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3) Hermitian: the operator A called Hermitian when it satisfies the following

relation;

Tl//ﬁ Ay, dr= Tt//m (Ay,) dz

Hermitian operator has two important properties that are;

I- Eigen values correspond to any Hermitian operator are real quantities. i.e. a,, = a;

Proof:

From the eigen value equation we have;

Ay, =a,y,
Multiply both sides by v, we get;
vohy, =y, 8, v,
Integrating over all space one find;

TwﬁAwndﬁ Tl//: a, y,dr

—0o0 —0o0

Take the complex conjugate of equation (a) we have;

Ak *

Ay, =2y,
Multiply both sides of equation (c) by y,, we get;

A%k *

VoAV, =8, v, v,

Integrating the last equation over all space one get;
v Ayy = [agy,pade

Subtract equation (d) from (b) we find;

TwﬁAwndr— ]Ol//n Ay, dr= Twﬁan W, dz - Taﬁwn vy dz

According to the definition of Hermitian operator, the left hand side of last equation

vanishes. i.e.
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T!//: Ay, dr - Twn Ay,dr=0
So;

0= (an - a:)TV/:l//n dr

—00

From the normalization condition, we conclude that;

li-Eigen functions correspond to different eigen values are orthogonal. i.e.

Twﬁl//m dr=0. ]O'//;wndf =0

Proof:
Assume that the two functions y,and y ., are eign functions for the operator A, so

the following relations can be setup;
Ay, =a,y,
AW =8,
Multiply the first equation by l//;, taking the complex conjugate of the second

equation and multiplying it by v, then integrating the results over all space we get;

Tl//; Ay, dr=a, T(,//:1 w,de ()
Tl/ln A*l//:n = Ta:n wowodo (b)

Subtract equation (b) from (a) we find;

TV/; Ay, dr - Twn Ay, dr=a, Tt//; v, dz-a, Twn W de

—00

According to the definition of Hermitian operator, the left hand side of last equation

vanishes. Thus;
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0=(a, —2y) [wnv,dr
Which leads to;

TVI;V/ndTZO

However, normalization and orthogonal conditions can be collected together by the

following formula;

JV/; Vi dz-:5mn

—00

Where (6,,,) is the kroneker delta that have the following two values;
Omn =1 at m=n
Omn =0 at m=n

Example: Prove that p, is a Hermitian operator.

Solution:

From the definition of Hermitian operator;
[va Ay dr= [y, (Ay,) dz
o0 . ) a _ . o0 . a
__[O‘//n (_Ih&) Wm dx= - Ih__[ol//n &V/m dx
Using the by part integration; ju dv = uv[z — Ivdu , assuming that;

nd u = .80, V=y, and.However,

dv="y, ax " U=, du=Yn g

o8] . ] a B ) N oo ] o0 aw*
_.[ol//n (_Ih&) Ym dx=-in Y l//m‘_oo + Ih__[ov/m 8xn dx

o0 o0

: oy, Oy,
=in [y, (;/)’(” dx = [y, (in (;/)/(”)dx

-00
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L O\
—i7—") dx
W ( ™ )

g ——8 § +—8

W (Beyn)” dx

H.W: Verify wither the operator aa_x IS a Hermitian or not.

Example: Establish the following operator equation; aixn =nx"*!
X

then show that; [Q X" =nx"?
OX

Solution:
For any function for (x ), say w(x) one can write;

(%x”)w(x) . % (X"y (x))

n Oy (X)

=nx""y(X) + X
O X

n

—and
oX

+ X

Since this equation must be valid for any function of (x) thus the operator equation

IS;
O mnxmexn 2
0 X 0 X
Consequently;

[% X" Ty (x) = (a—ax X"y (%)) — (X" %) w(%)

0 OY(X) _ 0 OW(X)

=nx"Mw (x) + X

0 X
= nx"y(X)
: : o o"
Example: Evaluate the commutation relation; [—, —].
OX OX
Solution:
0 o 0"
[a aan)w()(ana)l//()
o 0"w(x), 0" 8V/(X)
ax( S )— o - ( )
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B 5n+1l//(X) ~ 8n+ll//(X)
- axn+l axn+l
=0

n

are not commute

The tow operators 9 and
OX ox"

