The Inverse hyperbolic function If is u any differentiable function of x then:

1. 9smh 1 du
" i u? dx
2. 9cosh‘lu— 1 du
u? —1 dx
3. —tanh tu= 12d_u 1
X —u” dx
4., —cothtu= 12d_u u>1
X —u” dx
5. —sech™u= —1 du

6. 9csc h~u du

-1
X Cu1+u? dx
EXAMPLE 1: Find g—ifor the following function.
1. y=cosh*(secx)

Sol:
, _ secxtanx _ secxtan X

} J(secx)? -1 ~ Jan?x

sec xtan x
== " —secX where tan x>0

tan X

2. y=tanh™(cosx)

Sol:
,  —=Sihnx —sinx
- 5—=——5—=—CSCX
1-cos“X SIN“Xx

3. y=coth™(secx)



Sol:
, _secxtanx _ secxtan x

= = = —CSC X
1-sec’x  —tan?x
4. y=sech™(sin2x)
Sol:
y = 2C0S2X —2C0S82X _ _9cse2x

sin2x1—sin?2x  Sin2xcos2x

EXAMPLE 2: Verify the following formulas:

1. Ycoshiy—— . 9u
X Ju? —1 dx
Sol:
Let y=cosh™tu

u=coshy

du =sinh yd—y
dx dx

y'—ﬂ— 1 %
dx sinhy dx

cosh? y—sinh’y=1 = u®-sinh’y=1

= sinh y=+u?-1

dy 1 du

dx  Ju?_1 dx

2. 9tanh‘lu: 1 Zd_u
X 1—u“ dx

where 2x >0



Sol:
Let y=tanh™u

u=tanhy

d—u:sechzyQ
dx dx
dy 1 du

dx sech?y dx
sech’y +tanh’y =1 = sech’y=1—tanh?y=1-u?

&_ 1
dx 1-u? dx

=N 9tanh‘lu L zd_u
X 1-u” dx
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EXAMPLE 1: Find g—i for the following function.

1. y=mx+Db
Sol:

Sol:

Sol:
, (x=-D@D-x@) -1
o (x=D* (x=1)7?
4, y= Jx
Sol:

1 1
V2 oyl
y Y =3 24/x

EXAMPLE 2: Find the value of the derivative.

ds

1. =2 if s=1-3t?
Ty
Sol:
ds ds
—=0-6t = =-6(-1D)=6
dt dt (1)

t=1



2 W y:1—l = y=1-x"
dx|,_ 3 X

Sol:

Ay oy
o 0D

dy 1 dy 1 1

2

dx X ~ A5 (3 3

dr

3. =
2P

if r= = r=2(4-0)"?

N

Sol:
dar
dé

dr 1
| = 3/2:8

dol,, 4

@ @-0) "1

2

EXAMPLE 3: Find the derivative of y = :2 X
+

Sol:
dy (t*+1)2t) - (t*-D(2t)
dt (t? +1)2

dy__ 4
dt  (t? +1)?

EXAMPLE 4: Find an equation for the tangent to the curve y = X +§ at the point

1,3)
Sol:

The slope at x=1

2
1 =[-51,
y|x:1 [ XZ]X—l



The line through (1,3) with slope m=-1

y-3=(-D(x-1)
y=—-X+1+3
y=—X+4

EXAMPLE 5: Find higher derivatives y = x> —3x* +2
Sol:

First y' =3x* —6x
Second y"=6Xx—6
Third y" =6

Fourth y"=0

EXAMPLE 6: Find g—i for the following Trigonometric function.

y' = XcosX—sin X(1)  XcosXx—sin X

X2 X2

2. y=x%sinx
Sol:

y' = x?Ccosx + 2xsinx

3. Yy =sin XCos X

Sol:
y’" =sin X(—sin X) + C0S X COS X

y' =cos” X —sin® x



COS X

4. y=

1-sin x
Sol:
, _ (1—sinx)(-sinx) —cosx(—cosx)
- (1-sinx)?
,_—sin x+sin®x+cos’x _ 1-sin x
- (1—sin x)?  (1-sin x)?
1
~1-sinx

5. If y=sec®x find y”
Sol:
y' =sec xtan x

y" =secxsec? X +Secx tan xtan x
y" =sec® X +secx tan? x

6. Find the slope of the line tangent to the curve y=sin®>x at point where

X=x/3

Sol:
ﬂ=5SiH4XCOSX
dt
dy (\/_)4 1 45 cosz/3=1/2
dx| s 2 32 sinz/3=~/3/2

7. If x=2t+3and y=t*—-1 Find the value of g—z at t=6

Sol: dy
dy dy/dt 2t Hint: Note that we are also able to find &as a function of X
dx  dx/dt 2 K2t 43 y=t?_1
31:6 t=6 X—3=2t
X

foX=3
2




.oody o,
8. Find = if =
i o If y*=x
Sol:
2yy' =1

, 1

=2y

9. Find the slope of circle x? + y? = 25at the point (3,—4)
Sol:

2X+2yy' =0

yr__zx :>yr__§
2y

, 3 3

Yien=""7=3

10. Find g—z if y2=x%+sinxy

Sol:
2y y' =2X+cosXy(Xy' +Y)

