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Source: Uma Sekaran, 1992.
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Simple Random Sampling

2-1 Introduction

Everyone mentions simple random sampling, but few use this
method for population based surveys. Rapid surveys are no exception,
since they too use a more complex sampling scheme. So why should we
be concerned with simple random sampling? The main reason is to learn
the theory of sampling. Simple random sampling is the basic selection
process of sampling and is easiest to understand.

When the true value in a population is estimated with a sample of
persons, things get more complicated. Rather then just the mean or
proportion, we need to derive the standard error for the variable of
interest, used to construct a confidence interval. This chapter will focus
on simple random sampling or persons or households, done both with and
without replacement, and present how to derive the standard error for
equal interval variables, binomial variables, and ratios of two variables.
The latter, as described earlier, is commonly used in rapid surveys and is
termed a ratio estimator. What appears to be a proportion, may actually
be a ratio estimator, with its own formula for the mean and standard error.
2.1.1 Random sampling

Subjects in the population are sampled by a random process, using
either a random number generator or a random number table, so that each
person remaining in the population has the same probability of being
selected for the sample. The process for selecting a random sample is
shown in Figure 2-1.

Selected random Selected
Population numbers sample
(1]
2
S
[ 6 ]
8

Figure 2-1. Random sample of three units from a population of nine
units.
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The population to be sampled is comprised of nine units, listed in
consecutive order from one to nine. The intent is to randomly sample
three of the nine units. To do so, three random numbers need to be
selected from a random number table, as found in most statistics texts and
presented in Figure 2-2. The random number table consists of six
columns of two-digit non-repeatable numbers listed in random order.

(A) (B) (C) (O) () (F)
40 27 4 23 34

18 16 19 50 3 15
59 52 21 7 58 6

49 36 33 13 17 25

26 10 12 47 24 22
48 28 1 54
53 55 9 4 45 9

37
44

42 1 30 60
29 35 14 46
51 20 57 31

Figure 2-2

The intent is to sample three numbers between 1 and 9, the total number
in the population. Starting at the top of column A and reading down, two
numbers are selected, 2 and 5. In column B there are no numbers between
1 and 9. In column C the first random number in the appropriate interval
is 8.

Thus in our example, the randomly selected numbers are 2, 5 and 8 used
to randomly sample the subjects in Figure 2-1. Since the random numbers
are mutually exclusive (i.e., there are no duplicates), each person with the
illustrated method is only sampled once. As described later in this
chapter, such selection is sampling without replacement.
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Random sampling assumes that the units to be sampled are included in a

list, also termed a sampling frame. This list should be numbered in
sequential order from one to the total number of units in the population.
Because it may be time-consuming and very expensive to make a list of
the population, rapid surveys feature a more complex sampling strategy
that does not require a complete listing. Here, however, every member of
the population to be sampled is listed

2.1.2 Nine drug addicts

A population of nine drug addicts is featured to explain the
concepts of simple random sampling. All nine addicts have injected
heroin into their veins many times during the past weeks, and have often
shared needles and injection equipment with colleagues. Three of the nine
addicts are now infected with the human immunodeficiency virus (HIV).
To be derived are the proportion who are HIV infected (a binomial
variable), the mean number of intravenous injections (1) and shared IV
injections during the past two weeks (both equal interval variables), and
the proportion of total IV injections that were shared with other addicts.
This latter proportion is a ratio of two variables and, as you will learn, is

termed a ratio estimator.

Figure 2-3. Population of nine intravenous drug addicts

The total population of nine drug addicts is seen in Figure 2-3. Names of
the nine male addicts are listed below each figure. The three who are
infected with HIV are shown as cross-hatched figures. Each has
intravenously injected a narcotic drug eight or more times during the past
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two weeks. The number of injections is shown in the white box at the
midpoint of each addict. With one exception, some of the intravenous
injections were shared with other addicts; the exact number is shown in
Figure 2-3 as a white number in a black circle.