Example: Verify the operator equation
2

d d d
1. (——y)(—+ y)=7—y2+1

2

2. (j y)(——y)—d SyE o1 (HWY
y y

Solution:
1.

d d
(d—y— y)(d—y+ y) wa(y)

:(i—y){(iw) ()}

dy dy

d{ W),y (13- y4 "””(y)+ywn<y)}
y dy dy

d dyuly)  d dy,(y)
oyl dyy wo(y)—y—7- dy Yy (y)
:dzwn(y) dy,(y) dy,(y)

dy y dy

2

Tnly) _ yzwn(y)wn(y):(:?— Y +D) via(y)

—=2 -y, (Y)}

+y,(Y)+Y — Y2, ()

Since w(y) is an arbitrary function of y, so we can write the operator equation as:

2

d d d )
——=yY)(—+Yy)=—F-y +1
( dy y)( dy y) 0y y
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10 2

X
Example: Show that w(x)=e ? is an eigen function of the operator 88—2_ x?
X

and find the corresponding eigen value.

Solution:

Al//n (X):an Vi (X)

82 _EXZ
=G e

2 1.2 1.
:—; e?2 —x%?

X

1o 1o
g(—xe 2 y_x%e 2
X

1,
——X
Since the function w(x) =e ? remained unaltered under the operator, thus, it is an

eigen function of A and its corresponding eigen value is a, = 1.
2.8 Observables and Operators

Observable define as that physical quantity (dynamical variable) which in
principle can be measured, such as the energy, momentum, position, angular
momentum, .... etc. In quantum mechanics observables represented, generally, by

a correspondence Hermitian operator, see the table below.

Observable C.M.R Q.M.R
Position X X
. R .. 0
Momentum P, =mMX Py = —lh&
~ —h? 0
H=""" 4V(x
2m o x> )
Total energy E=T+V(x) Or
E-inl
ot
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For each observable A represented by the quantum mechanical operator 4 it is

possible to setup an eign value equation as follows;

Ay, () =a, w7, (X)
The physical interpretation of the eigen value equation is that; the operator A make
a correspondence measurement for the observable A for the system in state n which
describe by the wave function y,. The possible result of the measurement process is

the eigen value a, .

Avr, (0 =2,1,(0)
mdkKe a measuremen:\; measurement result

on a system in state n

A

Accordingly, when the momentum operator p operate on a system in state n and
this system described by the wave function v, it will measure the momentum of the

system in that state n . i.e.

DYn = pnn 7
And so,
pZ P, = piy, — (2-15)
H\lpn = ExYy
T = by —
Recall equations (2-4), (2-5), (2-6) and (2-10) one can directly realize the following;
_in Q¥ ooty (2-4)
OX
2
—hza‘/’—(ﬁ’t): Plw(xt) (2-5)
O X
n YN ey (2-6)
ot
~n* o°
———+V(X )=Ew(x) 2-10
M o ()]1w(x)=Ew(x) (2-10)
A ., 0
Px = —lha
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Similarly;

flpn = XnPp

In three dimensions the last four equations become;

—

p = —ihV

p2=-h?v¢c (2-16h)
I =7 i —_— __hz 2 2 S—

I:Il/)n = lhat = Ve +V(7)

Thn = iy

—

By this procedure, however, we can build up the guantum mechanical representation

corresponds to any classical mechanic’s observable or relation. For example;

E=H=T+YV
_r

H = % + V(T')
L =yz Ly
! at  2m 5
ih o ==V + V(P

Which is the T.D.S.E. When v is time independent function the L.H.S. of last

equation can be replaced by; Ey and then one can get the T.1.D.S.E. as follows;
_ M2 ;
Ep = ==V + V(#)
H.W:
1. By using the classical relation p,, = mx find the mathematical formula of the
velocity operator.

2. By using the classical relation L=F x p show that;

., 8 _0 .9 0 9 0
L =—ih(y—-2=), L, =—ih(z——-x—) and L, =—in(x——y—
X (y§Z 5) y =-i (Zax Xaz) and L, ( = yax)



