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J \ ,,l \ 
CH2: Functions 

~_,,2 a\.,_,;1 
S2.1 : Functions and Their Graphs 

\ 5 • 
-.,;:i'=> ~~\\"'/ 

Definition : A..func_tion 1 ( or a mapping f ) from a set A to a set B 
,,,,J is a rul~ tha(-a'£sI6'iis toeach el_~}:i]~Jl~)~: of A exactly one element 

0

~ 
. of B1 The set A is called the ~ain of f and the set _B is call~ 

:, fi,J, the codomain of f /If ,J. assigns b ~o .a , then b is called the image 

10 \ of a under f. The subset of B comffnsed of all the images of 
. · ele~ents of A und~r j ( which is denoted by f (A ) ) is called the 

- =' 
image of A under f ( or the range of f ) . 

- ......--.._ --

We use f: A~ B to mean that f is a· function from A to B. We 
will write /(~) = b to indicate that b is the image of a under f. -· . . .r 

/ . _, ' ".,,.;-· 
Example 2.1.1: ,•' u' 
Let A = { 2, 4, 5) , B = { 1, 2, 3, 6} , and f: A ~ B be the function 
defined by /(2) = 1, f( 4)=3, /(5) = 6. Then the domain of f is 
A = { 2, 4, 5} , the codomain of f is B = { 1, 2, 3, 6 ), and the range 
of f = { 1, 3, 6 } . 

_,, 
k o Counter example : 

Li' Let C = { 1, 2, 3, 4) and D = { 2, 3, 4, 5} , and let h be the rule defined 
iitii;J,\J:I by h ( 1) =] , h ( 1) =-! , h ( 2) = 3 , h ( 3) = 5 , Ii ( 4) = 4 , then h is not a 

I K,·;J1 function from C to D since there are two different elements ( 2 and 
,,,,,,_·?• . 4 ) belong to D are assigned to the same element 1 of C. 
[t~t::-. 

Example 2.1.2: Find the domain and the range of the function f 
defined by. f(x) = .J x + 10 . 

Solution : For y = f(x) = .J x + 10 to be real , x + 10 must be greater 
than or equal to 0 . That is , x+ 10 ~ 0 which means that x ~ -10 
Thus the domain is { x: x ~ -10) and the range is { y: y ~ 0) . 

Exercises: 

1) Let A= { 2, 4, 5,7) , B = { 1, 2, 3, 6,9) , and f: A ~ B be the 
function defined by /(2)=9, /(4)=3, /(5)=6, /(7)=2. Find 
the domain of f , the codomain of f , and the range of f . 

,, . ' 



2) Let f be a Fu~d,on defined by 

the range of the function f . 

f(x) = -
1
- . Find the domain and 

x+2 ,7 ,- -
/,/··'·f~-

3) Find the domain and the range of the function f defined by 

\ 
f(x) = .,}2x-9 . o; . •,_c, 9 ,·' 

. , ('l ' , f ev"<(n.or,,. · -.:..~'~.b -~',,1_,,/ :io/J, O'N?V:.:. 
~efinition: The graph of a function 2 is the~ipassi~g through all_ 

the points (x,f(x)) on the xy-~-~;;-~~)l 
:;:/ r, (_;, ,,_;i..:. \ C, 

"'Definition: ~hey-coordinate of the p~~_9where a graph of a function 
!) intersect the y-a~is is call~d the\.[, i~te~i;.eRt ofJhe function) 

;t_, ,/ ?o .. ' i I :;_.? ot'if / (/ /-';' 
"Definition: (J"he''.xf!oorcfinate of a poinywhere a gra~h of_a functi()n 
, _intersect§, the x-axis is called an x -interce~fJhe funcjion . 

..:,y,, -- -.-=- ~;; .... _-------- -· 

~ r ,;', i/f",,, 
Remarks : ~ ,/' · 

. -V ,-,11-1;-"~"=---.. 
;j 1) The graph of any function f has at most on y_ - interc_ept . The 

'J graph of the function f has exactly one y- inter _t if O is in the 
~omain of the function f and the y-mtercept is /( 0 . 

2) The graph of any function f has !!$' x - intercept if there is no_ x 
· in the domain of the function f such that \[l,i:) =.i)) · 
The graph_ of a function f has ·one or more than one x -intercepts 
if f(x) =\'9,- for some_:!: in the domain off , and the number of 
x - intercepts is the number of the dist!f!ct solutions of the 
equation f(x) = O. fr 

Properties of Functions : 
/. ?J 

1) A function y = f(x) is called an even function of 
f(-x) = f(x) , V x . 

2) A function y = f(x) is called an odd function of 
f(-x) = -f(x) , v x . 

52.2 : Linear Functions and their Graphs 

x if 

x if 

Definition: A function f: R -+ R is called a linear fu.nciion 
defined by '· f(x);J-;+b· , a ;e 0 - - · - .. -· 

"""'--- - - . 
where a and b are real numbers . 

---·------ Page9 
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Example 2.2.1: The function f: R ~ R defined by f (x) = 3x + 12 

is a linear function . 

Example 2.2.2: The function g:R ~ R defined by g(x)=x-0.2 

is a linear function . 

Example 2.2.3: The function h: R ~ R defined by 

is a linear function . 

3 
h(x)=--x+l 

2 

Example 2.2.4: Let f: R ~ R be the linear function defined by 

f(x) = 4x + 10 . Find the x -intercept and the y-intercept of f . 

Solution: f(x)=O => 4x+l0=0 

4x = -10 
10 

x= = -2.5 
~-4 

Therefore the x - intercept is ~ 2.5 '. 
f (0) = 10 => the y - intercept is 10 

WI 
Example 2.2.5: Let g: R ~ R be the linear function defined by 

g(x) = !.x - 6 . Find the x-intercept and the y-intercept of g 
5 

Solution: g(x)=O 
1 

=> -x-6=0 
5 

(_
l ~+0 => -x=-6 => 5 --;-- x = 30 

Therefore the x - intercept is 30 

g(O) = -6 => the y - intercept is - 6 . 

Graph of a linear function : 

'ii- The graph of a~ functio~ cf_ is the stral~~t line passing through 
the two points (~) and (Q, b) where a is the x ~terceptotthe 
function j and b is the y- intercept of the function f~· 

~Remark : The graph of any linear function f has exactly one 
~ x - intercept and has exactly one y - intercept. 

- . 

··-- PngelO 
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Example 2.2.6: Let f: R --> R be the linear function defined by 

f(x) = - 2x + 7 . Find the x - intercept and the y -intercept of f , 

then graph the function f . 

Solution: f(x)=O => -2x+7 = 0 

=> -2x=-7 
-1/·;· . 

=> x = _._· = 3.5 
-2 

Therefore the x -intercept is 3.5 

f(O)= 7 => the y-interceptis 7. 

Thus the graph of the function f is the straight line passing through 

thetwopoints (3(5,~) and (~;1). .o _ .. 

Thus the graph of the function f is the following graph 

(0,7) 

j(x)=-2x+ 7 

(3.5,0) 
x-axis 
~ 

(0,0) 

Example 2.2.7: Let g: R --> R be the linear function defined by 

g(x) = 4x + 12 . Find the x - intercept and the y - intercept of g, then 
graph the function g . 

Solution: g(x) = 0 => 4x + 12 = 0 

=> 4x = -12 

-12 . 
=> x=-=(~ 

4 

Therefore the x -intercept is - 3 

g(O)= 12 => the y-interceptis 12 . 

------------- r~gcll 
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Thus the graph of the function g is the straight line passing through 
thetwopoints (-3,0) and (0, 12). 

Thus the graph of the function g is the following graph 

g(x)=4x+ 12 

(-3,0) 

(0,0) x-axis 

Exercises: 

1) Let f: R -+ R be the linear function defined by f (x) = 3x-10 . 

Find the x - intercept and the y - intercept of f . 

2) Let g: R -+ R be the linear function defined by g(x) = 0.3x + 0.7 . 

Find the x - intercept and the y - intercept of g. 

3) Let f:R-+ R bethe linear function defined by /(x)=-4x+8. 

Find the x - intercept and the y - intercept of f , then graph the 
function f . 

4) Let g: R -+ R be the linear function defined by g(x) = 5x + 15 . 

Find the x - intercept and the y -intercept of g, then graph the 
function g . 

52.3 : Some well-known Functions and their Graphs 

1) A function f(x) = c where c is a fixed numbe.r is called a 
constant function . 

-----------·· Page12 -----
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Example 2.3.1 : The function y = f(x) = 1 isa constant function and 
its graph is 

::1-·-
,_4 r 
' , 

0.2 

J'-tu:iS 
-------- -----,-

j 
y= I 

. 
i 
I 

1 o,.,, --_,-,,--.-, -..,_0-,_,--+--0,.,,-......,-~-,,..,,-__,,, x-axis 

2) The absolute value function y = f(x) = \x\ is defined by the 
formula 

Y = f(x) = \x\ 

and its graph is 

,_ . 
•. o ,_. 

' . 
o.o 
o.• 
o.• 

f 
x if x > 0 

- -x if x < 0 

y-u.:r:is 

y=-x 

Remember that \x\ = -fXI . 

y=x j 

1 
' 

x-w:is 
' -- '·" 

3) A function y = f(x) = x' where r is a real number is called a 
power function . 

Example• 2.3.2 : 

The function y = f(x) = x2 is a power function (which is also a 
quadratic function) and its graph is 

----------~ Pagc13 ----



'" i 
' If 
i 

010 
I 

' 

y·axis 

x-axis 

Example 2.3.3: The function y = f(x) = x 3 is a power function 
and its graph is 

Example• 2.3.4 : 
its graph is 

• 

•r~~ ~---­

, 

•i 
I 

'I 
i 

,1 

-2 ·15 -I -0.5 

The function y = f(x) = ,fX 

y·axis 

' ' 

Page 14 
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X·axis 
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Example 2.3.5: The function 

its graph is 

1 
y = f(x) = -

x 
is a power function and 

S---. 
' I 

<i 
' ; 

)! 

i 
1! 
' I 

1: 
! 

.J 

y-axis 

-- _j ----' -- • ! __ , 

o.s ! ts 1 

4) Let a be a positive real number other than 1 . The function 
y = f(x) = a' is called the exponential function with base a 

Example· 2.3.6 : Graph the exponential function y = 2' 

Answer: To draw the graph of y = zx , we can make use of a table 

give values for x and find the corresponding values for y 

x=O gives y=2"=l, 

x=l gives y=2'=2, 

x=-1 gives y= 2-• = .!. . 
2 

Following the process we make the table 

x -4 -3 -2 -1 0 1 2 3 4 

2' 0.0625 0.125 0.25 0.5 1 2 4 8 16 

Page 15 
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i----; -1·---~--- ----t--~-
·i·--t ·--· 7- -~------ -----; ----;---
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-·- --· ----1 - --·-·r ---
' ' ' . -- .... - . 
1-~!-·; .L .. ~--·-!·-··{-

7-6-S-4·'2·1 ., - _____ , ____ , __ _; ·--------
' ; ; I • 

-- .i 
' ' 

' . - -· - -· - -. . 
. -·- -. ----' . 

• ' j - ·; 

- .! .. ____ ·--· 
i ' • 

' • 
1 - ;--· -- ,--····--

.. 
' ' 

Example 2.3.7: The function y = 5x is an exponential function and 
its graph is 

Answer: 

x=O gives y=5°=1, 

x=l gives y= 5' =5, 

x=-l gives y= 5·• =0.2 

x -2 -1 0 1 2 
5x 0.04 0.2 1 5 25 

" 
y-axis ----·-.....,------- ----.---··--.-----· 

"' 

" 

" 
5 

Exercise 2.3.8 : Graph the exponential function y = 1ox 

The properties of exponential function and their graph 

• The domain is R (set of real numbers) . 
• The range is R+ (set of positive real numbers) . 
• The graph is always continuous (no break in the graph) . 

