Find o , a,  , a,




@3

o 2,5,8,H, ...
(2) 5,9,13,17,

3) -5,6,17 , 238,

S$5.2 : Arithmetic Servies and Geometvic Series
Definition 5.2.1 + IF {a } s an arithmetic Se?uence,i‘hcn

the corr.es/oana/mﬂq series Z a; s called an avithmetic
Series ano( the terms

= Z o, 15 called the nth partial sum of the

arithmetic Sevies .

Theorem () :

() The nth ]oar_b_'a_/__;um of an arilhmetic Series s

.Sn = ..g_. (C{’ +_0_<n)

(i) The nth poarZial sum of an arithwmetic series is

S fd Yl A Mol
n ]'f' 5

: Ex:zmple 5.2.2 : Find the sum of the First 100 foasifxi)cz .'

infeie.fs .
. Solution: a, = | _and o, =100
L — 100 _ - :
i ..Sjb.o = = (l.+,!oo) = 50 (101) = 5050 . |

Example 5.2.3 : Finol_the.sum of the firsit. 20 terms of.

the arithmetic 5.67_u_cn£_e._(..i'}1c. 20th )aartio./ sum of the

arithmetic Series )._.(0.,.16 ,.22




- Solution -:

a =10 oand o = 1é—_10 = &

!
- 520 = 20x10 + 2'0(220—') x 6 =ZQD+

200 + 190 x 6
= 200 4 1]40 = 1340 .

20(19) < &
2

Examp/e 5.2.4: The sum ofF the First 16 terms of an .
If ﬂw =20 , Find C{’anal o .

arithmedic sequence /s 80 .

Solution :
S = & (a,+ra,)=8(a+20)= 8a + 180

80 = 8a,+ 160 = &a = Z0-160

= 86?' = — &80

—:;»al—_-.:%)__—_-__!o

. Since th‘__= Q’ -+ (/6—-!) 0{ Zf'/)en 20 = —I10 + 15 G{

= I5d =20+10 = I15cd =30 = o=3%2_2
15

’
R

—

Example 5.2.5: Find the sum of the brst 12 terms of the

M, 18,25, ...

: Se7uche
- Solution : a =1l —and ol=18—1 = 7
The (th term o, = a, +((=1)d =1l $(i-1)x 7
| b =TT = Fi4Y

~ S, = ; (Fi+4)

Z (7ip4) = 12 (a4 a,,) = 6 (11+88)
- 5_.;:_9“.7. = 594 . e

f—

. Exercise 5-2.6 : Fid ecach of the Faﬂow}% Sums . o




65 20 25
O () Z(si-—w) (3) ; (£+9)

£=1
15 E
(2) ; (6c+5) (1) ; (2¢+3)

Definition 5.2.7 : A Se?ucnce of numbers in which ecach

term afFter the ﬁka‘ term is obtained Aj mulff/oly}nda

the previous term 296;/ a fixed nonzero veal number s

- called « ;eamez‘r;’c Sequence .

-~ The Fixeol nonzero yegq| number that is mu/z‘,'/a/z'ca/ S
called the common vatio and will be denoted é/ r.

;Ex.qm}o}c 5.2.8: 3,6,12,24, 4§, --- 15 a;eomctr/}s :

. Sequence , Since each term aFter the First term Is
obtained b/ mu!f&,oly;’;% the jorevious term bﬁ 2 .

In this exam/o/_e we have v=2 and

a = 3
i. a, = ¥.Qa, = 2(8) =12
! aq = rv. d; = 2(12) = 24

I Exampfc 5.2.9: Find. the common rvatio r for the Fal/aw:}yi

?eomefric sequence
7 5 215 635489 5 ---

Solution :. p.=- 20 = 3 . .




: EXGM}OIC 5.2.10 : Write the Fivst Five terms of i‘}::immcfr}'cl

} Se?ucnce whose /}'r_fé tevy A, =3 o‘ma/ common ratio v= -2.

- Solution : The First term a, =3

._)—Fc second term a, = r.a, = —2)x3 = -6
The third term O, = r.d, = (~2)(-4) =
The Fourth term A, = r. 0 =(-2)x12 = -24

The FiFth fch 6'\‘5 =rv.a, = (- z)(_zq) -

. Exevcise 5.2.11: Write the First seven terms of each of

-—
’

- the Fo//awfni geamﬂ‘ric_ seqyence /F o know that
2y a, = 7 amo(_ = _]

:(3) a = Y4 and =5

 Remark 5.2.12: In the ;eomcz‘r}c' sequence with the

Fivst term a oand the common vatio r , the nth term

n-|i

| a, 1S ;fucn bty a, =..r . x A

' Examp[e 5.2.13: Fnd o, a, andl a, For the ;eame(fﬁ}::

| sequence 5,10, 20, ...

