Rule of Derivatives: Let ¢ and n are constant, u, v and ware differentiable

function of x:

1. —c=0
dx
2 —u”_nu”‘ld—u
dx dx
d 1 1 du
3. —(F)=———
dx(u u? dx
4 icu=cd—u
dx dx
d dv du d dw dv du
5. —(u-v)=u-—+v-— and —(@U-v-W)=U-V—+U-W—+V-W—
dx( ) dx dx dx( ) dx dx dx
du _ ydv
6. i(E)zvo"‘—zudX where v =0
dx v v

EXAMPLE 1: Find g—ifor the following function.

1. y=0¢+1)°

Sol:  y=(x*+1)°
y' =5(x* +1)*(2x)

y' =10x(x* +1)*

2
x* -1
2. Yy=———"——
Y x=2
Sol:
y,_2x(x2+x—2)—(2x+1)(x2—1)
(X% + x—2)?
;225 —Ax =23 +2x - x*+1 X" -2x+1
(X% + x—2)? (X% + x—2)?




HW Ex3: yzg—i2+i4
X XX

HW Ex4: y=(2x®-3x*+6x)
2
HW Ex5 y=_* "1
X"+ X—2

x? -1
X+1

EXAMPLE 6: y=

Sol:
, (X)) -(* -1 2x*+2x—x*+1  x*+2x+1
(x +1)? (x +1)? (x+1)?

EXAMPLE 7: y=3/x* = y=x?°

’ 2 -1/3
=—X
y 3

The chain rule

1. Suppose that h=g-f is the composite of the differentiable functions
y=g(t) and x= f(t), then h is a differentiable function of x whose

derivative at each value of xis

ﬂ_dy_dx

dx dt dt

, X=~/4t+1

EXAMPLE 1: Find ady if y=-
dx tc+1

Sol:
y=(*+)7", x=+at+1

dy_dydx_ §(+D"
dx dt dt 4 (4t+1)"?



- +DF2t) -2t (tP+D)?
Lat+)™2.4  2(4t+1)7V?

I A (S
(4t +1)72
2. If y is adifferentiable function of t and t is a differentiable function of x
.then vy is a differentiable of x:

y=9(t) and t=1f(x)

dy _dy dt
dx dt dx

EXAMPLE 1: Use the chain rule to express% in terms of x andy

, t=+/2x+1=(2x+1)"?

Sol:
dy dy dt (t*+D2t-t*(2t) 1

(2x+1)72(2)

dx dt dx = (t2+1)? 2
3 3
2 +22t—22t (x4 M2
(t°+1)
_ 22t . 1 bt
(t* +1)% J2x+1
2+2x+1 1 2

T(2x+1+1)? J2x+1  (2x+2)



Sol:

t-1) 1
y (t+1) R T

dy _dy dt
dx dt dx

dy _dy/dt y:(tﬁf

dx dx/dt t+1

4?—1]t+1—a—n
t+1) (t+1)?

dy _
dt

dy 4(t-1)
dt  (t+2)°

_4(2-))
2 (2+2)°

dy
dt

=4/27

1
X:t_2_1
dx
dt

_=2_ _1/a

T 43
t=2

dy _dy, dx

=R 4127 £ (~1/4) =-16/27
dx dt dt

EXAMPLE 2: Use the chain rule to express gi

in terms of x andy

at t=2



Higher derivative

If a function y = f (X) possesses a derivative at every point of some interval. We

may form the function f’(x) and take about its derivate if it has one.

dx?>  dx dx

This derivative is called the second derivative of ywith respect to x. In some

2
Y- (h=2 1

manner we may define third and higher derivatives using similar notations.

