Random variables and their probability functions

Def. 1: Random Variable

A random variable X is a real valued function whose numerical value is
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determined by the outcome of a random experiment.

Ex.1: Two dice are thrown once. Define a random variable x to represent
the sum of the two numbers shown by the two dice. Therefore, the
random variable x can take on the values 2,3.4,...,12, which can be
described as follows:

Solution:

((1,1)
(2,1)
3,1
(4,1)
(5,1

\(6,1)

(1,2)
(2,2)
(3,2)
(4,2)
(5,2)
(6,2)

x=2 = {(1,1)}

(1,3)
(2,3)
(3,3)
(4,3)
(5,3)
(6,3)

x=3= {(1,2) (21)}

x=4 = {(1,3) (31)(2,2)}

(1,4)
(2,4)
(3,4)
(4,4)
(5,4)
(6,4)

x=5= {(1,4) (41)(2,3)(3,2)}

(1,5)
(2,5)
(3,5)
(4,5)
(5,5)
(6,5)

x=6 = {(1,5) (51)(3,3)(2,4)(4,2)}

x=12 = {(6,6)}

(1,6
(2,6)
(3,6)
(4,6)
(5,6)

Y

(6,6)/



Ex.2: Let the random variable X be the number of white balls in a sample
of size 2 draw without replacement from an urn containing 6 balls of
which 4 are white in which the white balls have been numbered 1 to 4
and the remaining 2 balls 5 and 6. The random variable X takes on the
values 0, 1, 2.

Solution:
x=0 = {(5,6)(65)}

(1,5) (1,6)(2,5)(2,6) (3,5)(3,6)(4,5) (4,6)}
(5,1)(6,1) (5,2)(6,2)(5,3) (6,3)(5,4)(6,4)

_ (1,2) (1,3)(1,4)(2,3) (2,4)(3,4)
Xx=2= {(2,1)(3,1) (4,1)(3,2)(4,2) (4,3)}

Def. 2: Discrete Random Variable

x:1=>{

A random variable X that takes on distinct values only is called a discrete
random variable.

EX.3: Suppose that our experiment is tossing a fair coin. Let X denote the
number of heads in the experiment. The sample space in this case is
{head (H), tail (T)}. Then the variable takes on either O or 1. Thus X is a
discrete random variable with,

Solution:
x=0 = {T}
x=1= {H}

Ex.4: Now consider the roll of a single fair die. Let X denote the number
of spots showing. The sample space is given by {1, 2, 3, 4, 5, 6}. Then X
is a discrete random variable taking on one of the values 1, 2, 3, 4, 5, 6.
The events corresponding to the values of X are

Solution:
x =1 = {one spot}
x =2 = {two spots}

x =3 = {threespots}



x =4 = {four spots}

x =5 = {five spots}

x =6 = {sixspots}

Def. 3: Probability Mass Function

Let X be a discrete random variable and let x,,x,, ... ... be distinct values
that X may assume. Then the function P(x) defined by:

P(x):{P(XO:xi) X=x; ,i=1,2,....

is defined to be the probability mass function of the random variable X,
P(x;) is called the probability mass at value x;.

Properties of the p.m.f.:

1. 0<P(x)<1
2. ¥ P(x) =1

Ex.5: Three coins are thrown once. Let X be the number of heads
obtained, then the values taken by x are 0, 1, 2, 3. Find the probability
mass function of X.

Solution:

S ={HHH,HHT,HTH,THH,TTH,THT, HTT, TTT}

1

x=0 = {TTT} = P(x=())=§
3

x=1 = {TTH,THT HTT} = P(x=1):§

3
x =2 = {HHT,HTH,THH} = P(x=2):§

1
x=3 = {HHH} = P(x=3)=¢



(1/8 x=0

13/8 x=1
P =1{3/8  x=2
11/8 x =3

0 other wise
1. 0<P(x) <1
= 0<P(xy),P(x,),P(x3),P(x,) <1
2. X2 P(x) =1

3
N ZP(xl-) — P(0)+ P(1) + P(2) + P(3)
i=0

_1+3+3 1_1
8 8 8 8

EX.6: Suppose that we throw one die. Let X be the number shown by this
die. Find the probability mass function of this experiment.