------------- Page16 ---·-·---
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Rules of Exponents : If a > O and b > 0 , the following rules of 
exponent should be hold for all real numbers x and y : 

1. axxaY=ax+y 

2. 
ax J.:- y 

a' - a 

3. ao = 1 

4. I -x -=a 
a·'-

5. (axy = (aY)"i: = axy 
6. (ab)'= ax bx 

7. (~)x = ~: 

5) The function y = ex is called the natural exponential function 
whose base is e - 2. 718281828 , and its graph is 

x -2 -1 0 1 2 
e"' 0.1353 0.3679 1 2.718 7.389 

12 ~axis 

10 

8 

6 

• 
2 

x-axis 

·2 ·1 0 1 2 

Remark : Graph of ex and • -x are reflections of each other . 

6) The function y = logh x is called the logarithm function with base 
b where b is a positive number * 1 ; and x > 0 , and the graph 
of y = logh x where b is greater than 1 is the following graph 

T 

1 

1 

<~~ 1) 

I 

• 

-----·---- PagC!l7 



Remark : y = logb x means that x = bY . 

Example 2.3.9 : The function y = log2 x is a logarithm function with 
base 2 and its graph is 

Ir= l~g,x I 0.25 
-2 

y-a:cis 
3 -- -

, 

., 

., . 

0.5 1 
-1 0 

2 
1 

4 
2 

I 
1 
! 

--~---~-----~---~---. --~··-_J 
o.s 1 ,_s 2 2.s 3 3.S 4 4.S s 

Example 2.3.10 : Draw the graph of log rn x . 

Answer: 

x 0.5 1 5 10 15 20 50 
y = I0!!10X -0.301 0 0.699 1 1.176 1.301 1.699 

y-a:cis 
2 . -- - - . 

'.5 
~ 

' 
0.5 

/ 
I 

0 '" 20 30 40 50 60 70 80 90 

-0.S 

_, 

100 
2 

. 
• 

' . 
' 
' 

100; x-axis 

! 

Rules of logarithm : For x > O and y > 0 , and b is a positive number* 1 
we have the following rules : 

1. logb x y = logb x + logb y 
x 

2. logb - = logb x - logb y 
y 

3. Iogb xY = y. logb x 
log a 

4. logb a= ' , where c can be any base . 
log, b 

J,...:.1.! L,J\.J:;.. : :;..it.JI i~U.......i 
------------ Page18 --------------



Remarks: 

• The logarithm of any number to the base of the same number 
willbe1(1og0b=l, log,5=1 etc ... ). 

• Logarithm of 1 to any base is 0 ( log,!= o , log,! =O etc ... ) . 

• The logarithm function is defined only for positive numbers . 

• The domain of the logarithm function is R+ 
• The range of the logarithm function is R . 

7) The logarithm function with base e is called the natural logarithm 
function and will be denoted by y = In x ( i.e. y = log. x = In x ) 
and its graph is 

r 

1 2. e 3 

Remarks: 

• In e= 1 (since In e = log, e) 
• In 1 = 0 

Exercise 2.3.12 : Draw the graph for the following logarithmic 
functions: 

1. log, x 
2. log, x 

3. log, x 

8) A polynomial function is defined as 

y = f(x) = a,,xn + a,,_1xn-l + ··· + a1x + a0 where 

a0 , a1 , ... , a,,_1 , a,, are constants . 

--------- ·--~-- rage19 
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Example 2.3.13: The function y = x 2 
- Sx + 6 is a polynomial 

function. 
y-o:cis 

6----- ---- ----·- --~--------- --

' 

' 

-1---.,..0""":;:;;,.£,,---7 x-axis 

•1 ---'--- -----~---L-L_C_ ----•• _j 

o as 1 1.s 2 2-5 3 JS 4 ~s s 

Algebra of Functions 

Definition: The sum , difference, product, and quotient of the 
functions f and g are the functions defined by 

(f+g)(x)=f(x)+ g(x) 

(f-g)(x)=f(x)-g(x) 

( f.g) (x) = f(x) .g (x) 

(
/)(x)= f(x) g(x) * 0 
g g(x) 

sum function 

difference function 

product function 

quotient function 

The domain of each function is the intersection of the domains of f 
and g , with the exception that the values of x where g( x) = O must 
be excluded from the domain of the quotient function . 

Definition: Let f and g be functions , then fog . is called the 
composite of g and f and is defined by the equation 
( fog)(x)= f(g(x)). 

The domain of fog is the set 
D = {XE domain g: g(x) E domain f) 

Example 2.3.14: Let f and g be the functions defined by 

f(x)=x-7 and g(x)=x' +5 . Find the functions f + g , f-g 

, f. g , ; , fog , gof and find their domains. 

----------- PagcZO ---
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Solution: 

(f+g)(x)=f(x)+g(x) = x-7 + x 2 +5 = x 2 +x-2 

(f-g)(x)=f(x)-g(x) = x-7 - x 2
- 5 = -x'+x- 12 

( f. g ) ( x) = f ( x) . g ( x ) = ( x - 7) . ( x 2 + 5) = x 3 
- 7 x 2 + 5x- 35 

(~)(x) = g(x) = x' +5 
J f(x) x-7 

( fog ) ( x ) = f ( g ( x) ) = J ( x 2 + 5) = x' + 5 - 7 = x' - 2 

( g 0 f) ( x) = g ( J ( x) ) = g ( x- 7 ) = ( x- 7 )2 + 5 

= x 2 
.- 14 x + 49 + 5 = x' - 14 x + 54 

The domain of f = R 

The domain of g = R 

The intersection of the domains of f and g is R 

Thus the domain of each of the functions f + g , f - g , f. g , fog 
,and gof is R. 

The domain of J = R-{7) . 

Remark : The domain of any polynomial function is R . 

Example 2.3.15 : Let f and g be the functions defined by 
f(x)=x+S and g(x) =x2 

- 3 ,Find fog(x), gof(x) 
f o g ( 3 ) and go f ( 3 ). 

Solution: fog ( x) = f( g ( x)) = f ( x 2 - 3) 

-x2 -3+5 

go f(x) g(f(x)) 

- x2 + 2 

g (x+ 5) 

(x+ 5)2 -3 

x 2 +10x+25-3 

x 2 +!Ox+ 22 

~\..! L.Jl4- : CJl.J1 'ii~\.L...\ 
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fog(3) = (3) 2 +2=9 +2=11 

go/(3) = (3)2 +10(3)+22 = 9+30+22 = 61 

Exersice 2.3.16 : Let f and g be the functions defined by 

f(x)=x-4 and g(x)=F .Findthefunctions f+g, f-g 

, f. g , f and find their domains. 
g 

S 2.4 : Unit Circle and Basic Trigonometric Functions 

Definition 1: Let x be any real number and let U be the unit circle 
with equation a'+ b' = 1 ( the centre of the circle U is the point 0 {0,0) ; 

and the radius of the circle U equals 1 ) . Start from the point A{1,0) on 
U and proceed counterclockwise if x is positive and clockwise if x 
is negative around the unit circle U until an arc length of lxl has 
been covered . Let P( a, b) be the point at the terminal end of the arc . 
The measurement of the angle AOP is x radians . 

If x radians = t° ( degrees ) , 
then the following six 
trigonometric functions of x 
are defined in terms of the 
coordinates of the circular 
point P{a,b) : 

P(a, b) 

b x units 
X r fans 

0(0,0) a A(!,O) 

1) y = sin x = b = sin ( x radians ) = sin ( t degrees ) = sin t' 

2) y = cos x = a = cos ( x radians ) = cos ( t degrees ) = cos I° 
b 

3) y= tan x = -
a 

(a ;<0) 

= tan ( x radians ) = tan ( t degrees ) = tan t' 

a 
4) y =cot x = 

b 
= cot ( x radians ) = cot (I degrees ) = cot t' 

J..;:,\..9 L.14- : <iJW\ o~W.......I 
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5) y =sec x 
I 

(a>' 0) 
a 
sec ( x 

I 

radians ) = sec (I degrees ) = sec I" 

6) y = csc x 
b 

= csc ( x radians) = csc (I degrees ) = csc I" 

. Remark 1: Definition 1 uses the standard function notation , y = f(x), with 

f replaced by the name of a particular trigonometric function . For example , 
y=cosx actually means y=cos(x) and 

cost" actually means cos (I") . 

Remark 2: Remember that t" = t x -2:._ radians and 
180 

( 180 )" x radians = x x -
7t 

Theorem 1: 

For any real number x we have the following trigonometric identities : 

1) 
1 

cscx=-­
sinx 

1 
2) sec x = -­

cosx 

1 
3) cot x = -­

tanx 

sinx 
4) tan x = -­

cosx 
cosx 

5) cot x = -.-
s1nx 

6) sin (- x) = - sin (x) . 

7) cos (-x) =cos (x) . 

8) tan(-x)=-tan(x). 

9) cot ( - x) = - cot ( x) . 

10) sin ' x + cos' x = 1 

11) sec' x = tan' x + 1 

12) csc' x = cot' x + 1 
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S 2.5: Graphs of Sine and Cosine Functions 

2.5.1: Table for values of sin x, cos x, and tan x for selected values 
of x 

Values of 
Degrees 0 30 45 60 90 

x " " " " · Radians 0 - - - -
6 4 3 2 

I I .Ji sinx 0 -
.J2 - 1 

2 2 

.Ji I I 
cosx 1 - .J2 

- 0 

2 2 

tanx 0 
I ,_ 

.Ji 
1 .J3 Undefined 

Degrees 120 135 150 180 270 
Values of 

x 2it 3it Sit 3it 
Radians - - - " -

3 4 6 2 

sinx .Ji I I 
- .J2 

- 0 -] 
2 2 

I I .Ji cosx -- - .J2 -- -I 0 
2 2 

tanx -./3 -I 
I 

- .Ji 0 Undefined 

Definition: A function f is periodic if there exists a positive real number 
p such that f(x) = f(x + p) for all x in the domain of f. 
The smallest such positive number p is the period of f. 

Remarks: 

1) The functions sin x , cos x , sec x , and csc x are periodic functions 
with period 2 ir . 

2) The functions tan x and cot x are periodic functions with period ir . 
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2.5.2: The Graph of sin x 

The graph of the function y =sin x is the line passing through all the points 
(x,sinx) on the xy-plane. 

The graph of the function y =sin x for the interval [ 0, 2ir] is the line 

passing through the points ( O , O ) , (" )- ) , (" , I) , ( 
5
" )- ) , ( ", o), 

6 2 2 6 2 

7ir I 3ir ) llir I h.h. h ·th ( - - -) (- - I (- - - ) and ( 2ir 0) w 1c IS s own in e 
6'2'2' '6'2' ' 

following figure 

y (i.i) 
LO~ ,.........._.._ 

/ '' 
: !rrt ",(5"1) "il 
1
l(;;-2) •\o-z 

_L ·., 
co. o) I -·-· ---.. ~----~--- __ -~ <:.~----·--C- ·------;-~--:--·--·- :11~ x 

I 2 \ 2 / 
mo · • 0 

[ 
(1rr _.':.) \ I (11" _.':.) 
6°2" / 6°2 

0.0 "----'' 

(';.-1) 

The graph of the function y = sm x is shown in the following figure 

-rr 
rr 

2 

o.> 

·" 

y 

rr 

2 
rr 

r 
< " 3rr 
2rr 

5rr - -
2 2 

x 

The period of the function y = sm x is 2 n . The domain of the function 

y = sin x is the set of all real numbers R . 

The range of the function y = sin x is the interval [ - I, I ] . 

J..<:,1.3 U'IJ::.. : i.iWI i;jU.......\ 
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2.5.3: The Graph of cos x 

The graph of the function y = cos x is the line passing through all 

the points ( x, cos x) on the x y- plane . 