Our intention is to sample three addicts from the population of nine,
assuming that the entire population cannot be studied. To provide an
unbiased view of the population, the sample mean should on average
equal the population mean, and the sample variance should on average
equal the population variance, corrected for the number of people in the
sample. When this occurs, we can use various statistical measures to
comment about the truthfulness of the sample findings. To illustrate this
process, we start with the end objective, namely the assessment of the
population mean and variance.

Population Mean. For total intravenous drug injections, the mean in
the population is derived using Formula 1

N
2 X
r=i=l
N

(1)

Where Xi is the total injections for each of the i addicts in the population
and N is the total number of addicts. Thus, the mean number of
intravenous drug injections in the population shown in Figure 2-3 is:

X - 10+8+12+9+11+11+9+11+10 _ 91
9 9
Or 10.1 intravenous drug injections per addict.

= 10.1

Population Variance. Formula 2 is used to calculate the variance for the number of
intravenous drug injections in the population of nine drug addicts.

N 2
}:i (X;-X)
l:

N

o? =
..(2)
Where o7 is the Greek symbol for the population variance, Xi and N are as
defined in Formula 1 and X is the mean number of intravenous drug
injections per addict in the population . Using Formula 2, the variance in
the population is

2 _ 0-1012+@-100%.. a1-10.0% +@0-100> _
9

43
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Sample Mean. Since the intent is to make a statement about the total
population of nine addicts, a sample of three addicts will be drawn, and
their measurements will be used to represent the group.

The three will be selected by simple random sampling. The mean for a
sample is derived using Formula 3.

n
*i

=1

n

&

- I
x =

.(3)

where X; is the number of intravenous injections in each sampled person
and n is the number of sampled persons. For example, assume that Roy-
Jon-Ben is the sample. Roy had 12 intravenous drug injections during the
past two weeks (see Figure 2-3), Jon had 9 injections and Ben had 10
injections. Using Formula 3

R

the sample estimate of the mean number of injections in the population
(seen previously as 10.1) is 10.3.

Sample Variance. The variance of the sample is used to estimate the
variance in the population and for statistical tests. Formula 4 is the
standard variance formula for a sample.

- 2
Y (x;-%)
2 il
n-1

()

where s* is the symbol for the sample variance, x; is the number of
intravenous injections for each of the i addicts in the sample and is the
mean intravenous drug injections during the prior week in the sample. For
the sample Roy-Jon-Ben with a mean of 10.3, the variance is

2 02-103%-9-1032+10-1032 _,
3-1 '

33
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2-1-3 Samples with or without replacement:

There are two ways to draw a sample, with or without replacement.
With replacement means that once a person is selection to be in a sample,
that person is placed back in the population to possibly be sampled again.
Without replacement means that once an individual is sampled, that
person is not placed back in the population for re-sampling.

An example of these procedures is shown in Figure 3-4 for the
selection of three addicts from a population of nine

SAMPLING WITH REPLACEMENT

L . T

’u“*QJ 1;* fi~ !

! d*“

Qo o2 o f,s:\

I~ 4 4

First selection Second selection Third selection
(1in9) (1in9) (1in9)

Eb

=P

—

SAMPLING WITHOUT REPLACEMENT

= A-h ":‘ r£l'u.. i ."_r‘“ ,_1-.:_‘,

b“‘“ ( s ) e
e, % 0

thJ w s W

J, r..'l'qx .f{l: ,TJJPK rﬁ.‘m -"j]ﬁ ﬂl-o [ T;QM JE :Ltoa

First selection Second selection Third selection
(1in9) (1in 8) (1in7)

Figure 2-4. Sample of three addicts from a population of nine addicts.

In sampling with replacement (Figure 2-4, top), all nine addicts have the
same probability of being selected (i.e., 1 in 9) at steps one, two and
three, since the selected addict is placed back into the population before
each step. With this form of sampling, the same person could be sampled
multiple times. In the extreme, the sample of three addicts could be one
person selected three times.
2-1-4 Determination of sample size

In sampling without replacement (WOR) the selection process is
the same as at step one ) that is each addict in the population has the same
probability of being selected (Figure 2-4, bottom). At step two, however,
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the situation changes . Once the first addict is chosen, he is not placed
back in the population. Thus at step two, the second addict to be sampled
comes from the remaining eight addicts in the population, all of whom
have the same probability of being selected (i.e., 1 in 8). At the third step,
the selection is derived from a population of seven addicts, with each
addict having a probability of 1 in 7 of being selected. Once the steps are
completed, the sample contains three different addicts.