2yy' =2X+ Xy'COS Xy + Yy COS Xy

2y y'—Xy'cos Xy = 2X + y C0S Xy

y'(2y— XCOS Xy) = 2X + Yy COS Xy
- 2X + Y COSXY
2y — XCOSXY

11. Find i(cos x)°
dx

Sol:

6/5

—%(cos X) "2 (=sin X)

%sin x(cos x)¢/°



12. Find iIn 2X
dx

Sol:
1d 1

1
= —(2X)=—-2==
y 2xdx( ) 2X X

13.Find iIn( X% +3)
dx

Sol:

1 2X
,: . 2X e
y x? +1 (2%) X2 +1

14.Find iIn X"
dx

Sol:
yr :ir. r.XI'—l
X
yr:irrxr X—l_L
X X
2 1/2
15.Find Wi y - DYy
dx x—1
Sol: we take natural logarithm of the both side
Iny = In(x2 +1)(x+3)"2
x—1

Iny = In(x? +2) + In(x +3)2 — In(x —1)

Ny =In(x*+1) +1In(x+3) —In(x—1)

y_ 2 11 1

y (x2 +1) 2(x+3) (x-1
1 1

y =y~ 2 )




16. Find %if 1) y = 5e* 2) y=e 3) y = e
Sol:
1) y'=5¢e"
2) y'=—e"

3) y' =e""*cosx
17.Find %if 1) y=x2 2) y = (2+5in3x)"

Sol:
1) y'=2x721

2) Y =x(2+sin3x)" *(cos3x)-3
y' =37 (2+sin3x)"*(cos3x)

18. Find %if 1) y=3" 2) y=3" 3) y =3
Sol:
1) y'=3*In3

2) y'=-3"In3
3) y' =3""*(In3)cosx
19. Find Yif y—x* x>0
' ax YT

Sol:
Iny = Inx*

Iny=xInx

lz(xl+lnx)
y X

y' =x* 1+InXx)



Or write x* as a power of e

y=XX :exlnx
%:iexlnx

dx dx
OI—y:e"'”"(ixln X)
dx dx

ay X" (x£+ln X)
dx

=x* 1+1Inx)

20. Find %Ioglo(Sx +1)
Sol:
iIog (3x+1)
dx O

i In (3x+1)
dx In10

1 3
IN10 3x +1

u —u

21. If sinhu = €

d .
find —sinh u
n dx
Sol:

9 sinhu = M-’ (D
dx 2
_el+e™

2

= coshu

22. Find %tanh V1412

Sol:




—SeChZ\/1+t2 (1+t 2)H2

—sech?v1+t? 1

\/H
_sech?V1+t? 1
1+t?
Hint:
1) sech™x=cosh™(1/x)
2) csch™x=sinh™(1/x)
3) coth™x=tanh™(1/x)

23. Find y'or 3y sint(xy) =cos*(x—Y)
Sol:
y'+y _ -Q-y)
VI- ()2 - (x-y)?

y .oy -t Y
VIO 1= V1-(x—y)?  y1-(x-y)?
Y SRR S U S

VI-0)? AI-(x=y)2 L-(x=y)®  1-(xy)?

Yy
y'= V1= (x=y)* 1= (xy)?

X 1

J-(xy)2 1= (x—y)?



— 1= ()% - YL (x—y)?

yo ==Yy 1= ()
Xy/L— (X = y)? =1 (xy)?

V1= (xy)? 1-(x—y)?

_—A1- () -y 1-(x—y)?
X1 (X—Y)? =1 (xy)?

y

, V(VU"—UV")—2V'(VU’'-UV")

U
24. Show for y=v that vy

VS
Sol:
Y
%
, VU —UV’
y :V—2
, VZVU"+VU' -UV"-UV")—(VU' -UV") 2V’
y' = V4
VZWVU"+VU' -UV"-UV)-2V' (VU -UW)
VIV(VU"-UV") -2V’ (VU' -UV")]
_V(VU"-UV")-2V'(VU'-UWV")
- Ve

25.Show that y=35x" —30x* +3 satisfies (1—x?)y"—2xy’+20y =0
Sol:
y'=140x> — 60x y" =420x* - 60

(1— x?)(420x? —60) — 2x (140x> —60x) + 20(35x* —30x* + 3)

420%% — 60 — 420x* + 60x? — 280x* +120x? + 700x* — 600x? + 60

420x? +60x2 +120x2 —600x2 — 420x* — 280x* + 700x* —60 +60 =0



H.W Derivative

1) Find %for the following function

X
1. y=csc?/3/bx

2. y=(x=3)(1-x)

3. :ax+b
X
4. y=In(cos x)

5. y=tanxsin x

3x—-4

6. T 2x-3
7 y=(\/F—i)2
Jx

g _ COSX

X

9. y=tan(sec x)

10. y = x?sinx

11. y=sin(5x?)