The graph of the function y = cos x for the interval [ O, 21£ J is the line 

. . 1tl 1t 21£1 
Passrng through the pornts ( O , 1 ) , ( - , - ) , ( - , 0) , (-, - - ) , ( ", -1), 

3 2 2 3 2 

( :", - ~) , ( 
3
;, O) , ( 

5

3
" , ~ ) , and ( 2", I) which is shown in the 

following figure 

The graph of the function y = cos x is shown in the following figure 

y 

3n 
~ 

'f\.. n n 3n 
2rr -- -1T -- - " -

2 2 CI>-" 2 2 

'"°"',a 

The period of the function y = cos x is 2 ir . 

The domain of the function y = cos x is the set of all real numbers R . 
The range of the function y = cos x is the interval [ - 1, 1 ] . 

J.,:...l! 0\.4. : OJWI OJti.......I 
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2.5.4: The Graphs of tan x and sec x 

The graph of the function y =tan (x) is the line passing through all 

the points (x, tanx) on the xy-plane. 

The graph of y =tan (x) is shown in the following figure 

8 

; 

J 
' 

3 

'1 
·1 

--,----. -
y-tu·is 

-----,--- - --- .. ---- - --· 

j 

J x-axis 

-8 -L---L--.. 4-"--l__J_ _ ____J_ ___ L j 
-5 -4 -3 ·2 -1 0 2 3 4 5 

The graph of y=sec (x) is shown in the following figure 
y-axis 

:ro-~~~·---+-~, ·~--------J 

. 

1 

lrr -, 
·2 I 

. 

. ·- 0 

rr 

z 
3rr 1 
' I 

.,. --• . >r:-oxis 

•Ll-~-~~·cc· !---''-+-~~-!--'--·~ ·~-µ 
-5 -4 -3 -2 -1 1 2 3 4 5 

J.,.<:iti 04 : ii~LJI ;;jl:i.......I 
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Exercise: Draw the graph of the following trigonometric functions : 

I) y=csc(x) 

2) y=cot(x) 
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CH3 : Limits , Continuity and Differentiation 

S3.1 : Limits and Continuity 

Remark 3.1.1: If the values of a function y = f ( x) can be made as close 
as 
we like to a fixed number L by taking x close to x0 ( but not equal to x 0 ) 

we say that L is the limit of f as x approaches x0 , and we write it 
as 

lim f(x) = L 
X->Xo 

Also we can say that the limit of f as x approaches x0 equals L . 

Definition 3.1.2 : 

Let f be a function defined on the set (x0 - p, x0 ) u (x0 , x0 + p) , with 
p>O.Then 

Jim f(x) = L 
X--+Xo 

iff for each E > O there exists a 8 > O such that 

if O<lx-x0 l<o then I f(x) - LI < E . 

Theorem 1 : 

1) Jim x = x0 
x->Xo 

2) lim k = k 
x--+xo 

Theorem 2: If lim f(x) = L1 and lim g(x) = L2 , then 
X-Xo X-J.Xo 

1) lim 
X-->Xo 

[f(x) + g(x) J = L, + L, 

2) lim 
x-xo 

[f(x)-g(x) J = L, - L, 

3) lim 
X-+Xo 

[f(x) . g(x)] = L, L, 

4) lim [ k . f(x)] = k . L1 

5) 

x--+x0 

Jim f(x) 
x~x0 g(x) 

L, 
Lz if L2 * 0 
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Example 3.1.3 : Find each of the following : 

1. Jim 7 
x-.-2 

2. lim x(3-x) 
x-1 

3. Jim (x 2 +2x-1) 
x-3 

x-2 
4. Jim 

x 2 -5x + 6 x-z 

x 2 -5x 
5. lim 

x->O X 

Solution : 

1. lim 7 = 7 
.r-;.-2 

2. lim x(3-x)= 1(3-1)=2 
x-1 

3. Jim (x2 + 2x -1) = (3)2 + 2(3) - 1 9 + 6 - 1=14 
X->3 

x-2 
4. Jim 

x-z x 2 - 5x+ 6 

x 2 -5x 
5. Jim lim 

x-o x x-o 

Theorem 3: 

1) 

2) 

sinx 
lim -- = 1 

X->0 X 

1- cosx 

x 

x-2 
Jim - Jim 
x-z (x-3)(x-2) x-z 

x(x - 5) 
= Jim (x-5) 

x x-o 

0 

Example 3.1.4 : Find each of the following : 

1. 
sin4x 

Jim 
sin 5x x-o 

3x 
Jim 

sin 2x X->0 
2. 

--- PageJO 

1 
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2-3 
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ta11 x 
3. lim 

X--->0 x 

Solution: 

1. lim 
x-o 

2. lim 
x-o 

3. lim 
x-o 

4x. 
sin4x 

sin4x 4x lim 
sin Sx x--->O 

Sx. 
sin Sx 

Sx 

3x 3x 

sin 2x 
= lim 

x-o 

tanx 
--= lim 

x x-o 

2x. 

sinx 
cosx 

x 
I 

sin2x 
2x 

= lim 
x-o 

4 
-
5 

3 
-
2 

( 
sinx . ~) 
cosx x 

Exercise 3.1.5 : Find each of the following : 

1- cosx 
1. 

2. 

3. 

4. 

5. 

lim 
x--->0 x + sin x 

lim (1 +cos:':) 
X--->00 X 

lim 
y-.0 

sin2x 

2x2 +x 
tan2y 

3y 

(
sin x 

= lim --. 
x--->O -x 

=lxl =1 

co~x) 

Definition 3.1.6 : A function f ( x) is said to be continuous at x0 if 

1) f is defined at x 0 (i.e. f(x 0 ) = L where L ER). 

2) lim f(x) 
x-xo 

exists 

3) l.im f(x) = f(x0 ) = L .-x, 
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Example 3.1.7: Let f(x) - [ x
2 

3-2x 

Is f continuous at x = 1 . 

Solution : 

1) f(1)=1 2 =1 

2) Jim f(x) = lim .x 2 = 12 = 1 
.r:-+1- x-1-

x<l 
x>l 

lim f(x) = Jim ( 3 - 2x) = 3 - 2(1) = 1 
X--+1+ X--+1+ 

since Jim f(x) = 1 = lim f(x) 
x-1- x--+1+ 

Therefore lim f(x) exists and lim f(x) = 1 
X-1 X->1 

3) lim f(x) = 1 = f( 1) 
x-1 

Therefore f is continuous at x = 1 

Example 3.1.8 : Let f(x) = [ 2~ + 1 
x -2 

Is f continuous at x = -2 . 

Solution: 

1) f(-2) = (-2) 2 - 2 = 4 - 2 = 2 

if x < -2 

if x > -2 

2) lim f(x) = lim (2x+ 1) = 2(-2) + 1 = -4+1 = -3 
x--+(-2)- x-(-2)-

lim f(x) = lim (x2 -2) · (-2) 2 -2 =4-2=2 
.:r--+(-2)+ x--+(-2)+ 

since lim f(x) if' lim f(x) 
x-+(-z)- x--+(-z)+ 

Therefore lim f(x) does not exists 
x-+(-2) 

Thus f is not continuous at x = -2 . 
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Exercise 3.1.9: 

{ 

x2-zx-8 
Let f(x) = x+z if x * -2 

-3 if x = -2 

Is f continuous at x = -2 . 

S3.2 : Differentiation 

Definition of Derivative , Rules of Differentiation 

Definition 3.2.1: 

Let y = f(x) be a function and let the variable x receive a certain 
increment Ax. Then the function y will receive a certain increment 

Ay. Thus for the value of x we have y = f(x) and for the value of 
x+Ax ,we have y+Ay=f(x+Ax). 

Thus the increment Ay is given by : 

Ay = f(x +Ax)- f(x) 

Remark 3.2.2 : A is an abbreviation of difference ( in x, y ) and is not 

a factor. 

Forming the ratio of the increment of the function y to the increment 
of the variable x , we get 

Ay f(x+Ax)- f(x) 

Ax Ax 

is called the average rate of change of the function y = f(x) with 

respect to the variable x . Ay is also called the difference quotient 
Ax 

of the function y = f(x) . If the limit of this ratio as Ax approaches 
zero exists, that is 

I
. t.y . f(x+t.x)- f(x) 
1m -= l1m ~--~~~ 

4.x-+O Ax n.r-->O Ax 

exist, then the function is called differentiable and the limit ( lim t.y ) 
A.r--> 0 Ax 

is called the first derivative of the function y = f(x) with respect to 
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h. h . d d b /'( ) ' d y d d f( ) the variable x, w 1c 1s enote y x , Y , ti x , ti x Y •ti x x · 

Differentiation Rules: 

Let f(x) and g(x) be two differentiable functions (in the interval 

under consideration ) , then 

RULE! Constant Multiple Rule 

If f(x) is a differentiable function of x, and c is a constant, then 

d d 
-( cf(x)) = c -f(x). 
dx dx 

RULE2 Derivative of the Sum 

Iff(x) and g(x) are differentiable functions of x , then their 

sum f(x) + g(x) is differentiable , and 

d d d 
-(f(x) + g(x)) = -f(x) + -g(x) 
dx dx dx 

RULE 3 Derivative of the Difference 

If f(x) and g(x) are differentiable functions of x , then their 

difference f(x) - g(x) is differentiable, and 

d d d 
dx (f(x) - g(x)) = dxf(x) - dxg(x) 

RULE 4 Derivative of the Product 

If f(x) and g(x) are differentiable functions of x , then their 

product f(x). g(x) is differentiable, and 

d d d 
dx(f(x).g(x)) =f(x). dxg(x) +g(x). dx f(x) 
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RULE 5 Derivative of the Quotient 

If f(x) and g(x) arc differentiable functions of x and g(x) * 0 , 

then the quotient f(x) is differentiable, and 
g(x) 

ti ti 
!!__(f(x)) = g(x). d; f(x)- f(x). d; g(x) 

dx g(x) g(x)' 

Derivatives of Some Special Functions and the Chain Rule: 

1) Derivatives of Some Algebraic Functions: 

1) Derivative of a Constant Function 
ti d 

If f(x)= c , then dx f(x) = dx c = 0 

d . d 
Example 3.2.3 : If f(x)= 12 , then -f(x) = - ( 12) = 0 

dx dx 

2) Derivatives of a Power Functions 

d n n-1 Q -x =nx nE 
dx ' 

provided that x * 0 when n is negative . 