When drawing a sample from a population, there are many
different combinations of people that could be selected. Formula 3.6 is
used to derive the number of possible samples drawn with replacement,

Nﬂ

where N is the number in the total population and n is the number of units
being sampled. For example when selecting three persons from the
population of nine addicts shown in Figure 2-3, the sample could have
been Joe-Jon-Hall, or Sam-Bob-Nat, or Roy-Sam-Ben, or any of many
other combinations. To be exact, in sampling with replacement from the
population shown in Figure 2.3, there are

N"=93 =79

or 729 different combinations of three addicts that could have been

selected.
SAMPLING WITH REPLACEMENT

150 - Total = 729 samples

8 9 10 1 12

SAMPLING WITHOUT REPLACEMENT
Total = 84 samples

25
T ] | T
8 9 10 11 12

Mean IV Drug Injections

Number of Possible Samples

Figure 2-5. Distribution of all possible sample means with and without replacement
(actual scale).
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The frequency distribution of the mean number of IV drug
injections of the 729 possible samples selected with replacement is
shown in the top section of Figure 2-5. Notice that the distribution has a
bell shape, similar to a normal curve. There are three notable features of
these 729 possible samples.

The average variance of the 729 possible samples of three selected
with replacement is equal to the population variance of the nine drug
addicts (see Formula 2), as shown in Formula 7.

729

Y s
i=1

o* = - 1.43
729
(7

For the 729 possible samples, the average variance of the mean for
a sample of three from an underlying population of nine is shown in

Formula 8.
9,
'):i 10 o 143
I= K
— - e— e —— = 0'48
n() 729 n 3

.(8)

Without Replacement. In the realistic world of sampling, subjects
are typically not included in the sample more than once. Also, the order
in which subjects are selected for a survey is not important (that is, Roy-
Sam-Ben is considered the same as Sam-Ben-Roy). All that matters is if
the subject is in or out of the sample. Hence in most surveys, samples are
selected disregarding order and without replacement. But does
sampling without replacement provide unbiased estimators of the
population mean and variance? The answer is “yes,” but needing some
additional modifications, to be presented next. Formula 9 is used to
calculated the number of possible samples that can be drawn without
replacement, disregarding order,
N!
n! (N -n)!
..(9)

In our example, we are selecting without replacement and
disregarding order a sample of three addicts from a population of nine
addicts (see Figure 2-3). Using Formula 9, we find there are
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91 _ 9x8x7x6! _ 504x6! 504

= = 84
31(9-3) (Bx2xl)x6l  6x6! 6

or 84 possible samples. Fortunately when using Formula 9, all
factorial numbers do not have to be multiplied. For example, the 9! in the
numerator can be converted to 9 x 8 X 7 X 6!, and the 3! * (9-3)! in the
denominator can be converted to 3 x 2 X 1 x 6!. By dividing 6! in the
numerator by 6! in the denominator to get 1, the formula is reduced to 9
X 8 X 7 divided by 3 x 2 X 1 or 84 possible samples.

The distribution of all possible sample means for the 84 samples

selected with replacement, disregarding order in shown in the
bottom section of Figure 2-5, below the distribution of the 729 possible

sample means selected with replacement. Are the two distributions
similar? It is hard to tell since the scale does not permit an easy visual
comparison. Figure 2-6 shows the same two distributions, but as a

percentage of the total number of possible samples (i.e., 729 with
replacement and 84 without replacement).