Solution:

§$=1{1,2,3,4,5,6}

x=1= {1} = Px=1)=
x=2 = {2} > P(x=2)=
x=3 = {3} = Px=3) =
x=4 = {4} > P(x=4)=

x=5 = {5} = P(x=5)=

ONl—= ONlRkr Ok, OO, Ok O -

x=6 = {6} > P(x=6)=



(1/6
1/6
1/6
= P(x) =11/6
1/6
1/6
\ 0

1. 0<P(x)<1

or P =(1/6 x=123456
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= 0 S P(xl),P(xz),P(x3),P(x4),P(x5),P(x6) S 1
2. ¥ P(x) =1

6
- ZP(xi) = P(1) + P(2) + P(3) + P(4) + P(5) + P(6)
i=1
111 1 1 1
“stetetetete !
EX.7: Two dice are thrown once. Define ar.v. X to be the sum of the two
numbers shown by the two dice. Find the p.m.f. of X, we get the sample

space as follows:

Solution:

(L1 (1,2) (L3) (L4 (1,5 (1,6)
21) (22) (23) 24 (25 (26)
31 32 (B3 B4 (B5 B6)
141 42) (43) 44 (45 (46)
5.1 (52) (53) (G4 (55 (56)
(6,1) (6,2) (63) (64) (65) (6,6)/

Y

x=2 = {(1,1)} = P(x=2)=%

x=3 = {(1,2)(21)} = P(x=3)= %

x=4 = {(1,3)B1(22)} = Hx:@:é%

x=5 = {(14HED23)32)} = P(x=5)= %



x=6 = {(1,5)(51)42)24)(33)} = P(x=6>=%

x=7 = {(1,6)(6,1)(43)(3,4)(52)(25)} = P(x=7)= %

x=8 = {(2,6)(62)(35)(53)(44)} = P(x=8)= %

x=9= {(3,6)(63)(45(54)} = Px=9)= %

x=10 > {(46)(64)(G5)) > P(x=10)= %

x=11 = {(56)(65)} = P(lel)Z%

x=12 > {(66)} > P(x=12)=—

36
1/36 x=2
2/36 x=3
Zgg x=4 1/36 x=2,12
5/36 x=05 2/36 x=23,11
o/3e xf6 3/36 x=4,10
= P(x) = <36 i;g Or P(x)=1{4/36 x=5,9
4/36 x=9 5/36 x=068
3/36 * =10 6/36 X =
_ \ 0 0.W.
2/36 *=11
1/36 *
. 0 o.w

= 0<Px)<1 Vx

12
= zp(xo =1
i=2



Ex.8: Determine the constant C so that P (x) satisfies the condition of

being a p.m.f. of x.

P(x) = {C(x +1)? x=0,123
0 0.w.

Solution:
= Z P(x;) =1
i=1

3
= CZ(x+1)2=1
i=0
= C[12+2%2+3%2+4%]=1

1
= C[30]=1 = C=—

30
{1/30
1 2 _ 4/30
P(x):{so(x+1) x=0123 g P(x)=49/30
0

x=0
x=1
x =2
x =3
0. W.

Ex.9: An urn contains 4 balls numbered 1, 2, 3, 4 respectively, let X be
the number that occurs if one ball is drawn at random from the urn. Write

the p.m.f. of X, find P(1 < x < 4),P(x = 2).

Solution:
|[1/4 x=1
1 B 1/4 x=2
— P(x) = {4 x=1234 o peoy=li/s s
0 0.wW. l1/4 =

Lo ow

=>P(1<x$4)=ZP(x)=P(x=2)+P(x:3)+P(x=4)

i=2

N
N
N
S



= P(x22)= ) P(x)=P(x =2)+Plx=3)+P(x = 4)

i=2

1 1 1

A

Ex.10: Verify the following functions are probability mass function:

a) P(x) = (%)x x =123, ..
b) P(x) = G)x x=1.23,..
Solution:
a)oo
:ZP“JZ
X 1 2 3
S YCRGRIORER
_ 1z
S 1-1/2

b)

~ P(x) is not p.m.f.

T 1-1/4 3/4 3

/4 1/4 1




Def. 4: Cumulative Distribution Function

The cumulative probability function of a discrete random variable is
denoted by F(x) and is defined by:

F(x)=P(X <x) = z P(x,)

Xisx

We may refer sometime to the cumulative probability function by the
cumulative distribution function (c.d.f.) or the Distribution Function (DF).

Properties of the c.d.f.:

lim,, ., F(x)=1
Cdim,,_F(x)=0

. F(xy) <F(x,) ifx; <x,

. Pla<x<b)=F()—F(a)

5w N R

Ex.11: For the following p.m.f., find the cumulative distribution function
and draw it.