Example 3.2.4 : 

(i) f(x) = x , 

Find /' for each of the following functions : 

(ii) f(x) = x ', (iii) f(x) = x-', (iv) f(x) = x•' 

Solution: 

(i) f'(x)= x•-• = x" = 1 

(ii) f'(x) = 2x, _' = 2x 

(iii) f'(x)= -3x_,_, - -3x-' 

(iv) f'(x)= 0.3x•'-' = 0.3x-'·' 

J...;:,U 0'-4 : ii..1WI ii.'.:il.1.......1 
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Example 3.2.5: Find /' for each of the following functions: 

(i) f(x)=;x, (ii) f(x)=9x 2
, (iii) f(x)=4x- 3

, (iv)f(x)=x25
, 

Solution: 

(i) J'(x)=!:_ ( 1)= !:_ 
2 2 

(ii) J'(x)=9~(2x'-') = 18x 

(iii) f'(x)=4,((-3)x_,_,) = -12x-' 

(iv) f'(x) = 2.5 x z.s- 1 = 2.5 x '" 

Example 3.2.6 : Find 

(i) f(x) = x' + 5x-' , 

Solution: 

[' for each of the following functions : 

(ii)f(x)=x' -
3 

x' + 7x -14 
5 

(i) J'(x) = 2x - 15 x-' 

(ii) f'(x)=4x' -
3

C2)x + 7 - 0 = 4x' -
6 

x+7 
5 5 

Example 3.2.7 : Find f' for the function 

Solution: 
3 3 

J'(x)= 2x (15x' --, )+ (3x' +-).2 
x x 

3 
f(x)=2x(3x' + -) 

x 

0 s 6 ' 6 = 3 x - - + 6x + - = 36x' 
x x 

Exam pie 3.2.8 : Find /' for the function 

Solution: 

J'(x) = (3x+I). 2 - (2x-I). 3 
(3x+1)2 

6x+2-6x+3 5 
- -

(3x+l)2 (3x+1)2 

f(x)= 2x-I 
3x+I 

J._al! uU;.. : o~Wl o~li .... .:i 
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The derivative of the cosine function is the negative of the 
sine function : 

d . 
-(cosx)=-sinx 
dx 

Example 3.2.10 : Find f'(x) for the function f(x) = 3x' + 2 cosx 

Solution: f'(x) = 6x- 2 sinx 

Example 3.2.11 : Find y' for each of the following functions : 

(i) y=sinx-cosx (ii) y = 2sin x cosx ( 
... ) 3sinx 
lll y=---

cosx+ 1 

Solution: 

(i) y' = cosx + sinx 

(ii) y'=2sinx. (-sinx) +cosx.(2cosx) =-2sin'x +2cos'x 

( 
... ) , (cosx+l).(3cosx) - (3sinx).(-sinx) 
Ill y = 

( cosx + 1 )' 
3cos2 x + 3cosx + 3sin 2 x 

-
(cosx+l)' 

The derivative of other trigonometric functions : 
d 
-(tan x) =sec' x 
dx 

d ' -(cotx)=-csc x 
dx 
d 
-(secx) = secxtanx 
dx 
d 
-(cscx) = -cscxcotx 
dx 

Example 3.2.12: Find y' for each of the following functions: 
· (i) y = tanx + secx (ii) y = Scotx cscx 

J,...;:,I.! 04 ; O.lW\ O'.:itL..I 
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Solution: 

{i) y' =sec' x+ secx tanx 

(ii) y' =Scotx. (- cscxcotx) + cscx .(-Scsc' x) 

= - 5 csc x cot2 
.\'.' - 5 CSC

3 x 

Derivative of Logarithmic Function: 

The derivative of the natural logarithmic function is: 

d 1 
-(lnx)=-
dx x 

Example 3.2.13 : Find y' for each of the following functions : 

(i) y=4x'lnx ( "") 2lnx 
ll y=--

9x+l 

Solution: 
1 . 

(i) y'=4x'(-) + lnx(12x') = 4x'+ 12x'lnx 
x 

2 
(9x+l)(-) - (21nx)(9) 

(iiJ y' = x 

2 
18 + - - 181nx 

(9x + 1)' 
x 

=--~-~-

(9x +I)' 

Derivative of Exponential Function : 

The derivative of the exponential functions are: 

and d x J: -e =e 
dx 

Example 3.2.14 : Find /' for the function f(x) = Sx' e' + 4 e' . 

Solution: /'(x) = Sx' e' + e' ( 3Sx') + 4 e' = Sx' e' + 35x' e·' + 4 e' 



Implicit Differentiation (Derivative of Composite Functions) : 

Chain Rule: 
dy dy du 

Let y = f(u) , 11 = g(x) then - = -
dx du dx 

dy 
Example 3.2.15: Let y=6u' +511, u=lnx, find 

dx 
Solution: 

dy = 18u' +5 
du 

du 1 

dx x 
dy dy du 
dx =du· dx 

= (18u'+5)(_!.) = (18(lnx)'+5)(_!.) 

Example 3.2.16: 

(i) y=(x+4x')' 

Solution: 

(i) let u=x+4x' 

Thus dy = 6u' 
du 

dy dy du 
-=-.- = 
dx du dx 

x x . 

18 ' 5 
= -(lnx) + -

x x 

Find dy for each of the following functions : 
dx 

, (ii) y=ln(x' +3) , (iii) y= tan' x . 

, then y = u6 
• 

and du = 1 + 12x' 
dx 

6u'( 1+12x') = 6(x + 4x' )'(1+12x') 

(ii) let u = x' + 3 , then y = In u 

dy 1 du 
Thus-=- and -=2x 

du u dx 

dy = dy . du = _!. (Zx) = 2x 
dx du dx u x' + 3 

(iii) let u=tanx ,then y= u' 

Thus dy =3u' 
du 

and 
du 
-=sec1 x 
dx 

dy dy du 
dx =du· dx 

- 3u' (sec' x) = 3tan' x sec' x 
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In examples ( 3.2.15 and 3.2.16 ) we use the Chain rule to get the 
derivative of a composite function using substitutions, but also we 
can get the same results directly without substitutions, considering 
the following rules: 

!!_(f(x))" = n (f(x))"-'. f'(x), 
dx 

.!!_(In f(x)) = -
1
-. f'(x), 

dx f(x) 

.!!_( e""'' ) = ef<.'1 • f'(x), 
dx 

.!!_( sin/(x)) = ( cos/(x))./'(x), 
dx 

.!!_( cos/(x)) = (- sin/(x)). f'(x), 
dx 

.!!_( tan/(x)) = (sec' /(x)). f'(x), 
dx 

.!!_( sec/(x)) = ( secf(x). tan/(x)). f'(x), 
tlx 

.!!_( cscf(x)) = ( - cscf(x). cot/(x)). f'(x), 
tlx 

.!!_(cot f(x)) = ( - csc' f(x)). f'(x). 
dx 

Example 3.2.17: Find dy for each of the following functions : 
tlx 

(i) y=.Jx' + 4x , (ii) y =In( x' + 3x) , (iii) y = e" . 

Solution: 

(i) y = .J x5 + 4 X = ( x5 + 4 X )i 

.. dy = !. (x5 +4x)-J:. (Sx4 +4) -
dx 2 

Sx' +4 

Z~x' + 4x 

----·--~--·----- Page4-0 -------

_, 



Solution: 

(i) /= ZOx' -Zlx' +3 , y"= 80x' -4Zx 

(ii) y' = x' ( 4e'"' )+ e" (3x') = 4x' e" + 3x' e" 

y" = 4x' ( 4 e'·') + e" ( IZx' ) + 3 x' ( 4 e" ) + e'·' ( 6x) 

= 16 XJ e 4
x + 12x2 e 4

x + 12 x 2 e 4
x + 6x e 4

x 

= 16 X 3 e 4
x + 24x 2 e 4

x + 6x e4
:r 

(iii) y' = Zcos x- 9 sin x 

y" = -2 sinx- 9 cosx 

Example 3.2.19 : Find y' , y" , y"' and y "' for each of the following 
functions: 

(i)y=x'+x'-3x', (ii)y=e", (iii)y=sinx, (iv)y=cosx 

Solution: 

(i)y'=6x~+4x3 -9x2 , y~=30x4 +12x2 -18x 

, y"'= 120xJ+24x-18, y< 4>= 360x 2 +24 

( "") ' 2 ,, u y = e , y";;;; 4 e1x , y'" = 8 elx y( 4 > = 16 e1x 

(iii) ' y = cosx , y"=- sinx y'"=-COSX , y 141 = sinx 

(iv) ' . y =-SIRX y" = - cosx m • y =smx , Y( 4
) = cosx 

83.3 : L'Hopital Rule 

Suppose that f(x0 ) = g(x0 ) = 0, and both f'(x0 ) and g'(x0 ) 

· exist . Then lim 
X_,Xo 

f(x) 

g(x) 
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(ii) y = In ( x2 + 3 x) 

dy 

dx 
= ~1-. (Zx+3) = 

x 2 +3x 

(iii) y = e3x 

dy = e3x . 3 = 3 e3x . 
dx 

2x+3 

x 2 +3x 

Second Order Derivative and Derivatives of Higher Order: 

When we differentiate a function y = f(x) we get a new function y' 

(or dy or f'(x) or !!_ f ) which is the derivative of y = f(x) (or the 
dx dx 

first derivative of y = f(x)) . Now if this derivative y' = f'(x) is also a 
differentiable function , we can define the second derivative of y = f(x) 

(or the second order derivative of y = f(x) ) by differentiating y' (or 

dy or /'(x) or !!_ f ) , which is denoted by y" (or ddx' ~ or f"(x) or 
dx dx 
d' 
dx' f). 

Now if the second derivative y" = f"(x) is also a differentiable function 
, we can define the third derivative of y = f(x) (or the third order 

derivative of y = f(x) ) by differentiating y" (or d'~ or f"(x) or 
dx 

d 2 d3 
d 3 

-, f ) , which is denoted by y"' (or --{ or J"(x) or - 3 f ) . So 
dx dx dx 

long as we have differentiability, we can continue in this manner 

forming the fourth derivative of y = f(x) , which is denoted by y "' 
4 4 

( or d ~ or f" '(x) or .'!, f ) , and more generally the nth derivative 
dx dx: 

dn dn 
of y = f(x) is denoted by y "' ( or __.!:. or Jc'> (x) or -J ) . 

dxn tfxa 

Example 3.2.18: Find y" for each of the following functions: 

(i) y=4x'-7x'+3x, (ii) y=x'e" , (iii) y=2sinx+9cosx 

J..;,~ ~ : ;.>L.J1 ;:;;;...! 
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(ii) y = In ( x2 + 3 x) 

dy 

dx 
= 

I 
. (2x+3) = 

x 2 +3x 

(iii) y = e3x 

dy = e3x . 3 = 3 e3' . 
dx 

2x+3 

x 2 + 3x 

Second Order Derivative and Derivatives of Higher Order: 

When we differentiate a function y = /(x) we get a new function y' 

( or dy or f'(x) or .!!_ f ) which is the derivative of y = f(x) (or the 
dx dx 

first derivative of y = /(x) ) . Now if this derivative y' = f'(x) is also a 
differentiable function , we can define the second derivative of y = f(x) 

(or the second order derivative of y = f(x) ) by differentiating y' (or 

dy or J'(x) or .!!_ f ) , which is denoted by y" (or ddx'; or f"(x) or 
dx dx 
d' 
dx' J). 

Now if the second derivative y" = /"(x) is also a differentiable function 
, we can define the third derivative of y = f(x) (or the third order 

derivative of y = /(x) ) by differentiating y" (or d'; or /"(x) or 
dx 

d2 d3 dl 
-f ) , which is denoted by y"' (or _!'.

3 
or f"(x) or -, f ) • So 

dx' ITT ITT 

long as we have differentiability, we can continue in this manner 

forming the fourth derivative of y = f(x) , which is denoted by y "' 
4 4 

( or d ~ or f" '(x) or .'!.-. J ) , and more generally the nth derivative 
ITT ITT 

of y = /(x) is denoted by 
dn d" y"' ( or ____!'. or 1<''(x) or -J). 
dx" dx." 

Example 3.2.18 : Find y" for each of the following functions : 

(i) y=4x'-7x'+3x, (ii) y=x'e" , (iii) y=2sinx+9cosx 

J..,o\.3 04 : ii..iWI :;jli.......i 
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Solution: 

(i)y'=20x'-2lx'+3, y"=BOx'-42x 

(ii) y' = x' ( 4 e") + e" ( 3x') = 4 x' e'' + 3x' e'' 

y" = 4x' ( 4 e'" ) + e" ( 12x' ) + 3 x' ( 4 e") + e'·'· ( 6x) 

= 16 X
3 e 4

,. + 24x2 e 4
" + 6x e4

:r 

(iii) y'=2cosx-9sinx 

y"=-2sinx- 9cosx 

Example 3.2.19 : Find y' , y" , y"' and y "' for each of the following 

functions : 

(i)y=x'+x'-3x', (ii)y=e", (iii)y=sinx, (iv)y=cosx 

Solution: 

(i)y'= 6xs+4x3 -9x2 
, y"= 30x4 +12x2 -18x 

, y"'=I20x3 +24x-I8, y 14 )=360x2 +24 

("") ' 2 ,, II y = e ' 
y" = 4 e 1

:r 
' 

ym= 8e2:r 
' 

y''' = 16 e" 

(iii) y' = cosx n • m y 141 = sinx 
' 

y =- SIDX y =-cosx 
' 

(iv) ' . y" = 
m . y<4

l = cosx y =-s1nx - cosx y = SIDX 
' 

53.3 : L'Hopital Rule 

Suppose that f(x0 ) = 9(x0) = 0, and both f'(x0 ) and 9'(x0) 

exist. Then lim 
X-+Xo 

f(x) 

9(x) 
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Example 3.3.1 : Find each of the following limits by using L'Hopital rule: 

x 3 -1 
1. lim 

4x3 -x - 3 x~1 

1- cosx 
lim 

x +x 2 x~o 
2. 