EXAMPLE 1: Find all derivatives of the following function.
y=3x3—4x*+7x+10

Sol:
y' =9x*—8x+7
y"=18x-8
y!”:18
yHIIZO
EXAMPLE 2:
y:£+\/F =y=x1t+x¥?
X
Sol:
' 1 3 1/2
=——+—X
y x2 2
" 2 3 -1/2
= —+—X
NI
ym: £_§X73/2



6 3

S

Implicit derivative

If the formula of f is an algebraic combination of power of x and y.To calculate

the derivative of the implicitly defined functions. We simply differentiable both

sides of the defining equation with respect to x .

EXAMPLE 1: Find %for the following function.

1. x*y?=x*+y°
Sol:
X22yy' +2xy? =2X+2y Y
X22yy' —2yy =2x—2xy?
Y (2x%y —2y) = 2x — 2xy?
y' 2x = 2xy* _ x—xy’
2x*y =2y x’y-y

2. XY _»
X—2Yy

Sol:
2X—4y=x-Y

2-4y'=1-y'
2-1=-y'+4y'
1=3y'

y'=1/3

3. Xy+2x-5y=2 at (3,2)

Sol:
Xy'+y+2-5y'=0

y'(x=5)=-y-2



_—(y+2) -(2+2) -4 o

Y= x5 T (3-5) -2

EXAMPLE 2: write an equation for the tangent line at x=3 of the curve

f()=——
N2X+3
Sol:
Equation of tangent line y -y, =m (X—X,)
y= 1 at x=3 = y—i—1
V2x+3 Jo 3
P (3,1/3)
' dy d -1/2
The sl f —=—(2x+3
e slope of y = o dx( X+3)
y' =-1/2(2x+3)7'% (2)
y’—_—1 y at x=3 = -1 -
(2x+3)*'? (2Q)+3)** 9%
1 1 1
S BT
y’——i
27

(y—-1/3) =(-1/27) (x—3) Equation of tangent
y—-1/3=-1/27x+1/9
y=-1/27x+1/9+1/3

y=-1/27x+4/9

y+1/27x—-4/9=0



Trigonometric function

) d . du
1. sinu —sinu=cosu—
X dx
d . du
2. cosu —COSU =-SInu—
X dx
3. tanu 9tanu=sec2ud—u
X dx
4. cotu 9cotu = —csczud—u
X dx
d du
5. secu —secu=secutanu—
X dx
d du
6. cscu —CScu =-cscucotu—
X dx
d du
EXAMPLE 1: Prove that ;tan u =sec? ud—x
Sol:
d dsinu
—tanu=——"—7-
X X cOoSUu
_cosucosu —sin u(=sin u) du
cos?u dx
_cos’u+sin“udu
cossu  dx
1 du , du
=————=SeC°U —
cos“u dx dx
d du
EXAMPLE 2: Prove that ;Secu =secutan u&
Sol:
d d 1 1 ) du
—secu=— =————(=sinu)—
X dx cosu coS“u dx
_sinu 1 du

~ cosu cosu dx



=secutan ud—u
dx

dy
dx
1. y=tan(3x?)

EXAMPLE 3: Find for the following function

Sol:
dy 2,002 _ 2 (32
il (3x%) (6x) = 6x5ec”(3x)

2. y=(cscx+ cotx)?

Sol:
dy 2
X 2(csc x + cot x) (—csc xcot X — €sc” X)
X
= —2cscx (CSCX + cotx)?
Hint:
. du
1. y=sin"u "=nsin"u cosu—
y y X
2. y=cos'u y' =ncos" u(-sin u)g—u
X
3. y=tan"u y' =ntan"tu sec?u !
dx
4. y=cot’ '~ neot™Lu(—csc?u) 3
. y=cot'u y'=ncot" " u(-csc u)dx
5. y=sec’ '— nsec™ du
. y=secu y'=nsec’ "u(secutanu) ™
6. y=csc’ '~ nese™tu (- du
. y=cscu y'=ncsc” u( cscucotu)dx

EXAMPLE 1: Find g—ifor the following function.

