—_—q

LM\ aﬂ-A‘A.J\
Alaidy g 5,l0¥) duls

datlaiay) cilay j gl

Probability Distributions

Qhﬂy\ﬂuu—-gguﬂcyujﬁ\— gﬂﬂ\gghwd\
2026-2025

5 By .3 dalall 3l

-

r-——— e —————_—_——_———_—_—_—_————d




7

Chapter Four
1. The Mathematical Expectation

The expected value is the average value of a random variable over many
repetitions of an experiment. It is a fundamental concept used to
summarize the characteristics of a probability distribution.

If X is a discrete random variable with p.m.f. p(x) the expected value of
X, E(x) is given by:

E() = ) xp()

Vx

If X is a continuous random variable with p.d.f. f(x) the expected value
of X, E(x) is given by:

E(x) = J x f(x) dx

Vx

2. The Moments

Moments are expected values of powers of a random variable used to
describe the shape and spread of a distribution. The full collection of
moments includes the expected values of all positive integral powers of
X.

The r — th moment of a random variable X, denoted by .., is given by:
1. Moments about the origin
i, = E(x7)
f,=E(x')=E(x) (First Moment)
f, = E(x?) (Second Moment)

f; = E(x3) (Third Moment)
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7

For adiscrete random variable:

fr = EGT) = ) %" p()

Vx

For a continuous random variable:

hy = E(T) = f X" F() dx

Vx

2. Moments about the mean (Central Moments)
pr=EQx—w)’
U =E(x—w=E(x—-pn) =0 (First Central Moment)
U, = E(x — u)? = variance (Second Central Moment)

Us = E(x —p)? (Third Central Moment)

For adiscrete random variable:
pe == = ) (x =) p(®)
Vx

For a continuous random variable:

1y = E(x — )" = j (e — " Fx) dx

Remark: The mean and variance can be calculated using moments. The
first moment gives the mean and the second moment helps to find the

variance.

hy = E(x)

var(x) = of = E(x*) — (E(x))?
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Theorems:

1. If X be arandom variable, g(x) be any function of X then
Elg(x)] = z g(xX)p(x) if Xisdiscreter.v.
Vx

Elg(x)] = jg(x) f(x)dx if X is continuousr.v.

If ¢ is constant, then E(c) = ¢

E(cx) = c E(x)

E(x; +x,) = E(xy) + E(x,) x,,x, aretow randomvariables
E(ax; + bx,) = aE(x;) + bE (x,)

var (a) =0

var (ax + b) = a? var(x)

o 0k wd

~

Ex.1: If X is the value shown when rolling a fair die. Find the expected
value of X.

1
p(x) — {8 X = 1,2,3,4,5,6

0 0.W.
Solution:

6

EGO) =) xp) =) xp()

Vx x=1

=M*pM+@)*xp2)+ B)*p3)+ (4) xp(4)+ (5) *p(5)
+(6) *p(6)

1
S+ @t Bt W+ (B oz +(6) g =35

Ex.2: Let X be the r.v. with the following p.d.f.

2x 0<x<1
p(x)={0 0.W.

Find the mathematical expectation of X.

Solution:

I

F
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
I
|
|
|
|
|
|
|
e




7

1 1

E(x) = fxf(x)dx=jx2xdx=f2x2dx= [—] —2[——_

2
3

Ex.3: Let we have the following p.m.f.