3. lim 
3x - sinx 

x~o x 

4. lim 
.J4+x -2 

x~o x 

Solution: 

1. 

2. 

3. 

4. 

x3 -1 
lim 

x-i-1 4x 3 -X - 3 

1 - cosx 
lim 

X->0 X + x2 

lim 
3x - sinx 

x~o x 

lim 
.J4 + x - 2 

x~o x 

1 
2 .J4 + x lim 

X-•0 1 

lim 
x~1 

3x 2 

12x2 -1 

0 + sinx 
lim 
x-o 1 +zx 

lim 
x~o 

3 - cosx 

1 

1 
4 1 

-
1 4 

3 

12 -1 

sin 0 
1+0 

3 - cosO 

1 

[~] 

0 
-
1 

3 

11 

0 

3-1 

1 
2 

Example 3.3.2 : Find each of the following limits by using L'Hopital rule : 

1. 

2. 

lim 
x~o 

x - sinx 
xsinx 

x4 - Sx2 

lim 
x-o x2 +x-sinx 
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Solution: 

x - sinx 
[~] 1. lim 

x~o x srnx 

1 - cosx 

mi lim 
x cosx + sinx 

still 
x~o 

s1nx 0 
lim 

- x sin x + cos x +cos x 
0 

x~o 2 

x 4 - Sx2 

[~] 2. lim 
x 2 + x - sin x x~o 

4x3 -lOx 
still [~] - lim 

x~o 2 x + 1 - cos x 

12x2 -10 -10 
lim 

2 + sin x 2 
-5 

x~o 

Exercises: 

In exercises 1 - 6 , find y' and y" (the first and second derivatives 

with respect to x ) . 

1) y=x'+6x-5 

• 6 
2) y=3x --

x' 
3) y=7x' -3sinx 

4) y = Ssinxcosx 

5) y=3tanx+4secx 

6) y=2sinx-5cosx 

In exercises 7 - 9 , find the first and second derivatives of the given 
function with respect to the given variable. 

7) w=2u' -3u+l 

6
• 4 8) y= t -­

t 
9) v=t' -Ssint 

J..<:,l.9 04 : <i.lWI 'iijl.1.....\ 
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In exercises 10 - 12 , find y' by applying the Product Rule 

10) y=(4+x)(x' -2) 

11) y=(x+2)(x' +:X-4) 

3 
12) y=(4+x)(x' --) 

x 

In exercises 13 -17, find y'. 

13) y=tanx-3sinx 

14) y = Ssin 3x' + Fx 
15) y=3sinx-e' 

6) 
2sinx 

I y=--
3x 

2tanx-3x 
I?) y = _3_x_+_4_ 

I 
0 18 21 f" d ' n "' d (4) n exercises - , m y , y , y , an y . 

18) y=x' +6x' -25x 

19) y=3sinx 

20) y=cos2x 

21) y = e'' + lnx 

In exercises 22 - 24 , find the limit by using L'Hopital rule . 

22) 
x-1 

lim ~c---cc---0-
.r _.1 3x3 - x 2 - 2 

sin5x 
23) lim --

x ..... o x 

24) 
ex -1 

lim -c. -
x-o s1nx 

J,..;,,13 0"G:;.. : ii:.Wl O.'.lll.....I 
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53.4 : Applications of Derivatives: 

Slope and Tangent Line and Normal Line : 

The slope of the curve y= f (x) at any point P(x,y) is y'= f'(x) . 

The tangent line to the curve y= f (x) at any point P0 (x0, f(x0)) is the 

line whose equation y- rcx,) = f'(x0) which pass through the point P0 x -xo 

on the curve y= I (x) . 

The normal line to the curve y= f (x) at any point P0 (x0,f(x0 )) is the 

line whose equation Y - f(x,) = 
X- Xo 

1 

f'(xo) 
which pass through the point 

P0 on the curve y= I (x) . 

Example 3.4.1 : Find the slope of the curve of the function 
y = f(x) = x 3 - 2x 2 + 4 at the point (1, 3) . Then find the equation of 
each of the tangent line and the normal line to the curve at the point (1, 3). 

Solution: 

The slope at any point = f'(x) = 3x2 - 4x 

:. The slope at the point (1, 3) = f'(l) = 3 - 4 = -1 

y - f(l) = f' (1) => y - 3 = -1 
x-1 x-1 

y - 3 = -x + 1 => y + x - 4 = 0 

Thus the equation of the tangent line at the point (1, 3) is y + x - 4 = O . 

y - f(l) = - 1 => y - 3 = 1 
x - 1 f'(l) x - 1 

y-3=x-1 => y-x-2=0 

Thus the equation of the normal line at the point (1 , 3) is y - x - 2 = 0 . 

Example 3.4.2 : Find the slope of the curve of the function 
Y= g(x) = x 2 at the point (3, 9) . Then find the equation of each of the 
tangent line and the normal line to the curve at the point (3 , 9). 

J._:,:,.1..5 LJ\.4 : iiJWI o::iu.......! 
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Solution : g'(x) = 2x 

The slope of the curve at the point (3 , 9) is g' (3) = 2(3) = 6 

y - g(3) = g'(3) 
x - 3 

y- 9 = 6x -18 

y - 9 
--= 6 
x - 3 

y-6x+9=0 

Thus the equation of-the tangent line at the point (3, 9) is y - 6x + 9 = 0 . 

y - g(3) 

x - 3 

1 
g'(3) 

:; 
y - 9 1 

-
x - 3 6 

:; 6y- 54 = -x + 3 :; 6y + x - 57 = 0 . 

Thus the equation of the normal line at the point (3, 9) is 6y + x - 57 = O . 

Exercise 3.4.3 : Find the slope of the curve of the function 
y = h(x) = 3x2 - 1 at the point (-1, 2) . Then find the equation of each 
of the tangent line and the normal line to the curve at the point ( -1 , 2) . 

Exercise 3.4.4 : Find the slope of the curve of the function 
y = f(x) = x 3 - 4 at the point (2, 4) . Then find the equation of each of 
the tangent line and the normal line to the curve at the point (2, 4) . 
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CH4 : Integration 

S4.1 : The Indefinite Integral 

Definition : A function F( x) is anti-derivative of a function f( x) with 

respect to x if _<!_ F( x) = f(x) for all x in the domain of f. The set 
dx 

of all anti derivatives of f is the indefinite integral of f with respect to x 
, denoted by J f(x) dx i.e. J f(x) dx = F(x) + c. 

The symbol J is an integral sign . 

The function f is the integrand of the integral and x is the variable of 
the integration . 

Example 4.1.1: J 3x2 dx = x 3 + c. 

Integral Formulas: 

1) 
un+1 

J un du = - + c , n * -1, n rational 
n+l 

J du = J 1 du = u + c (special case ) 

2) fsinudu=-cosu+c 

3) J cos u du = sin u + c 

4) J sec2 u du = tan u + c 

5) J csc2 u du = - cot u + c 

6) J secu tan u du= secu + c 

7) J cscu cotu du= -cscu + c 

8) J 2. du = In lul + c u 

9) J eu du= eu + c 

10) 
a" J au du= -+c , a > 0 
In a 
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-
Rules of Indefinite Integration : 

1) J k f(x) dx = k f f(x) dx 

2) J - f(x) dx = - f f(x) dx 

3) J (f(x) + g(x)) dx = J f(x) dx + f g(x) dx 

Example 4.1.2: 

1) fdx=x+c 

x' 
2) J x5 dx = -+ c 

6 

3) J sin x dx = - cos x + c 

4) J cosx dx = sinx + c 

5) J sec2 x dx = tan x + c 

6) J csc2 x dx = - cotx + c 

7) J secx tanx dx = secx + c 

8) J cscx cotx dx = - cscx + c 

Example 4.1.3 : Find each of the following : 

1) J ( x3 + 7 )14 • 3x 2 dx 

2) f (x2 +4x+5)10 (x+2)dx 

3) J sin(3x) dx 

4) J 2x sin(x 2) dx 

5) f sin3 x cosx dx 

6) f 2cos2x dx 

7) J x2 cos(x3) dx 

8) f sec2 ( 7x) dx 

9) f csc2 ( 6x) dx 

10) J csc(5x) cot(5x) dx 
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Example 4.1.4 : Find each of the following : 

1) f ~ dx 
x 

2) f tanx dx 

3) f cotx dx 

4) f x+l d 
x2 +3x+z X 

5) f ex dx 

6) f 2x ex' dx 

7) f(7x 2 -5 e7x) dx 

Solution : 

1 f - dx =!nix[+ c 
x 

f f 
~nx tanxdx= -dx=-ln[cosx[+c 
cosx 

f f 
cosx . 

cotx dx = -.- dx =In [smx[ + c 
s1nx 

f x+l d f x+l d f 1 d 
xz+3r+z X = (x+2)(x+1) X = (x+Z) X 

f exdx = ex+c 

f2xex 2
dx = ex2 +c 

=In Ix+ 2 [ + c 

1) 

2) 

3) 

4) 

5) 

6) 

7) f 2 7 f 7 7x3 Se7x 
( 7x - 5 e x )dx = 7x 2 dx - f Se x dx = - - - + c 

3 7 

Exercise 4.1.5: Find each of the following: 

1) f cos4 x sinx dx 

2) f sec2 ( 3x) dx 

3) f x4 sec2 (xs) dx 

4) f sec' x tanx dx 

5) f sec2 x tan2 x dx 

6) f sec4 x tanx dx 

7) f x9 csc2 (x10) dx 
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S4.2 : The Definite Integral 

Definition : If f is a continuous at every point of La, b] and if F 1s 
any anti-derivative of f on [ a , b ] , then 

J: f(x) dx = F( b) - F( a) 

is called the definite integral 

4 
Example 4.2.1 : Evaluate the integral J, ( x 3 + 2x + 9) dx 

Solution : J
1
4c x 3 + 2x + 9) dx 

rr 

[ '.' + x 2 + 9x J: 
( 

2!6 + 16 + 36) - (; + 1 + 9) 

- 116 - 10.25 = 105.75 

Example 4.2.2 : Evaluate f
0
' sin x dx 

rr rr 

Solution: JJ sinx dx = [-cosx]i - 0-(-1) 1 

How to Find the Area : 

To find the area between the graph of y = f( x) and the x - axis over 
the interval [a, b] we should follow the following steps: 

Step 1 : Partition [a , b ] with the zeros of f 

Step 2 : Integrate f over each subinterval . 

Step 3 : Add the absolute values of the Integrals . 

Example 4.2.3 : Find the total area of the region between the curve 
y = x 2 + 2x and the x - axis over the. interval [-3 , 4] . 