L= -_—_,,.,.a —_.. 2 RS N 5_ R

Scolution -
] A, =5 and. r=19 -2
s 1 ‘5 5
_ } .,;,_...C(S. = 2 _ x5 x5 16 x5 = 80__. 4
_ __-.a? = 2 x. 5. = x5 =44 x5 =320 *
n-I J'




@_’-7)

Exevcise 5.2.14 : For cach of the Fo//ow;'n; gc'a_mein'c

- Ex.qmpfe_. 5.2.16 : Find the S_u_m_.s

- Sequences , fmd r , a, and a,

() 6,18 , 54,
2) 7, =7 , 7, --
(3) ""2)1-1)"'8)

DeF:’m’Hﬁn 5.2.15 ; IF ia } IS aieameinc sequence
then the Cor)"e’S/oono(fﬂ; Series Z a. Is. called o

=1

geamcz‘nc series cnd the terms

Z o, = o, +ra, +r? a 4 - r”"a' is called

the nth paﬂ‘ia/ Sum of the ;eamez‘ﬂc Series .

 Theorem (2) :
(f_) The nt4 )oa/z‘/a./ sum of aieornez‘nc sexres IS

a (—r") Fr#1
] ~F

Sy, =

na, if r=|

_é(iz') The nth parﬁa/ sum of a_chomc.z‘x[_c Series. Is.. .

_ Ny, a!——ran IF r;ﬁl
| |~y

. Q . IF Y= 1__ e

oF the first. seuen

terms of the ;eam.efn‘c Sequence (_ﬂnc 72h partial sum of




| the Zeomctﬂc series) H,8 ,16, ...
- Solution -
r o= %_ =2 , a =y

=
2 The sum of the First seven terms is

s. = 4(1=27) _ 4(1—-128) _ y(-i27)
7 [— 2 B —1 - -

— 508

= 508

. p .
:Examp/c 5.2.17 . Finol Z :7(Lf)£

L=l

- Solution 1 a = 7(4) = 28

o, = 7(4)° = 7(8) = 112
A 28




P}
. Defmition 5.2.19 : Let EC{L- NN R
be an infinite series and et {Sn} , where Sp=0+8448

For n=1,2,3,... be the 3e?uence of /oarz‘ia/ sumS of the

nfmite series .

IF |Iim S, exists and e?aa/_s' o number S , the
n— 00

servies is Said to be c:anu.erdqml‘ (ana{ to Canucﬁe_ o the
value 5) and S (s called the sum of the snfinite

.56?’!-65 E aL
=)

IF bLim S, Fails to exist or not a Finite number,

N0

+he series 7s a’fua:yenf and has no sum.

EXa_m!ole 5.2.20: F;'nal the sum of the mfmite series Z

—

m=! 2""
] - - |
Solution : S, = +
2 7 + T g
— ! . 7
R Sl
n
2 -
—S":""L'I'"—l"f'"!—’f’ +__,_:
n . 2 Lf 8 2~n 2,1
ol - A
Then A
lhen = Iim S, = i — :l;m(}__L)
mzl 27 Nn-—eo Y1-p 20 27 rt-»co 2n
= |
= ..
e _ _ i
1 Remark _5.2.21 2

{ The. g0 metric_Series. . conuverges AR ' R

and ofiuexies__._f.ﬁ vl




_

Exercise 5.2.22:

State whelher each of the Fa//owh% series converges
or of:'uef;es , and then Find the sum of lhe Scries if

it converges

(1) Z |
n= 277!

2 2 5,». ‘,
n=i{ 3"

@ ) 3(2"
=1

@ 2 71y
Yi=l

. S55.3: Power_Series , —Gaqlor Series and Maclurian Sevies :

Definition 5.3.1 : A power series is a Sevies of the Form

od
2 ax g
s nX :ao_l-alx-,-azx.r-.*

 Dekinitian 5.3.2.: The Maclurian sevies for a Function F s
. p &)
Floy + Fito) x + -ﬁ(.—) X"y +_F__!£9; x4 .
Z) 7]

. - i (n)
- (be  FOo = feo) + Flo) x4 F;T) Xt enn 4 F ) %" ... about
! ! n)
X =0) .

— e m e s -

E xample 5.3.3.:. Find _the Maclurian_ series. for the. _Eun.cf_io,n..; o

Fixy=e> _

! 4 .
Solution: Since _/_-_‘.(x)__:—h_e'\_z , Flx)= C.’_(, Fx)= Ex, ———
L E®y = et




@

Then Flo) = €°=1 , Flo)=€’=1 ,Fo) =€®=1, o, F o=
5 and 1his ;'m/olfcs that the Maclurran sevies for the Function:

Fex)=¢e* is |
o= - F%0) ;Q") B R
Fex) = Feoy 3 Forx i > Xy () S _
= 1. X ! o2 .- At .
[ + + 20 Xc 4 —~+ 7 X +
L)
k
= Z -‘_. X .
k.—..o k_!

