Chapter Two

Probability
Def. 1: Probability

Probability is a numerical measure of the likelihood that an event will
occur. Thus, probabilities can be used as measures of the degree of
uncertainty associated with the events. If probabilities are available, we

can determine the likelihood of each event occurring.

Probability values are always assigned on a scale from 0 to 1. A
probability near zero indicates an event is unlikely to occur; a probability
near 1 indicates an event is almost certain to occur. Other probabilities
between 0 and 1 represent degree of likelihood that an event will occur.

Def. 2: Experiment
Defined as a process that generates well — defined outcomes.
Def. 3: Random Experiments

When different outcomes are obtained in repeated trials, the experiment is
called a random experiment. Some sources of the variation in outcomes

are controllable and some are not in the random experiment.
Def. 4: Sample Space

The sample space for an experiment is the set of all experimental
outcomes, or is the set of all possible outcomes of a random experiment

and is denoted as S.
Def. 5: Event

An event is a subset of § (sample space) that means to indicate an
outcome or collection of outcomes in any random experiment.

Def. 6: Mutually Exclusive Events

Events defined in such a way that the occurrence of one event precludes
the occurrence of any of the other events. If one of the events happens the
other cannot happen, are called mutually exclusive events.



Def. 7:

If a random experiment, whose sample space is S, can result in n
mutually exclusive and equally likely outcomes (i.e. each outcome has

the same chance for occurrence) and if n(A) of these outcomes have an
attribute A, taken the probability of A, denoted by P(A), is defined by:

n(4) _number of outcomes of the event A

n  total number of possible outcomes

Ex.1: A fair coin is tossed once, then S = {H, T}, thus the probability of

getting a head is P(H) = % and the probability of getting a tail is P(T) =
1

~
Ex.2: When an unbiased die is thrown once, then S = {1,2,3,4,5,6} the

six outcomes are mutually exclusive because two or more faces cannot
turn up simultaneously, then

P(1) = P(2) = P(3) = P(4) = P(5) = P(6) = %

To find the probability of getting an odd number, define A = {1,3,5} then

Axioms of Probability

Let S be a sample space, and A is any event in the sample space S, then
P(A) is called the probability of the event A if the following axioms hold:

1. Forevery event A, P(A) = 0.

2. P(8)=1.

3. If Aand B are mutually exclusive events, then
P(AUB) = P(A) + P(B)

4. If A, A,, ... .. are a sequence of mutually exclusive events, then
P(A,UA,U ... ) =P(A))+ P(Ay) + -
OrP(UZ,4;) =22, P(4)



Theorem 1: P(¢) = 0 for any sample space S.
Proof:

Let A be any event, in the sample space S
Then AU = A

P(AUd) = P(A)

P(A) +P($) = P(A) axiom (3)
P(p) =P(A)—P(A) =0
~P($)=0

Theorem 2: For any finite sequence of disjoint events, A,,A4,,
then P(U™, A4;) = X7, P(4).

Proof:
Letd;, ¢ Vi<n and A;=¢ Vi>n
Then P(4;) > 0 Visn

P(4)=0 Vi>n



= iP(AL-) +0

Then P(U;Ll Ai) = ?=1P(Ai)

Theorem 3: Foranyevent AcS, P(A°)=1-P(4).

Proof:
Since A and A€ are disjoint events and AUA® = S
Then P(AUA®) = P(S)
And P(A) + P(A°) = P(S)
Since P(S) =1 axiom (2)
Then P(A) + P(A°) =1
~ P(A9) =1—P(4)
Theorem4: Foranyevent 4, 0<P(4A)<1.
Proof: a. P(A) >0 axiom (1)
b. Toprove P(A) <1
If not, Let P(4) > 1 and we know that
P(A) +PA) =1
Then P(A°) <0 (contradiction)
~ P(A) <1
Fromaand b, we have 0 < P(A) < 1.
Theorem 5:If A c B,then P(A) < P(B).

Proof:

From the figure we have
AcB, and B = AU(BA")
P(B) = P(AUBA®)




P(B) = P(AUBA®) = P(A) + P(BA®)
P(B) = P(A) + P(BA®) , P(BA°)=0
Then P(B) = P(A)

~ P(4) < P(B)

Theorem 6: For any two events A and B

P(AUB) = P(A) + P(B) — P(AB)

Proof:
From the figure, we have (e)

AUB = AB°UABUA*B

Since AB¢, AB and A°B are disjoint
Then P(AUB) = P(4B°) + P(AB) + P(A°B)
From the figure P(AB€) = P(A) — P(AB)
P(A°B) = P(B) — P(4B)
Then P(AUB) = P(A) — P(AB) + P(AB) + P(B) — P(4B)
~ P(AUB) = P(A) + P(B) — P(AB)

Corollary 1: P(AUB) < P(A) + P(B).

Corollary 2: For any three events AB, and C

P(AUBUC) = P(A) + P(B) + P(C) — P(AB) — P(AC) — P(BC) +
P(ABC)

Corollary 3: P(AUBUC) < P(A) + P(B) + P(0).

Ex.3: Two coins are tossed, what is the probability that at least one head
appears?

Solution:
S ={HH,HT,TH,TT}

Let A be the event of at least are head



A= {HH, HT,TH}

Ex.4: A die is thrown once, define the events
A: an odd number appears.
B: number appearing is divisible.

Solution:

s=1{1,23456}, A={135 , B={36}

P(A°B) = P(B) — P(AB)

AB = {3} = P(4B) =%

1

W =
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Ex.5: Two die are thrown once, Let A and B be two events defined by:
A: the first die shows the number 1.

B: the sum of the two numbers appearing is less than 6.

Find P(A),P(B) ,P(AUB) ,P(AUB®).

Solution:

(L1 (1,2) (L3) (L4) (1,5 (1,6)
21) (22) (23) 24 (25 (26)
31 32 (B3) B4 (B5 B6)
(41) (42) (43) (44 (45 4.6)
5.1 (52) (53) (54 (55 (56)
(6,1) (6,2) (63) (64) (65) (6,6)/

A={(1112)13)14)(15)(1,6)}

Y




B ={(1,1)(1,2)(1,3)(1,4)(2,1)(2,2)(2,3)(3,1)(3,2)(4 1)}

nd) 6 1
S PA)=—"—==3¢=%
n(B) 10 5
= P(B) = (n) 36 18

= P(AUB) = P(4) + P(B) — P(4B)

AB: the first die shows the number (1) and the sum of two numbers
appearing is less than (6).

AB ={(1,1)(1,2)(1,3)(1,4)}

n(AB) 4
" 36
P(AUB) = P(A) + P(B) — P(AB)

P(4B) =

paUg) <5 410 _ 4 _12
36 36 36 36

= P(AUB¢) = P(A) + P(B€) — P(AB®)

10 26
C —_ —_ _ RN
P(B)=1-P(B)=1-5-=

P(AB®) = P(A) — P(AB)

W6 4 2
PABY) = 3736~ 36

P(AUB®) = P(A) + P(B®) — P(AB®)

PAUES) = 6 26 2 30
_36 36 36 36