Average WR sample mean = 10.1

25 - Average WOR sample mean = 10.1
g Population mean = 10.1
g
a 20 -
ﬁ - B WR (729) Il WOR (84)
‘w 15 B
» o
o i
o B
= i -
— | E] Less variability
E 10 i amang samples
=] i selected without
.E replacement (WOR)
8 51
|~
7]
a b
0 A= el el ol 555:' i ol P ?35’ IL
80 85 90 95 100 105 11.0 115 12.0

Mean IV Drug Injections

Figure 2-6. Distribution of all possible sample means with and without replacement
(percentage scale).

There are two things to notice. First, the mean of all possible
samples selected with replacement (i.e., 10.1) is equal to the mean of

all samples selected without replacement, and both sample means are
equal to the population mean. Thus, the sample mean on average remains
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an unbiased estimator of the population mean when sampling without
replacement. Second, the percentage distributions of those selected with
and without replacement are similar in shape, but there are fewer outlying
samples among those sampled without replacement. That is, there is
less variability among the 84 possible samples selected without
replacement than the 729 possible samples selected with
replacement. The reduced variability in sampling without
replacement is addressed in two ways, namely with a change in the
variance formula for the population variance and in the addition of a

finite population correction factor (FPC).
First, different from Formula 2, the population variance that is being

estimated by the sample variance when sampling without replacement
has a different denominator (N-1), as shown in Formula 10.

N _
¥ ;X
§2 - =1
N-1 ..(10)

where S? is the modified population variance and Xi , N and are as
defined previously. For the population of nine drug addicts, the modified
variance is

2 _ (10-10.1)% + 8 -10.0% ... (11 - 10.1)? + (10 - 10.1)* _ |
8

S .61

When sampling without replacement the average variance of all
84 possible samples is equal to the modified population variance (see
Formula 11).

84
Y s
i=1

84

2

=161 = 8§
.(11)

sample 1, with I going from 1 to 84, the total number of possible
samples when selecting three from nine without replacement.
Second, the variance of the sample mean of all 84 possible samples when
sampling without replacement is equal to the modified population
variance divided by the sample size times a correction factor that
accounts for the shrinkage in variance. This correction factor, termed the
finite population correction (FPC) is shown in Formula 12.
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FPC = =1-—
.(12)

where N is the size of the population and n is the size of the
sample. In samples where the sample size is large in relation to the
population (an example being a sample of three from a population of
nine), the FPC reflects the reduction in variance that occurs when
sampling without replacement (i.e., with 84 possible samples in the
example) compared to sampling with replacement (i.e., with 729
possible samples in the example). This reduction in variability when
sampling without replacement was observed in Figure 2.6, and in the
comment that there were fewer outliers in the without replacement
group.

For the 84 possible samples, the average variance of the mean for a
sample of three from an underlying population of nine is shown in

Formula 13.
84 _ -5
2 G- %) 2
W) = i=1 = S_(l_i] = ﬂ[l_il = 036
84 n N 3 9

..(13)

Notice that n/N is the fraction of the population that is sampled.
Therefore the FPC is often described by sampling specialists as "one
minus the sampling fraction.” Notice also that the variance of the average
samples mean is 0.36 for sampling without replacement compared to

0.48 (see Formula 3.8) when sampling with replacement, resulting in
smaller estimates of sampling error and greater efficiency in the sampling
process when the sampling fraction is large. Finally, note that if the
sampling fraction is very small, as occurs in typical rapid surveys of few
persons drawn from a large population, then the finite population FPC
term reduces to approximately 1, and is no longer needed

(Notes): We start with a short description of a number of important
population parameters. Given a specific target variable we distinguish the
population total Y, the population mean Y , the population variance of, :

the adjusted population variance S2 , and the population coefficient of
variation CV,,.. The adjusted population variance is often used to simplify

the SRSWOR formulas.

Simple random sampling without replacement (SRSWOR) is the
most familiar sampling design. This kind of sampling is referred to as
simple because it involves drawing from the entire population.
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Alternatively, simple random sampling can be carried out with
replacement (SRSWR)

The rather formal definition of SRSWOR is as follows. Consider a
population U of N elements, or U = {1,2,L,N}. SRSWOR is a method of
selecting n elements out of U such that all possible subsets of U of size n
have the same probability of being drawn as a sample.