Example 5.3.4 1 Find the Maclurian series for the fanction
Frx) = cos x .
. Solution 2 Since F(x) = cosx 5 F,(X)z ~Sinx ,
F”(x):._aasx , Fw(x)-_— sn¥X ,

(zk) B (2k+1) . +1
. F (x)_( -1) c,o;x,F (x)-(_;) Sin X
Then F®0) = (1)  coso = i1 = (-)F

{(2k+ "
and F : I)(o) = (_-l) Sf'n O = (——l)k ‘ o =0 and this
;'m/o/z'c:_s‘ theat f'}le_ Maclurian sevies For the Function
D fR) = coS X 1S5

; i - n)
; Co:x = F(x) = Feo) +F?o)x+ _F(") xz+ F"(") + .-
!- 21 nl
- 4
=1 40+ (;]l) X.?_;- O -  x +0 _1__(_1%;(_,...“
2 - 6
= | —X .2(-_3-__.1._ ——-
21 + Yl 81 +

8

it
o
-
N
S
|

-EXCKCiS..C_._5..3.5_.: Find the Maclurian series For the Funcition

Fex)= Sin X .. . .. . o ST




@ Definition 5.3.6 + The ’7&/!0:’ sevies fFoy the Function £

Caboul X =o is

Fea) + Flayoe-o) + 29 xoa)s (x-a) 4+«

£le £%a)
.+-
21 )

Remiark 5.3.7 : The Maclurian Series ave Tq//or series
WI ﬂ’l a =0 . '

, Example 5.3.8 : Find the 7E”v/a/ sevies of CoSx aboul X =27.

Solution :
Since  F(x)= cosx 5 Ftxy = — sinx 5
Flexy = —cos 5 FCSJ(x):: sinx
(2k) {2k+1) . +1
. F cx)ﬂ(_\) cosx , F (x)_t_aj S,nxJ
IWV} F(Zk)(zﬁ'J = (- l) Cos(2T) = (— I) <1 = (-—1) and
i; F(2k+ )_(2'?\') = (_-l)_k_ﬂ* sSm(2T) ;.—-(._.|.) .0 =0 olno( this

implics that the Taylor series of F(x) = cosx about

X = 2K IS

CoSxX =F(X) = F(zw)+F(27r)(x 2x)4+ L& F(”) (x-27) 4 FoleD CZ"’(‘X z*:r)
.

cos (27) — sin(am)(x_2x) _ L5CI (x_ppfy SMED (5 ox) .

CosC2R) (x_2m)ty . ” >

!
2 O 3 ] o
| ~ o0 (X=-2T)— L fx_28) 4+ — (X=-27 - — -
( ) 2!(x )+3!( )+q! (X—27) +

i

I

-z (=20
2y L[I -
o0

O e M)
— (— l)
= ; (2 k)\

= |




73
@ Example 5.3.9: Frno the 7&/0:/ sevies for the function
_ F(X):._}l_(_ ohout x=1| .

Solution :
Since F(x) = .?_'(_ = X” 2 F/(x) = - . X—2: -—_-li- b
X
Fex) = 2x72 2 20 , Fiséx):—éx"t“_é - -3
. x3 x3 )("‘ x‘i
k k
F()(X):(—lJ. ki g
Xk+l
| k
Then FC )cr)z k. ‘ =(=K kU and this smplies
' +
 that the 7_&//0)’ SM:'::(S)aF F(?()_—:T'(. about X =] is

| p ) (n)
, —;—(-: f(x):F(lJ—f-F,(l)(X—')d—FZC:) (X—1) + -+~ F (1) (X- ')+-

nl

=00 1) (x- 1)+_C_ﬁ2;‘1_!<x By C*’) EV-3L iy, £:Q_i'_(x iy
I — (X=1) + (X~ 1)_(7{ D4 (% - 1)'*_

it

_ ) )
s Z ("'1) (7{—1)
k:O
E;(erc:se 5.3.10 : Find the Ti/ar Serres For The function.
Fex) = L about X = __{ .
X o -
(ans _>l<. = Z (=1) . (x—;-t)k_ ).