1. y=tan?(cosx)

y' = 2tan(cosx)sec?(cosx) (—sinx)



y' = —2sinxtan(cosx)sec? (cosx)

y =sec’ x —tan” x
y' = 4sec® xsecxtan x —4tan® xsec? x
= 4sec” x tan x — 4tan® xsec® x
=sec® x(4sec® x tan x—4tan® x)
2. =2tan(x/2)—x
y' =2sec?(x/2)-(1/2)-1
=sec’(x/2)-1
y' = tan®(x/2)
3. y=cot’x
y' =3cot? x(—csc? x)-1
y' =—-3cot’ x csc? X
4. x+tan(xy)=0
1+sec(xy) (xy' +Y)
sec?(xy) xy'+sec®(xy)y =—1

xy' sec?(xy) = —(1+ ysec®(xy))

,_ —(1+ ysec*(xy))
~ xsec?(xy)

5. y=2sin X xcos2
2 2

X 1 . X, 1 X
'=2c0S— - = —(X(—sin =)-=+Ccos—
y 55 (X(Esin2)-2 5)

X X _. X X X _. X
=C0S—+—SINn ——CO0S— =—_SIn ~
2 2 2 2 2 2



Transcendental function derivative

1- Logarithm function 4w i& gt dlial)

d 1 du
(DIf y=Inx . 0 dx
EXAMPLE: y=Inx
, 1
y =-
X
d d Inu 1 1du
—log,U=—(~——)=————
2) dx Ja dx(lna) In au dx
EXAMPLE: y = log, x = X — y' =
Ina
In x 11
3)If y=logx=—— ===
()1t =log In10 =Y In10 x

d -1 1 du

ax 9T U In10 dax

EXAMPLE 1: y=In(sin x—secx)

, _ COSX—secxtan x
Sin X —sec X

EXAMPLE 2: Find g—y for the following function:
X

1. y=Ilog,,e”
Sol:

y=xlog,,e = y'=log,e



Sol:

Sol:

Sol:

Sol:

. y=logs(x+1)°

y=2log:;(x+1) = y=2|n(x+1)
In5
y’ZZ#
(x+1)In5

. y=log,(3x* +1)°

2
y=3log,(3x*+1) =y _ 3@ +1)
In2
, 6X 18x

:3 5 = 5
@2+ In2 (3x%+1) In2

y

. Yy+Ihx+ihy=1 find y'

y+1+1y:o
Xy

v 1 1
Y+ =—
Yy X

L, y+1 1
y(y_):__
Yy X

' y

y :_x(y+1)

. sin(Iny) = In(x* =3x+1)

2X—3

cos(lny)-ly’——
yo o x*=3x+1



, 2x—3

- y(2x-3)
~ cos(Iny) (x? —3x+1)

EXAMPLE 6: If y =In(t) t = In(x* -1)

Sol:
dy _dy dt
dx dt dx
@ _ dln(t) S In0x? =)
dx
y = 1 2X
t(x—D
t=In(x*-1)
, 1 2X
y =

In(x* —1) (x*-1)

L) J) gl g) Buaal) J) gal) Akiia Mo (B Arast L& o) ALJAl) aladind) ¢Say Ad2adla

EXANPLE?:FMng'mrmeRMmMngﬂmdMW
X

X

1. y=X
Sol:
Iny =Inx*

Iny=xlInx

ly’=x1+lnx::>y':y(1+lnx)
X

y

tanx
2

. y=X
Sol:
In y =tan xIn x



Sol:

Sol:

1 ’ 1 2
—y'=tanx —+sec” xInx
y X

y =y (taﬂ+sec2xln X)
X

.y =sin xtan Xcos xsec X cot X

In y =In(sin xtan xcos xsec x cot x)

In y =Insin X+ In tan x + In cos x + In sec x + In cot x

1 , cosx sec’x -—sinx secxtanx —csc?x
= + + + +

y~ sinx tanx  cosx Sec X cot x
sec? x csC? X

y' = y(cotx + —tanx+tanx — )
tan x cotx

y' = y(cotx +sec” xcotx — csc” xtan x)

\/ xsin X [ xsin x ]1/3
y=3 7 = y= 5
(x=1D(x“+1) (x=1D(x“+1)

XSinx
(x—=1)(x* +1)

my—lm
3

Iny =%[In X+ Insin X — (IN( x =1) + In( x* +1))]

!

