10: Limits and continuity

Let f(x) be defined on an open interval about x , except possibly
at x,  itself. The limit of f(x) as approaches x, 1is the number L

lim f(x)=L.

X—>X,

The limit of a function f(x) as x-—x, never depend on what happen
when X = X,

Right hand limit lim f(x) =L

x—>xF

Left hand limit lim f(x)=L

X—>X,

A function f (x) has a limit at point x, if and only if the right and left hand

limit at x_exit and equal
lim f(x)=L < Ilimf(x)=L and lim f(x)=L

X—>x X—>X

10.1 The Limit Laws:

If L, M, C and K are real number and lim f(x)=L , lim g(x)=M

X—C

1) Sumrule IxiTc(f (X)+9g(x))=L+M

2) Deference IxiTc(f X)—g(x))=L-M

3) Product IXiTc(f(x)-g(x)) =L-M

4) Constant multiple iiTc(k- f(x))=k-L

5) Quotient rule lim fx_L , M =0
e g(x) M

6) power rule lim(f(x))"'s=L"*
X—C



EXAMPLE 1: Find the limit of the function f(x)=x*>+4x*-3 atx —>c

Sol:

f(x)=x3+4x*-3

lim (x® +4x? =3) =lim x* + lim4x? —1im3

X—C

=c®+4c*-3

X—2

Find the limit of function

a) The limit laws

1.
2.

b) Limit of Rational Function

lim (4)

X—2

Iim2 (5x—23)

. 3x+4

lim

x>-2 X+5
lim(x? — 2x +3)

Xx—1

lim +/x? +3x— 4

X—>3

2
.o X“+x-1
x—>-3 2X —4X
im (4
x—>13( )

4 2
HW Ex2: limX =X ~1

x>c x> +5

H.W Ex 3: lim +/4x?> -3

X—C

(To finding limits by calculating)
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EXAMPLE 1: lim X =2 _jim 200D iy 214122

x>l X—1 x-1 (X —]_) x—1

Ex 2: lim )(2_2
x—>2 X =4

x2 -9 Limit of Rational function can be
found by substitution if the limit of
denominator is not zero

Ex 3: lim
x—>-3 X +3 —

4
Ex4: |imX_—16

x—>2 X—2

. x-1
ExX5: lim
x—>1\/;_1

2
Ex6: lim>*_—3X—4
x—4 X—4

2_
Ex7: lim X 15
x>-4 X —5X+4

2 —_—
Ex8: lim* 12~ 5K
x=>5  X°—25

3_
Ex 9: ”m2><—8
x—=5X° —3X+2

4
Ex 10: lim*~2°
x—=5 X° —8

Hint a®—b®=(a-b)@* +ab+b?
a’+b® =(a+b)(@® —ab+b?

Ex 1 (¢ ~8)=(x ~2%) = (x~2)(x" + 2x +4)

c) Limit at infinity of Rational function



=
>
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To find Limit we can divide the
numerator and denominator by
highest power of x in denominator

1) L w
X

2) =0
o0
o0

3) L _

)0 %0
00

If the value of x —» o

3
EXAMPLE 1: Jim * —2¥*1
x> 2 + X —4X

Sol:
o 1
3 3 3
lim X X X
x->oo£ )(72_4)(3
D G &
2 1 2 1
1-—+— 1-——+—
lim X2 x3: 0 oo_1—0+O
X X o0 00
lim X*—2x+1 1
x>0 2+ X2 —4x> 4
5 3
Ex 2: lim 4x7 +2x4 +3x-1 ans (0)
x—0 2X" —3X" +2X—7
) 2X—-3
Ex3: lim———— ans (1)
x—>oy 4 AIx? -1
Ex4: lim—**2 ans (7/4)

3Xx+x%+1

d) Limit of Root function
If we have Root + number

X—>0




Root £ Root

EXAMPLE 1: Find limit of 2=Y**1 4t x 50
X
Sol:
lim 1-+x+1 1++/x+1 _lim 1-(x+1)
x>0 X 1+~x+1 H0x+x\/x+
1-x-1 . — X -1 -1
=lim =|im =
Hox(1+\/x+1) o0x(L+Vx+1) (L+Vx+1) (L+40+1)
_ -1 _1
@+2 2
HW Ex2lim vn?>+1-n
n—oo
IXx+1-+/2x

EXAMPLE 3: Iim >
Xx—1 X —X

Sol:
Ix+1-+2x . Ix+1-+2x JIx+1++/2x
lim =lim 5 .
x>l X2 —X x>l X2 —X X +1+/2x
X+1-2x _lim 1-x
Hl(x —X)(Wx+1++/2x) x—>1x(x 1)(VX +1++/2x)
_lim —(x=1 lim -1
x»lx(x DX +142x)  oix(Vx+1++/2%)
. -1 1
=lim =—
x>11-(V1+1+/2-1) 242
3 2
HW Ex4: lim 2% +8%°
x—03X" —16X
3 3
HW Ex5: lim= —2
x—>0x —a

11. Continuity



Continuous function: A function is continuous if it is continuous at each point
of its domain.
The Continuity test