Solution : x 2 + 2x = O ==> x ( x + 2) = O 
==> x = 0 or x = -2 

.. the area = IJ_:-32c x 2 + 2x) dxl + IJ~,C x 2 + 2x) dxl + IJ0

4
( x 2 + 2x) dxl 

= I [ x; + xz J~: I + I [ :' + xz L0

2 I + I [ :' + xz J: I 
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- I (-~+4)- (-~ +9) I +I co+o)- (-~+4) 1 

+ I ( 6: + 16) - (O + O) I 
'.'. + '.'. + 112 - 120 = 40 
3 3 3 3 

Example 4.2.4 : Find the total area of the region between the curve 
y = x 3 - 4x 2 + 3x and the x - axis over the interval [O, 2] 

Solution : x 3 
- 4x2 + 3x = 0 = x ( x 2 

- 4x + 3) = 0 = x ( x - 1) ( x - 3) = 0 = x = 0 (neglected) or x = 1 

or x = 3 (neglected) 

.. the area = IJ01c x 3 
- 4x2 + 3x) dxl + IJ,'C x 3 

- 4x2 + 3x) dxl 

_ I [" 4x' 3x' ]' I I [x' 4x' 3x' J' I - ---+- + ---+-
4 3 2 0 4 3 2 1 

I(~ - i + ~)- 0 I+ I (1
4
6 

-
3
3
2 

+ 
1
2
2 
)-(~ - i +~)I 

1
3-16+18 I + 148-128+72 - 3-16+18 I 

12 12 12 

How to Find the Area Between Two Curves over an Interval [a , b I : 

To find the area between the two curves f( x) and g(x) over the 
interval [a, b] we should follow the following steps : 

Step 1 : Partition [ a, b ] with the zeros of f - g 

Step 2 : Integrate f - g over each subinterval . 

Step 3: Add the absolute values of the Integrals. 

Example 4.2.5 : Find the total area of the region between the two curves 
f(x) = x 2 and g(x) = 2x over the interval [-1, 2] . 

--Solution: f(x) - g(x) = x' - 2x = 0 = x ( x - 2) = 0 

x = 0 or x = 2 (neglected) 
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· the area = lf~1 ( x 2 
- Zx ) dxJ + lf0

2
( x 2 

- Zx ) dxJ 

= I [x3' -x2 ]_01 I+ I [x: -x' ]: I 
- I ( 0 - O) - ( - ~ - 1) I+ I (:; - 4 )- ( 0 - 0) I 

l+!J+J-!J = !+! = ~ 
3 3 3·3 3 

How to Find the Area Between Two Curves : 

To find the area between the two curves f( x) and g(x) we should 
follow the following steps : 

Step 1 : Find the zeros of f - g , and let them be a and b . 

Step 2 : Integrate f - g over the interval [a, b] . 

Step 3 : Find the absolute value of the Integration found in step 2 . 

Example 4.2.6 : Find the area of the region enclosed by the parabola 
y = x 2 - 2 and the line y = x . 

Solution: f(x)-g(x)=(x2 -2)-x =0 ~ x 2 -2-x=O 

~ (x-Z)(x+l) = 0 ~ x=Z or x=-1 

.. the area = lf~1( x 2 -2-x) dxJ 

I [x' x' ] 2 I 
3--z-Zx -1 

27 = 4 ~ 
6 2 

Example 4.2. 7 : Find the total area of the region enclosed by the parabola 
f(x) = x 2 and the line g(x) = 2x . 

Solution: f(x) - g(x) = x 2 - Zx = 0 ~ x ( x - 2) = O 
~ x=O or x=Z 
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.-. the area = jf
0

2
( x 2 

- 2x ) dxj 

= I [ :' - x, J: I 

- l(~-4)-co-o)j 

- l
8

~
12

I = l-~I - : 
Rules for definite Integrals 

1) Order of integration : 

fb" f(x) dx = - f: f(x) dx 

2) Zero integration : 

f:f(x)dx = 0 

3) Constant multiple : 

b J.b J. k f(x) dx = k f(x) dx a a 
'I kE R, and thus 

b b 
f. - f(x) dx = - f. f(x) dx for k = -1 . 

4) Sum and difference : 

f:(f(x) + g(x)) dx = f: f(x) dx + f: g(x) dx 

5) Additively : 

f: f(x) dx + J; f(x) dx = f: f(x) dx 

Example 4.2.8 : Suppose that 

f..', f(x) dx = 4 , f: f(x) dx = -3 and f_~ h(x) dx = 6 . Find 

-1} f
3

1 
f(x) dx 

2) f_~ ( 2 f(x) + 5 h(x) )dx 

----------- PageS4 

f 



3) f_3

2 
f(x) dx 

4) f_', ( 3 f(x) - 2 h(x) )dx 

Solution: 

1) f
3

1 
f(x) dx = - f

1

3 
f(x) dx = -(-3) = 3 

2) f_', ( 2 f(x) + 5 h(x) )dx = f_', 2 f(x) dx + f_', 5 h(x) dx 

= 2 f_', f(x) dx + 5 f_', h(x) dx 

= 2 (4) + 5 ( 6) = 8 + 30 = 38 

3) f_~ f(x) dx = f_', f(x) dx + f
1

3 
f(x) dx 

= 4+(-3)= 1. 

4) f_', ( 3 f(x) - 2 h(x) )dx = f_', 3 f(x) dx - f_', 2 h(x) dx 

- 3 f_', f(x) dx - 2 f_', h(x) dx 

- 3 ( 4) - 2 ( 6) = 12 - 12 = 0 

Exercise 4.2.9: Evaluate the following integrals: 

1) 
0 f_ 2 ( 2 x + 5 ) dx 

2) fo' (xz +Vx.) dx 

3) f
0
" ( 1 +cos x) dx 

• 
4) f ~ ( 8 y 2 + siny) dy 

' 

5) f' z 2 xz dx 
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@ 
CH 5: Se~uences ci"d Series 

SS.I: A,-ithmetic Se1uence a.nd. Geoffie..tri"c. Se'//J.e.nce 

- Der:indioY1 5.1.I ; A ser;ence o[ n<lfmher5 is C! 5et of nuwibus 

afran/ed in Cl. Sfecific order'. 

EacJ, number is ca.ll-eol a term in the se'l""'ce .M<- fi,.-st owmber 

is co.lied the h"r"st Cerm anol. will be denoted bj a,, th< second. 

ni.1r>1her is called. the second. term aY1d will be olenoieal. 1:J a,, 

_ •.. , the nth nwm be,- is called the ntJ, teYm ctnd will be 

d.enoted - 11 an . 
, Jhe. sei_uence will be wYitten as a,, a,, ... , an, ... and 

will be denoteJ bJ [an] . 

'Definitior'I 5. J. 2 : IF i o.,,J is a. o'uen Se~l).ence anc!. Sn 

' is d,efineol bl/ 

, s 1 == a
1 

, 

_ : s 2 = a, -t- a 2 , 

: 5 3 .: Ol.1 -r a 2 + ct
3 

, 

, 
-:- • n 
. . ~ 
;_ Sn = a, -1- a 2 -r -·- + a,, == a; 

i~1 

tfr.e se71J.ence l s.,j will be ce1.llc.d an ,y,p,-,,,;te .series 

i atid. will be written a. s ~ _ 
J_ ~ ai , 
i l~/ 

-1 and the leYmS _Srt-w,:ll .b.e ca.l[ed_J:be._f1arfia.1 

_ _ _____ -r~s-~ cs 

sum_ o/- the_ 

_ _ DeFin1lion 5.l.3 .: .A s~uence oF numbevs 1n wnic.h each 



@ 
ieY-ni after the fiJrst teY-m is obtaiYJeol. b;; add.i"J a fixed 

fJumbeY- that is added is called the common d;ff,,,rence 

anol will be denoted btf d. 

Example 5. I. 'I : 7, 10, 13, 16, 19, ... is an a,-ithmetic 
• 

se7uence, since each te,-m afte,,- -the Hirst tum is obtain«/. 

bl/ addinrJ 3 to the f'reviou5 teYm. 

lYI th1"s ex'"'"Ple we have of.= 3 and 

a, - 7 

- C!2. - a, -t- ol - 7' + 3 =' 10 

0.3 a2 + ol JO -t 3 = 13 

-o'I C(3 + d 13 + 3 = 16 

Example 5. /. 5: Find t:he common d1ffe1'ence d for the 
• 

fo//owi/J anlhmeCic se7uence 

3,'l, 15 7 21, 2::; 7 ··­

Solklfion : 

ol= q_3 = {, 

oY ol = } 5 - 'f = b 

. OY o/ := 21 - I 5 := 6 

OY ol = 2 :;' - 2 I = 6 

Example. 5./. 6: Write the. ;:,·,-st seve!'l teons 

se7u.el'l_C.e whose fit"s t 

ol ==- "L~ 

term a
1 

= '{ __ and £ommo.YJ d;lfe>eence. 

I 
~ Solt.A.ti.DYi: 7lie fi,.st tet"m ci, = '1----- _______ _ 

1--n?e. ::>econd tenr1 a2 =C!,+d.='i-+'1 =13 

1 ·· -- -- - -- -- ---- - --- ---- -- -- - - - - --

' 

! 

I __ 



@ 

I 
! 

The. -third term ci3 = Clz-1-d = 13-t'l==22 

me f ot)rth tei'i'YJ a" - a .3 + d = 2 2 + q = 31 

1he. f;fth ten•n as a'1 + o{ = 31 + 'J = 'lo 

/he. sixth feYm a6 as+ cl = 40 +'I== 49 

me seuent:h term a,= a6 -rd = 4? + 9 = 58 

Exel'"c i se 5. /. 7 : WY"ite the firs! nine te,,.ms of ecu:.h of' the 

fol/owiYl!J C<Yithmetic 5e7uenceS if' ;;ou know that 

(I) a 1 = 3 anal. d. = -2 

(2) a, = ::; oind. d = 5 

(3) Cl
2 

= JO a'1J o/. = 4 

('!) O.'I = / 2 aY1d a
5 

= 17 

Rewio.vk. 5.1. 8 : r,,, the ayifhmetic Se<,t.lcnce with th< f1Yst 

iern'J a 1 and common d.,·f!/ei'ence. cl , -the nth terM an 

an = a 1 + (n-1) ol 

. Example 5.1. 'I: Fi"ol 
• 

se1uence -Z,5,tZ,---

So!uf:ion: 

a,= -2 arid. ol = 5-(-2) = 5+2 = 7 . 

-- a 10 = -2+(10-1),:;i =-2+9•'1=-2+63=6'1 

. a,2 -= -2 + (12-l)x-::/ =-2 +/Ix 7 ==-2+1Z= 75 .. ! 
i 

an = -2 -t (n-i)x 7 - - 2 -t 7 r'l - 7 -: ?YI - 'f 

Ex.e..-:cise .. 5.1.IO: FoY each of the Followi"! CIY"ithmetic 

' ) 
i 

-\ 

i 
I 
I 
i 



_(I) 2, 5, 8 , ii , · - -

. (2) 5 , 9 , I 3 , I i 7 - - -

(3) - 5 , 6 , I l , 2 8 , - - . 

S 5. 2 : (-/rithmetic Series aYJo/ Geometric. Series 

Definition 5. 2.1 : IF [anJ is an -
ihe corresjJonofi17 series L a 1 

L-/ 
Serie5 Cfl'l o/ the tc<'m5 -

" 

aY-ithmetic se7ueJ1ce, t-h<n 

is ct1.iled an arithmetic 

L. ~- is co.fled the nth pa,,.tt"a/ sum of the 
i :./ < 

lh eorem (/) : 

(i) the. nth paY.tia.L_,sum of an o.rithmetic .series 15 

S" = !2.(o.,+Dl,,) 
2 

(ii) 7Jie nth partial SUWI of an arithYnetic series 15 

Sn Yl a, + Yl(n-1) ol 
2 

Example 5.2. 2.: Find the sum of the first 100 f'osibue 

int~e.I' s. 

So.fu.tion : a, = I aYJol. 

100 ( I + loo) 
2 

== So (101) _ Soso . 

Example 5.2.3 ;c_f/nd.theSlAYYI of the fi"rst 20 ler-ms af 

- fhe. arithmetic se7ueYJJ:e.( the 2ot/, partioJ sum 

avithmetic _Se.vies )-.J.()_ ,J6 .. , 22 . _. 

of the I 

I 
j . 
I 

1 
I 
I 



So lu.iiovi · 

a, = 1 o aYI al ol -= / 6 - 1 o == 6 

20,10 + 20(20-1) x 6 =200+ 20(19) xo 
2 2 

200+ 1qox6 

200 + 1/40 1340 . 

