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2.12.1 Solution of T.D.S.E
Since the T.D.S.E. expressed by equation (2-8) is a partial differential equation
of second order, hence, the method of separating of variables can be used to solve

such equation. Suppose, a solution of the form,

w(r,t)=y(r) w(t)

From which we have;

oy(rt) 40
e w(r) o Rt & (a)
Vi (r )=y V() (b)
Substitute of equations (a and b) in equation (2-8) we get;
n’ oy (t)
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Dividing by w (r,t)we find,;
1 dy(t) _ —h% Va2 (r)
w(t) dt 2m  y(r)

It is seen that; the left hand side is time depend while the right hand side is space

+V (r)

depend. Thus, the equation become valid if and only if when each side being equal

to the same constant. Assume this constant is E we can write that;

1 dy(b) _ ]

Ih—v/(t) dt E (2-26)
2

iVzc,y(r) +Vy((r)=Ew((r) (2-27)

2m

It seen that equation (2-26) is the T.D.S.E while equation (2-27) is the T.l.S.E.

However, integration of equation (2-26) yield to;
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O =p) et
So;
() =p () e "}
Considering that; y(c) =1, we get;

s =p(r)er e (2-28)

[y (Y nde=[y" (e p(rye " dr=1

Therfore;

Jv' (O w(dr=1
It is seen that, the probability is time independent for this case and due to that any

system has a wave function given equation (2-28) is said to be in a stationary state.

2-13 Conservation of probability and probability current density
Since the total probability must be equal to unity. i.e.

R =[y'y dr=1
We can immediately decide that the probability is conserved. i.e. it is time

independent and mathematically;

dp
dt
We can prve that in another way as follow;
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ow’ <0
Sy e

Using the equations;
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So;
dp, i T\ * A
P MAy) w -y (Hyp)] d
= J(Ew) v =y (Ry)] de
Since H is Hermitian operator. i.e.

[(Hy) ydr=[y"(Hy) dr

dp, i 1 1

2t [ Hy -y Hy) d

” h[(w v -y Hy) dr
Therfore;

o _,

dt

Let us now consider the probability density;
P =V v

Derive this formula implicitly with respect to time we get;

_ 2
The form of , so; H = %VZ +V (r)is given by; H
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= vy -y vy
2mi

Since; ' Viy —y Vi =V-(y Vy —y Vi), thus;

dpd — h * = — *
—4=V.—(w Vy—-y V
it Zmi(l/f v—y Vy)
dpd — h * = — *
+V. Vy -y V =0
ot 2mi(W y-—y Vy)
Define the probability current density to be;
_ —ih, .- -
S=—(y'Vy-yVy’) )
2m
We get;
dP, _ .
—L+vS=0 (2-29)
dt

Equation (2-29) called the continuity equation, which is similar to that found in
electromagnetism and thermodynamic. The physical meaning of equation (2-29) is
that the time variation of the probability density is due to the flow of the probability

current density.

2-14 Degeneracy

Degeneracy define as the case when there are more than one wave function
corresponds to the same eigen value. In other word, the energy level is call
degenerate when there are several wave functions corresponds to the value E,. The
degree of degeneracy for such a level is the number of these wave functions, which
in general linearly independent functions.

Accordingly, when we have a degenerate energy level E, of degree N, the

corresponding wave functions are; w= , w2 , W, e, , w . The linear

composition of these functions is also a wave function for this level. i.e.
N .
¢ =2 Coi¥n 1<ps<N (2-30)
i=1

The orthonormal condition for these functions are;
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[Wi¥ e =60, (2-31)

2-13 Parity
Some functions have an important property, which they have an even or odd
symmetry with respect to reflection in coordinates around the origin. This

symmetrical property called Parity, and mathematically defined by;

w(=Xx) even parity
w(x)=
—(—X) odd parity
Example 1
y(X) =sin x
y(—x) =sin(—x)
y(—X) =—sin x =—-y(x)
Example 2
y(X) =cosx

y(—x) =cos(—x)
y(=x) = cosx = y(x)
We can prove that, the solution of T.I.S.E for the case when degeneracy is

absence and symmetrical potential (V (—x) =V (x)) has one of the following forms;

either w(—x) =w(x) or w(—x) =—-w(X), as follows;
—1? )
Sm Y w (X)+V (X)y(x) = Ey(x)
m
Replace x by —x we get;

_z_hvzz//(—x) +V(X)y (-x)=Ew(-X)
m
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So w/(x) is also a solution for S.E. Assume that, there is only one solution for S.E.,

S0;
yv(X)=r,w(Xx) (2-31)
(X)) =1, v (=X)
y(X) =, w(X)
w(X)=r’y(x) — r,=+1
Therefore;

y(=x) =ty (x)
For the case when r,=+1 the function y is said to be even while for r, =-1 the
function y s said to be odd. Now we can consider that, r, ==1is an eigen values

corresponds to the operator R which we called Reflection Operator, and define as

that operator when acts of a function reflects it around the origin, such that;
R (x) = 1tpn (—x)
= TP (—x)
= P (x)

H.W: Using the last formula, prove that; r,, = +1

Example
Let w(x) =x?, Ry(X)=(-x)2=x?>r, =1