X -1 0 1 2
p(x) 1/8 3/8 1/4 1/4
1. Prove that p(x) is a valid probability mass function

2. Compute E(x),E(x?),E(2x+ 1),var(3x + 2)

3. Compute the second central moment (u,) of the random variable X.

Solution:

1 3 2 2 8
1LY, p(x)=1= §+§+§+§—§—1

2.E(x) =Yy xp(x) =25 _1xp(x)

= (D)o g 4+ @) # 4 (r+ D)y =2 = 0,625
EG) =) 2 p() = ) 22 p()

2, z*E z*} 1 _11
=~ (O (Do + (DPeg =
E(2x+1)=2E(x)+E(1)=2*g+1=%

() =BG - (B = - (5) 112863
varix) = Blx D) =5"18) 8 62 6a
var(3x+2) =9 var(x)+ 0 =9 var(x) = 9 * g—i 2—647

3. Uy =E(x—w?=%5_1(x —p)? p(x)

6, ]
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1 3 1
= (—1—-0.625) * 3 + (0 — 0.625)? * 3 + (1 —0.625)% * 7

1
+(2-0.625)% 7 = 0.9845

Ex.4: Let we have the following p.d.f.

Flx) = {6x(10— X) 0;; <1

1. Prove that f(x) is a valid probability mass function
2. Compute E(x),E(x?),E (5x),var(6x).

Solution:

1. fo fl)dx =1

1 x2  x3] 1 1
6| (x—x)dx=6|—-= :6———]=3—2:
fo(x X )dx [2 3]0 273

2.E(x)= [, x f(x) dx= 6f01x(x—x2) dx = 6f01 (x? —x3) dx

_6x3 x41_6[1 1]—6[1]—1
713 40_ 3 4] Tl12] 2

E(x?) = sz flx)dx = sz 6x(1—x)dx =6 (x3—x*)dx

0 0

0
_6x4 x51_6[1 1]—6[1]—6
4 50_ 4 5] {201 20

1 5
E =5F = —_ = —
(5x) = 5E(x) 5*2 5

6 N> 6 1 6 5 1
=E 2y — E 2:——(—) == — = —
var(x) = EGH) —(EGC) =55-13) =207220 20~ 20
1 36
var(6x) = 36 x var(x) = 36 20> 20

(o)}
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Ex.5: Find the mean and variance of a discrete uniform distribution using
its moments.

Solution:

1/n x=1,23,..,n
0 otherwise

Lity = EQ) = Torx p() = By 0 = B x

p(x,n) ={

1

n(n+1)
2

Recall that 27,

1 n(n+1) (n+1)
Uy ( +24+-4n)= A 5

2. var(x) = 02 = E(x*) — (E(x))?

EG?) = ) x? o) = Z =

Vx x=1

2

M:

X

1
= (124224 -+ n?)

_ n(n+1)2n+1)
6

Recall that Y}, i?

1 n(n +1)2n+1)
n 6

E(x?) =— (12 +2%24--+n?)=
B (n+1)(@2n+1)
N 6

var(x) = 0 = E(x?) — (E(x))?

m+1DR2n+1) m+1\° (+1)2n+1) ([n+ 1)?
var(x) = 6 _( 2 ) B 6 T g
_2(n+1(2n+1) -3(n+1)*

12

2[2n* +n+2n+ 1] —3[n*+2n + 1]
B 12

~
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4n2+6n+2—3n2—6n—3_n2—1

var(x) = 0% =

12 12
Ex.6: Find the mean and variance of a Burnoulli distribution using its
moments.
Solution:
_pr(@=-p)t—= x=0,1
X, =
P(x.p) { 0 otherwise

Lpy = E(x) = Xyxxp(x) = Zglc=ox p* (1-— p)l—x
= (0P (1—p)* "+ (Dp(1—p)t=p

2. var(x) = o2 = E(x?) — (E(x))?

E(x®) = zxz p(x) = 21: x* p* (1—p)'™
x=0

=(0)*p°1-p)'°+W)*p'A-p)t=p
var(x) = o = E(x?) — (E(x))?
=p-p*=p(l-p) =pq

Ex.7: Find the mean and variance of a continuous uniform distribution
using its moments.

Solution:

1

f(x,a,b):{b_a a<x<bh
0 0.W.