Example 5. 2. '-I: !he sum of the hist 16 terms of an 

aYithmecic se7uence 1-s 80. If 0.
16 

= 20, find ci
1 

and o/ _ 

Solution: 

S 16 = 'f_ (a,+ a,6 ) = 8 (a,+ 20) = Ba.,+ 160 

80-160 

=? .8a
1 

-80 

-='?> a, - -80 -10 
8 

Since °',,; et1 + ( /6 - 1) ol t:hen 20 = -10 + 15 d 

=9- 15 d == 20 +JO .=? 15 d = .30 =p. o{ = 3o = 2 
15 

Example 5. 2. 5 : Find the .Sun? of the first 12 terms of the 
• 

se7uence II, J 8, 25 7 •.•• 

Solution : a, = II and ol = 18- II = 7 _ 

7h e ;fh l:erm et;_ = a 
1 

+ ( i - I) d = // + ( i - 1) , 'l 

,, 11+7i-'=1 = =!i.+'-1 

.... sn L.c1i+4) 
i:.I 

-12----

i _,_ s,
2 

== L (_1;_ -r '1) 
[=/ 

=-.!:];_ (-a,+ a.,,_)= 6 ( 11+88) 
2 

' 
' 
:-

=--K-x- 9.'l. = SCf.11 . 

Exercise 5-.2. 6: F/nol each of ti,~ followi'}!J sums: 
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(I) 

20 

I. (3i-IO) 
l =I 

(3) 

25 

I. 
i:::1 

(i-i-9) 

15 13 

(2) L_ (6i+s) 
l.=I 

('i) L. c2i +3) 
i::J 

DeFinition 5.2. Cl : A se7uence of nurnbeYS in which eac.h 

teYm after t"he h;-st term is obtained b! mu/t;pf;;i"!J 

the previous teYn? bJ a fixed nonze.ro Yea.I number is 

called Cf jeometric se7uence. 

1Jie fixed nonzero real number that is mv.lt,flied is 

called. the common Y'afio o.nd will be denoted b/ Y . 

. Exa"'?;o/e 5. 2. 8 : 3, 6, 12, Zl/, '18, ·-- is a ;;eome tric 

se?uence, since each teYm after the first teon ts 

obtained brJ muJiif/l/i"J the p,.-euious ter-m btJ 2 

I fl this example we Jtque Y" == 2 an ol 

a
1 

3 

Cl 2. Y' . GI I - 2 ( 3) = 6 

Cl3 Y. 0!2. - 2 ( 6) = 12 

Cl~ y. C<3 2 (12) = 2'{ 

i Examfle 5. 2. 9: Fi Yid. the common Y"a.tio Y- for the fol/ow;ng 

' 3e0Yl'let,.-ic se?uence 

.J 7 ' 21 ' 63-, l8'1 ' 
I 

Solution : 

OY y- =: -63 = "3 · 
;2 I 

OY V" - .1B..'i - 3 
- 6"3 -
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-Exo.m,ele 5.2. ID : Wvite the fiyst fiue terms of the !J'°m,tric 

Se1u.ence whose ,C;yst reYm a,= 3 and Common f"afio V'°' -2. 

Solution : Jhe fiyst tenn a,= 3 

/he second teYm Clz = Y'.OI, - (-2) x 3 = -6 

The t/.,;yd C<YM Df 3 - Y-.Cl2 = (-2) (-6) - 12 -
7he fouytf, teYm 0.4 = Y. C!

3 == (- z)x 12. - - 2'1 -
The F;!th f:cYJ?1 a - v. a

4 - (-2.)(-ZY) oo '18. 5 -

ExevciSe 5.2.11: Write the first seuen terms of '"'-Gh of 

the. fo!lowii} deoY>"letric se7ucnce if' dfolA know tha.t 

(1) 0.1 = - 6 ""'cl v = 2 

.(2) 01
1 

= 7 o.nd. r = - I 

,(3) 0(1 =cl./ o.nc/ Y-=5 

Revno.vk 5.2.12: In the. rfeomefric· se7uence wit/, the 

f/YS t feym ct
1 

<>Yid. tne CommoYI Yatio y , the nth term 

· b n-1 a,, is Jiuen 'j a,, = r . x ot 1 

Exo.mele 5. 2.13: f,-,,J 0!
5 

, a
1 

and an Por thc ;eomet,-/c 

se7ueY1ce 

So lutioYJ : 

5,10,20, ... 

I er, = 5 and_ r = 10 = 2 
5-1 s I .,,, __ as = 2 __ , 5 -=--2" x 5 = 1.6-"_5 = so __ 
,_, 6 

----.a, 

~ ~- .. 0.n 

2 .s ... =.2 x5.=-6#.x5 =32IJ. 

I 

I 

•. 



--

Exe>'cise. 5.2./'-i: For ea.ch of the followiYlj geo!J1etrt"c 

se1ue11ces, f;,-,ol_ r , cr
6 

aYJd a" . 

(1) 6 J 18, 5'1, .. . 

(2) 7 J - i J 7' J .. . 

( 3) - 2 J L/ J - .8 J ••• 

DefinitioYJ 5. 2.15 : IF l an J is a jeomeiy,-c se1uence _, 
"" then the corYesfoYJol17 series L ai. is ccx.lled a 

deome.!Yi~ sey/es a.YJd. th, terms z.~ 1 

.s ~ , n-1 JI d "= £'..-!Ai = lX 1 + r-a 1 +" a 1 +··· + Y ct, 15 ca e 
l= I 

lheor-em C 2) : 

, (l) The. ntJ, ;;artial SUW1 of ar!leometric Se.Yies is 

o:,(1-r") if y*/ 
J-r 

Y1 a 
1 

if r =I 

](ii) 7he. nth paYfial sum of a ;eome.lric. s_exi es. is_ 

I 
J 

... I 

I 

a, _ ,- a" 
I - Y' 

if Y 1' I 

iF_ IC=,_ 
- -------. ------·-··----- ---·----------- -·---- ... ·- ------i- ---

Examele. 5 .. 2. /(,: Fino/. the sum . s 7 .oF the f,"is_t seu.en 

te1ms of the ;eometric 5ejtleY1ce (the ?th fo.rtial sum of. 
1 

I 
1 



! 

-tJ,e. /Jeome.tvic sevies) Lf, 8 , 16, ... 

SolutioY}: 

y === JL == 2 ' ci, = '-! 
4 

-~!he. sum of the. fivst se<1eY1 tevr>'l.5 is 

4(1-2') '-1(1-128) 4(-12'1) s, ~ - -I 
1-2 -I 

-508 
508 

-I 

5 

Example s.2.11 Fin ol L 7 ( 4)' 
i::::.I 

Soli.d:ion a, = 7 ( 4) 1 = 2 8 

Cl2 - '1(4)
2 = '1(16) == 112 

, -
5 

_: L 1'('-l)L = Ss - 28( 1-L/s) 
i=I J-Lj 

28 (I -1024) 

-3 

28 (-102.3) 

-3 
-286'14 - '15'18 . 

-3 

ExeYcisr:. 5. 2.18: Fino/. each of: the. FollowiY/J: 

7 . ;[_ 2 (3)' j (I) 
r i::; I 

I 6-

L 
. 

I 
6 (2)' -i (2) i;:; I 

5 

-----r3) 'F 
. 
L 

'1 (cc2) 
i :;/ 

! -___ f__ 
I

I ( 'IJ_ 
l'==' 

I I 



___ j 
' 
j 

' 

"" 
De.f,·nition 5.2.1q: Let E..a,: =a,-tCf,_+-··+O,,+··· 

i.::.r 
he an infinite seri~s and let [Sn] , WheYe Sn=a,+a,+···+a" 

fov n =I, z, 3, -·· he the 5e?uence of partial 5UY11S of the 

infinite series . 

IF 1,·YY1 
n...,"" 

series is 

Sn exists otnd e7ua!s ci number S , the 

Sq id 

ua.lue S) anal. 
"" 

to be conue'iJent (and to canuege to the 

S is called the sum of fhe 1·n;:;nite. 

series L a'i 
,·.::::i 

IF l1m Sn Fails Co exist oY not a finite number", ,, .... "" 
the Serie 5 /5 diuegen t and has no sum. 

~ 

E.Xat'Y!p/e. 5. 2. 20 : f,-,,, ol th<- Sum of' the inf/nite 
. ) I 

series L-­
m==1 2m ' 

Soltihon : 

"". 
!fien L_ 

n?=I 

s, - l.. 
' 2 

52. = _.!_ + 3 
'I 'i 

, 
2 

s3 I +-' -rL .?... , -2 'I 8 8 

I 
- 2 +'I 

I I 
i---t--··-t--

8 2" 

2"-' 
2-" 

·=···l·--6> 

J _ 

2"-. I 

2" 

== //,,,., (1- _I ) 
r1.....,o0 2" 

. LR e.mav_k_.5 ._2_--2.J 

Jhe. .. ?.t~arne.tric._ . .5_e.rje 5 ... conuell es 

otnol ol;ueY-ges .. if _/r-1 ~I . . 
i 
I 
' i 



I 
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ExeYcise. s. 2. 2 2 : 

S t~te whetheY ea: ch of the fo!lo<4i"rJ sen es ConveYCJeS 

OY o/i11e"jeS , a.ool then f/nol the sum of the su·ies iF 

it COYlfJeY!) es 

"" 
( !) L. 

n=J 
2,,_, 

"" 
(2) L. 5 

()=I 3 n-1 

00 

L_ • 
(3) 3 ( 2"-1

) 

r1 =I 

"" L n-1 
(ti) 1(-1) 

Yl .:::;/ 

S S.3: Powe,.-USevies 2 T7Jor- SeYl·es anol i1o.c/uYian Series 

Def:initlon 5.3. I : A power sevies is a sey/es ofthe fo.-m 

"" ~ n 2 
L_ Cl0 X = a + a x + a x + -- . 
n=o 0 1 2 

: Def:itJi_tion 5.3_.2 : The. Maclu.Yian sevies foY a f,,nction F 15 ' 

flol + f 1(o) x + f"r0> x'+ ---+ F<•Jro! x"-r __ _ 
2 ! nf 

" (i.e. t(~) = ~(o) +f'(o)x+ f(o) 
2! 

X =O) 

2 F(n)(o) 
x +--- +--­

n1 
x"-r -- . abot.l.t' 

Examp/,,._ 5_.3.3_:_ f;;,J_ _the Mac.lu.ri.o.n_ seYieshY t"hc. £u.,,_cfion 
I - • 

-- - --t-.£(4-=-c.--x~-------- -
I r x f' x '' x 
f So!t.~.tion.:.Since rCx) __ =_e , C~)= e , f Ci<:>= e. , --- - ~ 

-- ---- i Fr">tx) = ex . 
! --- --- --i '' 
' 
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' 
! 
' 

--rr- f o 1 o F 11 ) o r1•) o 
1nen (o) = e =I ) F (o) = e-"' I ' (o = e =I_,--·; r_(•)=t'.=I 

1 cu1cl -this i.vif fies tl-w.-/: t!ie f/laclu.riavi series foY t/ie fur1ction• 

fcx) =ex is 
e"--:..:·F·cx) ·· f(oJ +-f'r.orx: + f"CoJ x'+ .. - + F

1")r0J x.11 +-::_ 
2 1 YJ I 

- I + I. x + _I_ X 2 + --- -t- _, xn+ ---
2:! !11 

o() 

L_ 
k=O 

I k _x -
k! 

f-xatVJple 5. 3. Lf : F1·nol. the. Maclurian .se.ries For f:h, ftAnc.tion 

Fcx) = eosx. 