5 cot/5x
3./5x csc?’3/6x

ans: 4—2x

ans:

ans: ——

ans: —tan x
ans:sin x+tan x sec x

1

ans: ———
(2x+3)

5
-1
ans: 3(XX4 )

— X-SIn X + COS X
ans: 5

X

ans: sec”(secx)secx- tan x

ans: x?cosx + 2x -sinx

10x

V1-25x4

ans:



X+1 6 X+1,  ,,x+1
12. y =cot}(=—= ans: cot® csc? (F—
y=cot’(C ) o O GPeC D
13. y =sin(In x)+cos(In x) ans: 2cos(In x)
1
14. y =cot” (LX) ans:— ——
1+Xx
2
15. y=tan*/4x> -2 anS'— ox
1)\/4x —
16.y =sec *(3x* +1)° ans: 18x
3x% +1)/(3x* +1)° -1
-1 -1
17.y =sin"'2xcos ™ 2x ans: 2(C0S ~2x—sin ~2x)
V1-4x2
1 1
18.y =tan""Inx ans: 5
XL+ (Inx)%)
Jx y
19. y =(cos x ans: ——(Incosx —2xtan x
y =(cos x) 5 &( )
20. y =(sinx)"™"™ ans: y(L+sec® xInsinx)
21 y:\/2x2+cosh2(5x) ans: 2X+ 5c0sh(5x)- sinh( 5x)
J2x2 + cosh?(5x)
22. y =sinh(cos 2x) ans: — 2sin 2xcosh(cos 2x)
23. y=csc(l/x) ans: iz-csc(l/ X)- cot(1/ x)
X
24.y = x?-tanh?+/x ans: x- tanh+/x(~/x sech?v/x + 2 tanh v/x)
sSinXcosx + tan® x cos® x —sin 2 x + 3tan? x 1
25. y=In ans: —
Jx sin xcosx+tanx 2
. cot x
26. =log ,sin X ans: ——
Y =044 In 4



217,

28.

29.

30.

31.

32.

33.

34.

35.

2)

y — e(X —e5x) ans: (2X _ 5e5x)e(X2 _e5x)
y = g* tanx ans: (x2sec® x + 2x tan x)e*’
y = 7520 ang: — 1 Tesc V2x+3 cotv/2x +3
- V2x+3
y =[In(x2 + 2)?]cosx AXCOSX 5 1n(x? + 2)sin x
X*+2
y =sinh™ (tan x) ans: secx
y =1+ (In x)* ans: In
X1+ (In x)?
X
e ans: “(In x-1)
Inx x (In x)?
x*log, (3 —2x) ans: 2x*log (3—2x)—2—x3
? ' 2 (3-2x)In 2
y=2cosh 2+ X/x2_4 ans: X’
2 2 - X2 -4

Verify the following derivative

d 1
5x+ \/_+ —
(Vx \/_ X2
i[ﬁ +(ax® +bx+0)]= L(5ax2 +3bx+c)
dx 2-/x

Find the derivative of y with respect to x in the following function:

2 2.,2
u
y=—— and u=3x*-2 ans:%
w2 +1 (3 —2)
y=+u+2u and u=x>-3 ans: ——_ 4+ 4x

x> -3



4)

5)

6)
7)

8)

Find the second derivative for the following function

Lys 6 12
=X+ ans: 6X+ — + —
y=( X) 2
5o 22 1
=V2X+—— atx=2 ans: ~
VI ;
y=x"-2xy+y?-16x=0 ans: + x4
- - - . 3
Find the third derivative of the function y = /x° ans: —@

, V(VU"—UV")—2V'(VU'-UV")
_ -

Show that yzg that y

Show that y=35x* —30x? + 3 satisfies (1— x?)y"—2xy’+20y=0

Find j—i for the following implicit function:
y
Xy +1= ans; ——=———
Jxy+1=y A
2
sinhy = tan®x ans: 21N X-sec” X
coshy
2 2 2,2
x3+4xf—5L=3 ans: 3 :5y X +4y
X 10x7"y—(2x/4y)
2 3 3
3xy = (X3 + y?)*? ans: 3X“A X+ Yy -2y
2x—3y2\/x3+y3
—(x — v)? 1— 2
sin"(xy) =cos ™ (x—y) ans: At (Xzy) = (xy)z
VL= (xy)% = xy1—(x—Y)
2 3
y?sin(xy) = tan x ans: _ SEC X—Y cgs(xy)
2y sin( Xy) + xy“ cos(xy)
2 2 -1
X3+ xtan "ty =y ans: LT Y)EX° +1tan ")

1+y?—x



9) Prove the following function

d du
1. —cotu=—csc’u—
X dx

d du
2. —Cscu=-—cscucotu—

X dx
d 1 1 du
3. —cosh u=-—
J1—u? dx
d 1 du
4. —sech
‘U‘\/U _1dx
5. 9sin hu:coshud—u
X dx
6. 9cschu:—csc:hucothud—u
X dx
d . 1 du
7. Zsinhtu=—o
X V1+u? dx
8. 9 sech du

—1
X uf\/l u? dx