L, =E@)= [, xf(x) dxzf:xﬁ dx =bi—affx dx

2

1 lxzr 1 b?>—a? 1 (b-a)(b+a) a+b
= = £ 3 =
b
a

b—a —a* 2 “b-—a 2 2

0o
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2. var(x) = o2 = E(x?) — (E(x))?
b b

E(x?) = Jxzf(x)dx=jx2biadx:biaJx2 dx

Vx a a

1 [ 1 bBP-a® 1 (b-a)(B?+ab+ad)
_b—a[?]a_b—a* 3  b-a 3
_a’+ab+ b’
h 3

var(x) = o? = E(x?) — (E(x))?

_az+ab+b2 (a+b)2
B 3 2

_az+ab+b2 a’ + 2ab + b?

3 4
_ 4(a® +ab+b*)—3(a®+2ab +b?)
B 12
_4a* +4ab+ 4b* —3a* — 6ab—3b* _a® —2ab+b* (b-—a)?
B 12 B 12 12
Ex.8: Find the mean and variance of a exponential distribution using its
moments.
Solution:

-0
f(x’e)z{é?e x x>0
0 0.w.

lu,=E@)= [, xf)dx=["x0e ®*dx=0["x e ®%dx

But [“x% ! e Frdx =" ,a=2 f=8

B(X

ra2 1

2. var(x) = 02 = E(x?) — (E(x))?

Vo]
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(o] (0]

E(x?) = szf(x)dx=jxzee‘e"dxzesz e~ 9% dx
Vx 0 0
But [~ x! e—ﬁxdx=;—i ,a=3 B=0
I3 2
E(x2)=0*9—3=9—2
2 /1 2 1 1
var(x) = of = E(x*) — (E(x))? =07 (5) =3 27 = 33

Ex.9: Let X ~ exp(2). Find

l.u, 2.0} 3.E(Bx) 4.var(2x+1)

Solution:
2e %% x>0
,2) =
fGx2) { 0 0.W.
1'.“x=E(x)=%:§, 2.var(x)=a§:9i2=i

3. E(3x) = 3E(x) = 3 *% =§

1
4var(2x+1)=4var(x)+0= 4*1 =1

Ex.10: Let X ~ Po(3). Find

1.u, 2.0 3.EQx+1) 4.var(3x+9)

Solution:
e—3 3x
p(x,A) =1 x=0,1,....
0 otherwise
Lu,=Ex)=21=3 2.var(x) =02 =1=3

3.EQx+1)=2E(x)+1=2+3+1=7
4.var(3x+9)=9var(x)+0=9%3 =27

=
o
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3. The Moment Generating Function

The moment generating function denoted by M, (t) for a random variable
X is defined to be the expectation of the exponential function e**. Where
t all real numbers.

M, (D)= E(e™) = Z e* p(x) if X is discrete random variable

Vx

M, (D)= E(e™) = f e* f(x)dx if Xis continuous random variable
Vx

We call M, (t) the moment generating function because all of the moments
of X can be obtained by differentiating M, (t) and then evaluating the

result at t=0.

M,(0)=E(x)=m, 1st moment

M,(0) = E(x?) =m, 2nd moment
M,(0) = E(x%) = ms 3rd moment
MI(0)=EX") =m, rth moment

Ex.11: A fair coin is flipped twice, let X be the number of heads that
occur.

1. Find the MGF.
2. Find the mean and variance of X using the MGF.

Solution:
1/4 x=0
_J1/2 x=1
POI=9174 x=2
0 0.W.

1. M, (0 = E(e™) =Ty e p(x) = T2y €™ p(x)
=e' @ p(0) +e' M p(1) + '@ p(2)

[ERN
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1 1 1
=e%* —t+et ks +eft x —
8*48*26*4

1

M (D) = %+%et +Ze2t

2. M,(0) = E(x) =

M,(H=0 +let +132t(2) = let+le2t

2 4 2 2
1 1 1 1
E == =M =_¢e0 —_e0 == —=1
(x) = py L(0) 5@ +Ze 2+2

var(x) = 0 = E(x?) — (E(x))?