Sol IA tioYl : S ,·flee F c:x.J = c.os x , I 

F (X) = -Sir\?<. , 
1/ F13

) (X) = Sir1 '.X Flx):=-Cosx ) ' . 
• 

(Zk) k (Zktl) k-tl 
F (X) = (-1) c.os x J F (?<) = (-1) sin?< 

--re- f (2k) k k k 
. 1T1eYJ (o) = (-1) c,,50 = (-1). 1 = (-1) 

f {2.k-+ I) k+l k_,.1 
and. . (o) = (-1) s1i1 o = (-1) . o = o _, an J tliis 

imphcs that the ;V/ac.furia.1'1 series for the Fu.nciion 

{(-,<.) = C.05 x i 5 

· 1 f'' z F(n) n 
cosx=.F-0<.J=f(a)+f(o)x+. (o) X+--·+ (o) X+---

21 n1 . . 

( J) z J ~ ( -\) 6 I +a+ - :X+o+---X+.o+ X+---
2! 6 4! 01 

x~ ~ x · I -- +X ____ +---
2 ! 4 ! 6'·! 

I -- "" zk ' 
i 
i 

' .! .. ---· L.. (-l)k x 
k=o (2 k) ! ' ·- .. - .... I 

Exevc,-se .. 5.3.5 : find. the NlacluYie<YI sevies foY t/ie funcfion ! 
i 

Fcx>-= sin x . I 
f-
' 

I 
I 



® . ])eFinifion-5.3. 6: 7he !O.yfo>'" Set"ies fo,,- the funcbori f 

about X =a is 

F r 1 f"(a) ' F1
"} a) n 

(OI.) + r (a) (X-0.)-/- -- (X-0.) + --- + (x-o.) + ---
2! n} 

"ReyY\<>-~k 5.3.7: The. ./Vlacluvian sevies a;,,, T7Jor Se>'"ies 

with a. = o . 

Example 5.3.8 firJd. the ia;lor series of CoSX abo1A.t X=211. 

Sali,dioYl 

S ,·flee. flX) = cos x 

f"(x) = -CoS X . . 

f l -
, (X) =-Sin.>< _, 

F
(S) 

, (X)= SiVIX .? 

F(2k) )< f(Zk+I) I<+! 
(XJ = (:-\) CDS X, (X) :=. (_-1) Sitl X.? ---

or f(Zk) k k J< 
: 1neYJ (27f) =o(-1). c.os(21f) =(-1) _I = (-1) a.,.,ol 

F(zk+')l27i) = (-l)!<+i_ sin (271") =(-l)k+'. o = o o.nd this 

iMplir:s that the T(J/oy series oP f(X) = Cos x abou.t 

x = 2-Jr is 

cosx ==- Fcx) = F (2:rr)-1-f
1
(21l")(x-2;r)+ 

+ -- -

Flt) z CnJ n 
( Z1f (_)( - 2 n) + f' i'.z1'J (X - 2.11") . 
21 y')/ . . 

. := cos (z;r) - siV1(2;r)(x-27r) _ CJJ5 (2.7r) (X-27')
2+ sin/zr) (X-27r) 3+ 

21 31 
C05(21') (X- 27f)~+ --- . - . 

y I 
I · ( I )z o ( )3 I ~ - 0 X-271)- -(X-2.lr + .-... X-271" + - (X-2.Jf) + '" 

21 31 'fl . . . 
i 

- -~ -----i-- ------ ·-· 

i ( 2. ( )~ 
' -- - ·! 

! 
r 
' ! 
i 
; 
; 

I· 

L:::: J._ X- 27!) + X-271" .. ~ 

i . - "" . 2 

! .. .. ---2~ ! 
.L (-l)k c~~~;~ 
k=o 

' 
I== 
! 
' 

I 

r 

-

I 

I 
I 

I 



Exo.mpk 5. 3. 'J~: Find. the l7!or Series for th< fuYlcl:ion 

f Ix) = ..L rxbou t X =I . 
x 

Sohdion: 

Si>'lce. f (x) = _I_ = x-
1 

x 
I -2 

1 f (X) = -I . X = --=.!__ 1 
x' 

f " -3 2 21 r!3> -4 6 - 3 ! (X) = 2-X -== -=-· , r (X) =-6X =-=- = 
x' x 3 x' x' 

F(k) k kl 
(X) = (-I ) . ' __ . 

Xk-H 

F (k) k }<.I k 
Tnen (1)=(-1). · =(-1).k! a.viol 

(I )k-t-1 

th&1.t the lal/lor 5-uics ciF' f('x) =f about 

I F" __I_= Fix) =fC1J-i-f (1)lx-1)-r ll) 
x 2! 

tJ..iis 1m!'lies 

x =I is 

Exefcise 5. 3. ID : f;,,,J -the Tar/for Sey1es for th~ fuYlcfion 

f(x) = I o.bout X==-1 

(ans. 

x 

j_ == f (X) = 
x 

k 
(~1). (X-t-1) ) . 



S 5. Lf : Fou.Y,.e1'" Sevies 

: Def1"n;·t,on 5.4./: The. foJJ.Yiev- seoes of a func!:1on f'lx) . 

. de{/YJed oY! ihe /r?iertJo.f -L .C::.. x ~ L is 

I 
l 
I 
i -

f (x) == 

where 

[ Remcirks s. 'f- 2' 

L 
J_ f f(x) 
L -L 

Y17i x 1--{!) 
L ...J . 

L 

' Suppose. thai: f is e<. f1Ancl:.ior:i )._ef',;.,eJ ove.Y the. 

symmetric i;'Jte..rva/ _ -L L x L__L_. ilss1AY/'1e that 
. -hf [.·I .L . 1 . . ___ f 15 - e..Xf YC'S51 - _._ . CIS _ ne r..ryoYlom.er:.rlC_ Se.Y1e:S 

.. J1cLea ___ bj e 7uo./ 1ox1 (1) ·- I£_ m __ o,f1d ___ YJ_ a Y"e 
___ _ p {)5,/:/ u e in t(J.e..r s _ . _7he>'l__ _ _ _ _ _ ___ __ . _ 

=~u J_J,)=Jb~; -- ,,~x ~J.:~ ~--~--~ ---=--=--====~ .. u --
-L L 



I 
I 
I 

(3) 

. U·l) 

. (5) 

f 
L -

LOS 

-L 

JL Si>1 

-L 

f L Si"' 

-L. 

n7f"x 
L 

n7f"X Co.S 

L 

11/r x 5 JYl 
L 

£x(J._m e_le. 5.~'1:3 _: £11ol 
_fhe __ f!uncl:i.on . __ ... _ J 

- - fO<) = [ X 

----1--
1 . 

f-Solul10YJ, _____ _ 

---f- 51'1c..e . L =X--, __ _ _ __ 

Wl l\"X 

L 
J.x 

rY1 7rX d .x 
L 

rYI 7/ x: cAx 
L 

0 

f ~ 

0 < )( <Jr 

---·IT 

m t YJ 

n1 =Yl 

·-· ··--- rkt:-n- a.o-==- ~-J::~()() dx­
--rr 

---'---~---~-~-)( 
0 

------------------ - --- ----------------··"' - --------- -- --

--- -· · -- -- -----=-_J_ __ F-1-(xJ-.,/x + -f-f-f-e-xJ- d x- ---- __ 
71 -7f 0 

---- - -- ·--- --- ------ -------- -.------·----- ---- ·------ - . -- -- ··-- ------- ----------- --- -- --- ---·----·-- -- - . 

o I f 7r ---- ---------- =- . .l_-f-....clx--+ · --- -X J-x-------- ---~ -
7f" -~ 71" 0 

- - ------- ------------------·- ----------------- ·-- - - ---- ------- -------------------- ----- - - --- -

---~~-Id-+- I -f +-l-7r J-r----
7r -7r 7r 0 

-- ----- -- ----- ------------ -- . ------------ -------- ·------- --
~ . 

-------- ::;---}.-(-+:Jr-)---+ :}-~ ~ )----==---) ~-~ -------



• ~-:_J}J//~er'bollc FwYJct1~115 
Def',y,·,1:,oYJ 6-1-1 : 

• (I) H!/f'erbof,-c. WSiYJ e of X - C.oS h X = 
J( -J( 

e + e 
2 

X -X e - e 

/(4) 

I 
' I 
i 

--- I 

! 
i 

2 

ia11h X _ 

. co th x = cash x 
sinh x 

X. -X 
e -e 

2 

I 

I 

I 
j(5) 1-l~terbolic ... Seca11t : .. 
! 

Sechx=~J­
coshx 

· 1(6) H(jperbq/ic cosecant: csc.h x =_I_ 

I 
eX+ ex. I 

, s~hx 
--- / ................. . 

- _2 __ ·f 
ex_ e-x 

--- -· j_ ·--····--· - - --···- -·- ··---·-····· - -- ·--·-·----·········· 
I 

--- --------------------- --------------------·------------------·------- --· ---- ---·- -------- ----

----· ---·--·--·----------------·------------------------- ---- --------- --- ! 

I-----------------·-----

---\---- --------· 



t]c/i' 
' ~! 

! 

\ 

!he. inverse hype,ybo{c 

j = S,-Ylh- 1 
X iff 

sir'le {UMc+1on 

X = S1"vih d 

The. invvrse 7perbolic G-OSIVJe fUN1c.+;oY1 is def,~d. 1:_,1 

j= eosJ,-I X. ift )(= QJS/,,d and /j ~o. 

.. [ 5,;,,,;1a,.,!J , l:a.11h , coth CVV'ld csch have. 1"nv<Kses , 

.... /.o/e.1otc:d hg ianh-1 7 eotll1 a,,,J cs.ch_,__ . 

I - - -
f Rewiaf"k 6 · 2 • I ..... ·-···-

; Se.ch ol.or:.s not ha.vr:. a. U.Y117u.e 1nvt:¥Se • 

_____ YJe. d.e.f,·vte. the invu-se h.;jp~.P.b.cse.c.a.nL.loj- __ _ 

, . f = Sec.Ji::' X ; ff X = Se.ch-~ O/Y1 J -#-?:-o 

------ - or - -{-f 1<1-:J) -I X ~ Seel. ;f ·,--i!·i'?-:-o-J-~---·--- -·· ·-·- · -

i 
i 
I . I 

I 
I 

i 

! 

____ Rewiads 6. ... 2.. 2. __ ........ ·----··----·----------···----····- ·-·-- _ 

--<- sJ·Y'lc....e.. _the. _XJP..t.u.r:al_lo~cuJ"tkmic___#w. c.t.ioY'J_Js__±t, e itlY.usL _ _ 

--<- '4 th e...ex.-p.DJ'Je t'l C :0. LJ..wa.cl.t."orl 1 tf,,Ul-fii e ; tl '2v{".s_e._ _ _,_ 

____ _:_ _.h 'i/-f-e,.fbollc . _f WAf.t.ims_.wi.a.0 ...be. e ~ss.d.--t~--1.e.L.l1"1.£_ofl-~ =~ _ 
·---- _JrJ.X-·--···. ---·-·----------·--- ······--··-··--·-- ·-· 

--+------- ------------·- --· -- ·-·------------·-····---·-- -----·---- ·---------------- ------·-· 



X = cos h (j ;:o,. /j J! o . 

2X e ~ z iJ I e + 

=O 

e,'& = x .± Jxz_, or 

' 
I 

I 
J, -1 ------ 9 - cos x 

----f-
l 

- --- -1 
_ __ _ I _s,,;..,,;1"".lj 

in(x+ J-x 2
- J~ -f-sillce c.o.slo-

1
X is ff,,~ i 

__ _ _____ __ }_o,"V,_y __ of_ __ tJ,e,Se. two v<>I~ 
of!--vj- ! 

' 

• 

-------· -·---------· -·--· ------ .. 
_ ____, ___ ia.Li.h

1 
_;;'. =----/ Jn I + X ----{-~ -X-<---1--J---------- ----: 

2. 1-x 
___ ,_ _______ -------------------------! 

---- ---------------------·--------------·----------·------------------' 

- --- --- --- --- ------- -- - --- --------- --- --- ----------------------- --,---
____,_ __________ _ -------