11 cosx 1 2x
3'x sinx (x=1) (xX*+1)
2X
-
(x=1) (x*+1)

y'=X(1+cotx—
3 X



2- Exponential function If is u any differentiable function of x then:

1) i:a“ =a" Inad—u
dx dx

ol du

2) i:eu — ol =
dx dx

EXAMPLE 7: Find g—y for the following function:
X

1. y:23X
y' =2¥3In2

2. y=(2)" = y=2"
y' =2%In2(2) =2%"In2

3. y= x2X
r_ x2 x2 _ x2 2
y'=x2" In2(2x)+2" =27 (2x°In2+1)

4. y=e 1-5x°2 :e(1—5x2)1/2
ez 1 2y-1/2 __@-sx2)¥2 DX
y =¢ -=(1-5x")""°(10x) =e 27
2 J1-5x2
5. y — e7x
yl — 7e7X
6. y — etanx

r __ Ltanx

y =e"™™sec” x



7. y — 3tanx

y' =1n33"™sec? x

8. y= x2*
y' =xIn2 2% (2x) + 2©°

9. e =In(x? + y?) +sinx+tan x

2X+2yy'
e(x+Y) (1+y)= z—yzy +COSX +5ec? X
X"+y
. 2x 2yy'
e(x+y) +e(X+y)y — + Zyyz +COSX +sec? X

X2 +y? XP+y

,2yy 2X
gty VY +COSX +sec’ x —e**Y)

X2+y2 X2+y2

2 2X
y e ——2Y y_ X cosx+sec® x—eY)
x> +y? xP+y

+c0S X +sec? x —e*tY)

, X2+ 2
y=2"J
(e(x+y)_ 2y )
X2 + y?
10. y* =x’
Iny* =Inx’
XIny=ylnx
xl+lny=y£+lnxy’

X

Ey'—y’lnx=X—Iny
y X



yE - =Y Iy
y X
Z—Iny
y = X
——Inx
y

Inverse function

1. Trigonometric function

@ dsinty=— 1 _d
X J1—y? dx
(2) dcosty———t _au
X A1—u? dx
d, 4 1 du
3) —tan"u= —
3) X 1+u? dx
d 4 1 du
4) —cot™u=— —
4) X 1+u? dx
d 1 du
(5) —seC U=———— u>1
X ‘u‘qluz -1 dx
d 1 du
(6) —csCuU=——+——— u>1
X ‘u‘ 1/u2 -1 dx
EXAMPLE 1: Prove that 9sin—lx =
X 1-x?

Proof:
Let y=sin"x

X=siny
ix = 9(sin y)
dx X

1:cosyd—y

dx
sin®y+cos’y=1
cos’ y=1-sin’y

cosy=+1-sin?y



dy 1

dx Fsy

dy _ 1

dx J1-sin?y
dy 1

dx J1-x?

EXAMPLE 2: Prove that 9tan Ly = .
X 1+x

Proof:
Let y=tan'x

X=tany
ix:g(tan y)
dx X

1=sec? yd—y

dx
dy 1
dx sedy
dy 1
dx 1+tany
dy 1
X 1+x2

EXAMPLE 3: If y=tan!(x*-x) find g—i

Sol:
yo Lo 21
1+u®  1+(x*=x)°

EXAMPLE 4: If y=sinIn(x) find Yy’
Sol:

1+tan’y =sec’y



y = 1 1/x
Vi-u? 11— (In x)?