M, () = 1et+1e2t(2)— ;et+e2t
; 1 3
E(x?) =Mx(0)=530+30 =5tl=7

1
var(x) = E(x?) = (E()* =5 - (1)? = 5
Ex.12: Let X be a random variable with the following p.d.f.

fe = {7 eo_zx o

1. Find the m.g.f. of X.
2. Use the m.g.f. to find the mean and variance.

3. Use the m.g.f. to find 3" moment of X.
Solution:
1. M, (D) =E(e™) = J, ™ flodx

M, () = J- et 2 o= 2X(x = Zf etx o= 2X x = zf e~ 2x+tx y
0

= ZJ e~ (C-Dx gy = J —(2 —t)e~ 27O dx
0

2—)

[ERN
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—2
2-1

2

_ _ _ -1
= a5 =221

M, (0 =

[e—(Z—t)x];" -

—2
(2 = t) [e—oo _ eO]

2. M () =E(X) =p,
M, =2(-1)2-t)*(-D=22-1t)""

, 5 21
M,(0)=2(2—0) 2=1—L=2

M®O=2(-2)2-0)-D=42-t)"3

E(x*) =11,000=4(2-0)3 = g _1

2
1 /1% 1
_ 2y _ 2___[(Z) ==
var(x) = E(x?) — (E(x)) > (2) 2
.M, =4(-3)2-t)"(-D=122-t)""
. . 12 3
z _ 3\ — _ 4_24_ 2
M,(0)= E(x3) = 12(2-0) =1e=1

Ex.13: Let X be a Bernoulli random variable with parameter p

1. Find the m.g.f. of X.
2. Use the m.g.f. to find the mean and variance.

Solution:

_pr(@=-p)t—= x=0,1
xX,p) =
p(x.p) { 0 otherwise

1. M,(® = E(e™) = Ty, e p(x) = Z1_, e p* (1 — p)1-*
=e' @O pO@ (1-p)=04e®p® 1 -p)'~ = g+ pe
2 M, (0 =EX)=p,
M,(t) = 0 + pe’ = pet
E(x) = pe = #,(0) =pe’ =p
M, (t) = pe’

E(x?) = 11,(0) =pe” =p

[ERN
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var(x) = E(x?)—(E(x)*=p—()?*=p(1—p) =pq

Ex.14: Let X be a continuous uniform distribution with parameters(a, b).
Find the m.g.f. of X.

Solution:
1
f(x,a,b)={b_a asx=b
0 0.W.
b 1
M, (t) = E(e™) = fetxf(x)dxzfetx P dx
Vx a
1 b 1 1b 1 1
— tx — - tx — - tx1b
_b—afe dx—b_a*tfte dx b—a*t[e 12
etb_eta
M. (t) =

Ex.15: Let X be a negative binomial distribution with parameters(r, p).
Find the m.g.f. of X.

Solution:

p(x,r,p) = {C§+H Pa x=0,12,....
0 otherwise

M (t) — E(etx) — zetx p(x) Z tx Cx+r 1 T‘ qx

_pz etx (X+7-1 x_pzcx+r1 (etq)*

Recall that .72, Cj”_l x)=(1-x)"

MO =p (1-e'q " = (1 _pqet)r

=
B
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4. Law of Large Number

This theorem deals with the fact that under some conditions the average
of asequence of random variables converges to the expected average.

Let X,,X,,...... ,X, are a random sample of size n drawn from a
population with a finite mean u. Let X,, denote the sample mean. Then,
forany e > 0

P{X,—ul>€} - 0asn—0

5. Central Limit Theorem

Suppose X;,X,, ... ... ,X,, are a random sample of size n drawn from a
population with a finite mean p and a finite variance o2. Let X,, denote
the sample mean. Consider the normalized random variable:

_ Xn _ E(Xn)
- Jvar (X,)

Then as n — oo, the distribution of Z converges to the standard normal
distribution Z ~ SN(0,1).