Note that there are (\) possible subsets of U of size n. In practice
SRSWOR can involve successively selecting random numbers between 1
and N . The adjusted population variance is often used to simplify the
SRSWOR formulas Moreover, Yk stands for the value of the target
variable of element k, k=1.... N . The stated parameters are defined as

follows:
ﬁ.‘
Y=Y+-+Y,=>T,
k=1
— 1 1 ¥
Y=—Y=—37,
N N; k
bl 1 ;\'T b ]
o.=—> (Y,-Y)
3 N;( k )
bl JI.\‘IT 3 l Alr ————]
S2= o= Y, -Y)
YUON-1 N—lg( 1)
S,
Vv ==

The n (i.e. the sample size) observations of the target variable in
the sample are denoted in small letters y1 ..... yn, The sample mean y, ,
the sample variance S2 , and the sample coefficient of variation Cvy are
the three most important sample parameters. These three sample
parameters are defined as follows:
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Example There are 169 industrial establishments employing 20 or more
software testers in IBM. The following are the employment figures based
on a 1-in-5 systematic sample

35, 88, 35, 36,156, 25, 24, 237, 80 ,468 ,22,139, 163 ,37 ,37, 27, 25, 26, 38, 24, 62,
331,28 ,31,81,,121 ,49, 23, 34,23, 22,53, 50,50

N =169

n=234

The average of samples,

y=1nXy;=(35+88 +35+ ........53+50+ 50)/34 =78.83

[1/ (N=1)] * = S (y; - y)*> = [1/168] * (35 — 78.83) 2 + (88 — 78.83) 2 +
— 78.83) ) = 309,795 /34 =9387.73

Variance of the estimate, V () = 1/n (1 = n/N) [1/ (N =1)] * £ S (y; - y)* = 1/34
*(1—34/169) * 9387.73 = 220.89

Standard Error =V (V (y)) = V 220.89 = 14.86

C)oefficient of Variation = Standard Error/ y * 100 % = 18.9 %

51533 Jonana U €130 o) (Rihs ) o5 1 50 Al gl 38 S 1) 5 e
i) Jiad ¢ 690 Laaa 43 gde Al A ¢Sy iS¢ 4183 450 £l S Abiblaa
‘Jadl

27=100/6 x 450 = 100/(2\_‘?_“ aaa)x( c.a.\;.o.“ Al Al aae) = 4uall 2l @) 2ac
s e e

14| 13| 12, 11| 10 9 8 7 6 5 4 3 2 1| &)
84| 91| 170 | 145| 126|296 | 294 | 169 | 242 | 172|367 | 104 | 212 | 111 | 4l

27 26| 25| 24| 23 22| 21| 20| 19| 18| 17| 16| 15| &N
259351 84 440|384 159432407 | 109|353 | 74|355|100 | duall

2-4 Find the error sampling.

Error can occur during the sampling process. Sampling error can
include both systematic sampling error and random sampling error.
Systematic sampling error is the fault of the investigation, but random
sampling error is not.

When errors are systematic, they bias the sample in one direction.
Under these circumstances, the sample does not truly represent the
population of interest. Systematic error occurs when the sample is not
drawn properly, as in the poll conducted by Literary Digest magazine.

It can also occur if names are dropped from the sample list because
some individuals were difficult to locate or uncooperative. Individuals
dropped from the sample could be different from those retained.
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Random sampling error, as contrasted to systematic sampling error,
Is often referred to as chance error. Purely by chance, samples drawn
from the same population will rarely provide identical estimates of the
population parameter of interest. These estimates will vary from sample
to sample.

For example, if you were to flip 100 unbiased coins, you would not
be surprised if you obtained 55 heads on one trial, 49 on another, 52 on a
third, and so on. Thus, some samples will, by chance, provide better
estimates of the parameter than others.

Standard Error (s3)

Sampling with Replacement Sampling without Replacement from a
{or from infinite population) Finite Population
2 2 _
oo = ¥ so= |22 (N “)
¥ n Y n N

where, n = sample size and N = population size