(1/8 x=0
13/8 x=1
P(x)=43/8 x=2
l1/8 x =3
kO other wise
Solution:
= F(x) = P(X <x) = Z P(x,)
XiSX
( 0 x <0
| 0+1/8=1/8 0<x<1
=>F(x)=41/8+3/8=4/8 1<x<2
|4/8+3/8=7/8 2<x<3
\7/8+1/8=8/8 x>0



(0 x<0
l1/8 0<x<1
:p(x)=44/8 1<x<2
|7/8 2<x<3
k8/8 x>0
P(X)
1 4
3/81
2/87
1/81
0 2 3
F(X)
1 4
7/8 7
4/8 7 —
1/81+—
0 2




Ex.12: For the following function

_(x/k x =1,2,3,4,5
P(x) = { 0 o0.W.
1. Find the value of k so that P(x) satisfies the condition of being a
probability mass function for a random variable x.
2. Find the c.d.f. of x.

Solution:
_(x/k x=1,234,5
L P(x) _{ 0 0.W.
5
ZP(x)=1 = Z%=1
all x x=1

5
=>1Z =1
Kls* T
x=1

1
:E[1+2+3+4+S]:1
1
_(x/15 x=1,2,3,45
=>P(x)—{ 0 0.W.
(1/15 x=1
2/15 x=2
_ 3/15 x =3
2. P(x) <4/15 =4
5/15 X =5
\ 0 o.W.
(0 x <1

1/15 1<x<?2
_ ] 3/15 2<x<3
FO)=46/15 3<x<a
10/15 4<x<5
\15/15 5<x




Ex.13: Let X be a discrete random variable, if the cumulative distribution
function of X given by:

(0 x <=2
l2/8 —2<x<1
F(x)=43/8 1<x<?2
l7/8 2<x<4
kl x =>4

1. Find p.m.f. of x.

2. Find P(—2 < x <4)?
3. Find P(x—5>-1)?
4. Draw c.d.f. and p.m.f.

Solution:

( 2/8 x=-2

13/8-2/8=1/8 x=1
1 P(x) = 4 7/8—3/8=4/8 x=

|k8/8—7/8=1/8 x =4

0 0.W.
(2/8 x=-2
l1/8  x=1
PG)=1{4/8 x=2
l1/8 x=4
kO 0.W.
2.P(—2<x<4)=P(x=1)+P(x=2)=§+§:_

3P(x—5=>—-1)=P(x=>4)=-

8

F(x)

7/87
3/87 -

2/0
Z7 O




P(x)

4/8

2/8 7

1/8-

Ex.14: Two dice are thrown once. Let X be the absolute difference
between the two numbers shown by the dice. Find the probability mass

function of X and cumulative distribution function of X
Solution:

For this situation the random variable X takes on the values 0, 1, 2, 3, 4,
and 5. And then the p.m.f. of X will be as:

(6/36 x=0
10/36 x=1
8/36 x =2
= P(x) =1 6/36 x=3
4/36 x=4
2/36 X =05
\ 0 0.W.
r 0 x<0

6/36 0<x<1
16/36 1< x<?2
= F(x) =424/36 2<x<3
30/36 3<x<4
34/36 4 < x<5
\ 1 x=5




Ex.15: Let X be ar.v. having a p.m.f.

X -2 -1 0 2 3 5

P(x)| C | 2C | 3C | 2C | C | 4C

1. Find the value of C.
2. Find the c.d.f.
3. Find P(x > —2), P(x at least 2),P(x more than 2),P(—1 < x < 3).

Solution:
1. Zallxp(x) =1

C+2C+3C+2C+C+4C=1

13C=1

. C_ 1

713
(1/13  x=-2 0 x < =2
2/13 x=-1 1/13 -2< x<-1
3/13 x =0 3/13 1< x<0

2. P(x) =42/13 x = F(x)=<6/13 0<x<?
1/13 x= 8/13 2<x<3
4/13 x = 9/13 3<x<5
\ 0 0.W. \ 1 xX=5

3.

= P(x > -2)

=Plx=-1)+Px=0)+P(x=2)+P(x=3)+Plx=5)

2+3+2+1+4 12
13 13 13 13 13 13

12
OrP(x> 2) 1-— P(X< 2) 1_E E

= P(xatleast2) =P(x>2)=P(x=2)+P(x=3)+P(kx=05)

2+1 4 7
13 13 13_13

6 7
OrP(x>22)=1-Px<2)=1--==

= P(x morethan2) = P(x>2)=P(x=3)+P(x =5)



1 4 5

" BT13T13

= P(-1<x<3)=P(x=0)+P(x=2)+P(x=3)

3 2 1 6

IEEREEREEREE