EXAMPLE 5: y=e® @ find y’
Sol:
y' = etan‘l(3x) 3

1+ (3x)?
EXAMPLE 6: y=In(e"" * —tanx)
Sol:

gsinx 1 1

, J1—x® 1+x

y - sint x

e —tantx

EXAMPLE 7: If y=cot?2/x+tan*x/2
Sol:
,_—(—2/x2)+ 1/2
1+(2/%x)% 1+ (x/2)?
y' 2/ x? L 12
1+4/x% 1+ (x/2)?

y

EXAMPLE 8: If y =sin *(X=Y) find v’
X+1

Sol:
x+D@Q)-(x-D(@) x+1-x+1
Y= (X +1) _ (x+p°

x—=1,, x—1,,
G Gy

. 2/(x +1)2

-_¢L%X_lf

X+1

EXAMPLE 9: If y =sec(5x) find Y’



Sol:
, 5

y =
5x/25x% —1

.. d
EXAMPLE 10: If y = x-Insec x find d—i
Sol:
1
[ 2
y = fo+ In(sec™ x)
seC "X
’ 1 -1
y + In(sec — x)

X2 -1 sectx

EXAMPLE 11: y=3" "9 — find v’
Sol:
2

yr —In3 35in’l(2x)
V1-4x?

Hyperbolic function
If u is any differentiable function of x

1. 9sinh u =cosh ud—u
X dx

2. 9cosh U =sinh ud—u
X dx

3. 9tanh U =Ssec hzud—u
X dx



4, 9coth U =—CSC hzd—u
X dx

5. 9sec hu = —sec hu tanh ud—u
X dx

6. 9csc hu = —csc hucoth u du
X dx

EXAMPLE 1: Find g—i for the following function:

1. y=coth(tan x)
Sol:
y' =—csch?(tanx)sec” x

2. y=sin(tanhx)
Sol:

, sec h2x sec h?x
= =sech x

CVi—tanh2x  Jsech?x

3. y=Intanh x/2

Sol:
1
,_sech2x/2 -/2) 1 cosh?x/2
~ ftanhx/2 2 silh x/2
cosh x/2

' 1

y =— =— = cschx
2sinhx/2-coshx/2 sinhx

4. y=xsinh2x—3cosh2x

Sol:
y' = xcosh2x- 2 +sinh2x —%sinth- 2

y' = 2xcosh 2x



5. y=sech’x

Sol:
y' =3sech’x (—sechx -tanh x)
y' =-3sech®x tanhx)
6. y=csch’x
Sol:

y' = 2csc hx(—csc hxcoth x)

y' = —2csch®xcothx

d d
EXAMPLE 2: Prove that -_tanh u = sec hzud_z
Sol:
9tanh u :g(smh u)
X X coshu

_ coshu coshu §! —sinhusinhu

cosh?u
_(costfu-sinhu) % 1 du
cosh?u cosh’u dx

9tanh U =Sec hzud—u

X dx
d du
EXAMPLE 3: Prove that ;sec hu = —sec hu tanh u&
Sol:
d 1 1 . du
sinh u—

“dxcoshu  cosh?u dx



=-—sechutanh u d_u
dx

EXAMPLE 4: Show that the functions

2 .
X=-7 sinh(t/+/3)  y= \/_smh(t/\/§)+cosh(t/x/§)

Taken together, satisfy the differential equation

l. %+2dy+x=0
dt dt
dx dy
. — =0
g Y
Proof: |
dx 2
— cosht/\/§
dt 3 ( \/_
dy_ 1 cosh(t/~/3) +S|nh(t/\/§
dt 43 \/_ \/—

l. ?COSh(t/\/é)-i-z3COSh(t/\/§)+\/§Slnh(t/\/§)+\/§Slnh(t/\/§) 0

I, ‘?2 cosh@t/+/3) - % cosh(t/ﬁ)—%sinh(t/\@) +% sinh(t/~/3) + cosh@t/~/3) = 0