Zn

Ex.16: Let X be the number of successes in 7000 Bernoulli trials with
probability of success of 0.7 on a given trial use the central limit theorem
to estimate:

1. P(x < 4950)
2. P(4750 < x < 5000)

Solution:

X~ Bin(7000,0.7)
u=nx*xp=7000%*0.7=4900
o?=nxpxq=7000%0.7+0.3=1470

o =+v1050 = 38.34
X~ N(4900,1470)

=
(S}
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4950-4900
38.34

1. P(x < 4950) = P (";“ < ) — P(Z < 1.30)

= ¢(1.30) = 0.9032

2. P(4750 < x < 5000) = P (‘”50‘4900 X i 5000—4900)

38.34 o 38.34

= P(=391< Z < 2.61) = ¢(2.61) — $(—3.91)
= ¢(2.61) — [1 — ¢(3.91)] = 0.99547 — [1 — 0.99995] = 0.995

Ex.17: Let X, denote the mean of a random sample of size 15 drawn
from a distribution whose p.d.f. is:

3,2 _
f(x):{zx 1<x<1 ’and‘u=0'0.2=§
0 0.W. >

Use the central limit theorem to compute P(0.03 < X < 0.15).

Solution:

— 0-2
n

E(Xn) = E(X15) =u=0

_ _ o> 3/2 3
17ar(Xn)=var(X15)=7:E=ﬁ
P(003<X<015)—P<0'03_0<z<0'15_0>

T 3/75 ~  \[3/75

= P(0.15 < Z < 0.75) = ¢(0.75) — ¢(0.15)
=0.77337 — 0.55982 = 0.2135

=
)]
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Ex.18: If 10 fair dice are rolled, find the approximate probability that the

sum obtained is between 30 and 40. Use the central limit theorem.
35

Assume that for each die, u, = 3.5,02 =5

Solution:

P(30<X1% x;, <40) LetS =31 x;

10
Us = E(s) = szi = EE(xi) =23.5 =10%3.5=35
i=1 i=1 i=1

10 10 10
) s) Z Z ) 35 10 35 350
= T = T P r L) = _— = ¥ — — ———
O var(s va - X; L var(Xx; L 12 12 12
L= = L=

30-35 s—pu, 40—35
P(30SSS40)=P< ¢ )

35012 Jo7 350712

= P(—0.93<Z7 <0.93) = ¢(0.93) — ¢p(—0.93)
= ¢(0.93) — [1 — ¢(0.93)] = 0.8238 — [1 — 0.8238] = 0.65
EXx.19: Let X random variable has the following p.d.f.

X3
f(x)={z 0<x<?2
0 0.w.

Let X, denote the mean of a random sample of size 25. Use the central
limit theorem to compute P(1.5 < X < 1.65).

Solution:

15~ E(X,) _ X —E(X,) _1.65— E(Yn)>

5<X .65) =
PULS= X169 P<JEF§§"%EHXS‘ Jar (%)

E(x)—fxf(x)dx jx—dx Of% =—l ] §=1.6

Vx

E(X,) = E(Xy5) = =16

[ERY
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var(x) = 0Z = E(x?) — (E(x))?

E(x*) = szf(x)dx—fx —dx=0jxZ _[ ] g

Vx

8 8
var(x) = of = 3 (16)% = 7e = 0.106

g2  0.106
X )= %)=22 =22 _ 1004
var (X,) = var (X;5) = - T

X~ N(1.6,0.004)

. 15-1.6 X, —E(X,) _165-16
P(15<X<1.65) =P ( (n) >

1v/0.004 1/var (X 1v/0.004
P(1.5<X<1.65) =P(-1.53<Z, <0.77) = $(0.77) — $p(—1.53)
= ¢$(0.77) — [1 — ¢(1.53)] = 0.7793 — [1 — 0.9369]

= 0.7162

[EnY
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