—




®

M The fouriev serres of a Lun ction JAZIR

e _70_0_51..{.1"“..& 0 1{7.3/5__.____77;e4n__ e

S 5.4 1 Fouyvier Series

a/eﬁ'neo./ orl he mterval _ | £ x < L s

ol

Fex) = 6;"—;-;[01,1@5”1‘:"—;—13”5:'»«; |
= o |

_ Remafk.s 54.22 ]

L

n?j')("} f(i‘!
1--4%)

SM,QP_Q.S_& that F is a Function defined over the |
....Sj.mm.efﬁc inteyval  _ | Z XL . HAssume that
f s _..exforessi_é_/_e__ as  the. zfrgemome_z’.m'c_._sewés
| -.;iu_@;fz____bj/_ e ?ua_fz'azz__(_f_)____,____I_f__ M _and. 1. are

H
{

__LLJ_)LCOJ. N e — o0 R
-1

(Z)J_sm NTX Ax =0 S B
ZL L




@ .
(3) ( cos
=L

w [

—L

L
(3 j Sin ”7[’( sin

L

; E.z(.a_m sle. 5.4.3: e e /Zurz’ef Series ex/oaﬂs}on of .
' the  Punclion. .

X o«x <T
: Y

- ‘

sm NTX s MTX )y

______So__’_u?t.lﬂ!_c;ﬂ;.. — e
_5IDCE_L:W I

A

- Z'}o crn—. __..&{o_.::__ __;F_ ----ﬁ(;)()- d_x .

nrmx Cos m KX JX

L

.
—

—_—

L

m T X
L.

¢ 1

'l

Ax =

R La

O

L

m#En

|

m=n

— O

0O MEN

. m=n

-Tr o
el LN

co
[ foodx 4. L

T

(Mo

™

Xf

. — i i
R e[ _L_.f.,-x dxe
_ T e _
(s} m
T el o kZE o,

|




CHE _,__,}/ﬂ erbolic Fumclions and Tnverse h;//oefrbo:’;'c Fimdg?ff
 S6.1: Hyperkolic_Functions
5 (1) Hﬂu/oerbo/fc cosine of X : cosh X = eX 4 > é
2 i
(Z) HJ/OC(VIDO/!.C .S:.ne Oﬁ)( S;nla)( = CJ(__ e_x ‘
: 2 ;
(3 Hyperboh'c. zlaﬂjc;éi: dank x = SMhX_ _ (D’X;é-x%
s }’lx 6x+ c—'x
oy __Hy/oer_boft'c,_ .,CD_z‘_a_z‘Li_enf c  Coth x.— CoShx
| - sinhx
o,
| o Cex_eX
(5) Hi/oabo/_ic_... secant :  sechx = _| -
A S CoShX eX+ 6
(K) ng&’bo_h'_c _cosecant : . C-SC,;) X. .= ! — - .
B o ' sinhx e X e—x




S &. 2 :Inucrs_e _Héjﬁerbo/fc _/-—wnc-f[-oﬂs

!

,__pemaf_k_ G-2.1 S L

Llnx e e

. _51;:a;_/afb , tanh , coth amd csch have muerses
| denoted by tank” , coth! and csch

Te. mz/efse A‘ype,ybouc Sine ,[wnc%:on Iy o/efmed’ fav;
6?"' S:VI/J )( pr X = Sn/]}’lé'-j

|7}44e J'HUMSE jﬂayfoe/bo[f'c coSine [mc_-@;oﬁ e Cjﬂﬁ"‘d ‘é\’j

d‘f:‘. cosh™ x /ﬁﬁ X = COSL'C? ano{ g__}o

or bj E(X,g)! X = cosh y ,g;of

Sech does. not have a.un}?ue invexse .

Wf’_ a’efne Z%e mmyerse. . /’lg{/ﬂegﬁoﬁc .Se.canf bJ_.._______.__
.7.--* SEGlﬁ------X . {/’/’ XK= S.eck.-ym..m-a(--_g/_;_.

oY ——--—-—E--—(X: :j) , K= .SCCI’IZ y -0 } . — R R E

Qcmﬁks 8.2, -2 e S
5_”:1(_,& _the mium/_[oaqaﬂ &MJ_C_Eumc4romm;s_ téz_mycdfsc-____ ]
__..__Q]e._t!l.f:__WM@ZJMMJM_&LMMLLM.___
) _Jgi_fo_e/_(bof.r'_c _ __£um£fjmshmag Joi;égaﬁcss.eal._xiaieﬁ@_s_o P |




1 Let J= cosh’x ,wheve X 31 . Then

;:X:: Cosfncl/:: /(e-;-cg) For y,\.o.

! 2
= 2xe? = e»+l

_-_—,> (e’ 2x(e?) +1 =0

= = xx x| or

r _;::. /n(x \/xz )

. 5’;"‘-‘,‘“{9

= - cosh™'x = Jn(x —+ sz ) £_5moe_ cosh'X 1s the.

R Y

]qf_Je,r oF these 4wo values

: Of_y__]_ S

‘-5!;1 _IX = Jr’l (X PETN \/ )(For_anj X) - N S

___Cosla X ln (x - \/_x )*-. (X > 1) PR N

__“fmaln'“’ = ljn ’+X (~ 1{)<<1L

| —x