The function y = f (x) is continuous at x =c if and only if all three of following

statement are true

1. f(c) exit “c inthe domain of f”
2. lim f(x) exit “f hasalimitat x —>c”

X—C
3. lim f(x)= f(c) ”The limit equal the function value”
X—C
Hint if f continues at x —cand g continuous at x —c
1. f-g

2. g-f
3. k-g | continuous
4

flg

EXAMPLE 1: Determine if the following function is continuous at x =17?
3x—-5 at 1
£() :{ X X #

2 at x=1
Sol:
1) f)=2
2) Iim f(x)=Ilim (3x —5)
x—1 Xx—1

= (3(1) -5) = -2
f@) = lim f(x)

The function f (x)is not continuous at x =1

H.W Ex 2: Determine if the f (x) is continuous at x =3 ?

x? -1 at x=3
fx)=1",
X*+2 at x =3
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x-1 at x> 2

EXAMPLE 3:1if f(x)=4¢x* -2 continuous at X =27
X+ 2 at x<2
Sol:
1) f(x)=x+2 at x=2
f(2)=2+2:4
2
2) 1im f (x) = limX_ =2 _ |jm X =2 (x+2)
x—2 x>2 X—2 X—>2 X—2

Iimz(x+2):2+2:4
f(2)= Iimz(x +2)

f (x) is continuous

X+3
2

. where is f (x) continuous, and where it is
X —

HW Ex4:if f(x)=
discontinuous ?

x% +2ax+3 X=2

find the value a if f(X)
X+4 X#2

EXAMPLE 5: if f(x)z{

continuous.

Sol:
1) f(x)=x*+2ax+3

f(2)=2°+2a(2)+3
f(2)=7+4a
2) lim (x+4)=(2+4)=6

If f(x) is continuous
f(2)= Iimz(x +4)

/+4a=6
da=-1 = a=-1/4
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EXAMPLE 6: For what values of x if the function f (x) = w

X*+3x—4

continuous?

Sol:
x> +3x—4=0
(x+4)(x-1)=0
X+4=0 = x=-4
x-1=0 = x=1
f (x) is continuous for all values of xexcept x=-4, x=1

EXAMPLE 7: Discuss the Continuity of

(X +1/x x<0
—x° 0< x<1
f(x)=4-1 1< x<2
X=2
X>2
Sol:
1. x=0
2. X200
X — 0% Case (1)
1) f(x)=-x°
f(0)=(-0)°=0

2) lIm f(x) = lim (x+}/x) = (0+1/0) = oo

im ()= lim (=x%) =0
x—0*

x—0%
lim f(x)= lim = f(x) discontinuous
x—0~ x—07"
1. x=1
2. Xx—>1 Xx=1
X —> 1* Case (2)

1) f(x)=f@Q=-1



2) lim f(x)= lim (-=x%) =-1

x—1" x—1"
lim f(x) = lim(=1) = -1
x—1* x—1*

The function is continuous x =1

l. x=2

X—> 2

2. X # 2

X —2°
1) f(x)=f(2)=1
2) lim f(x)=lim(-1)=-1

X—2~ X—2~

lim f(x) = lim(0)=0
x—2" x—2"

lim f(x)= lim f(x)

x—2* X—2~

f (x)is discontinuous at x =2

EXAMPLE 8: Determine all values of the constant a so that the following function
X>3

2
is continuous for all values of x f(x) = ax-d
4 X<3

Sol:

f(x) =a®x—a is continuous for x>3 at any value of a also f (x) =4is

Case (3)

continuous for x <3 that mean f (x) must be defined at x=3

1) f(3)=(3a’-a)
2) Iirsp f(x)= Iir2(4)=4
lim f(x)= lim f(x)

x—3" x—3~
3a’-a=4
3a’-a-4=0

(a+1) (3a—4)=0
a+1=0 = a=-1
3a—-4=0 = a=4/3




H.W Ex 9: for what values of x is the following function continuous ?

Xx—-1 )
if x>1
Jx -1
f(x)=45-3x —-2<x<1
6 X< -2
X—4
X2 +2 X <0
HW Ex 10: Let f(x)=<ax+b 0<x<l1
3+ 2x— X2 x>1

Determine aand b so that the function f(x)is continuous everywhere.

Sol:
im f(x)=lim (xX*+2)=0%+2=2 x<0
x—0"

x—0"

f (x)must be =2 — x=0
f(x)=ax+b

ax+b=2
a0)+b=2 = b=2

lim f(x) = lim 3+ 2x — x2)

x—1* x—1*

=(3+2(1) -1%) at x=1

=4

f (X) must be =4 — at x=1

ax+b=4
a()+2=4

a=2

H.W Ex 11: Determine if the following function is continuous atx=0



X
f(x)=<2 if x=0

x2—4x+1 at x>1
2X—3 at x<1

H.W Ex 12: Determine if the f (x) :{ continuous atx=1

H.W Ex 13: Suppose that f(x) = x> —3x*—4x+12and

f(x)
—= for x#3
h(x)=4x-3
Kk for x=3
Find: a) all zeros of f
b) the value of k that h continuous atx=3



