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Chapter Four 

1. The Mathematical Expectation 

The expected value is the average value of a random variable over many 
repetitions of an experiment. It is a fundamental concept used to 

summarize the characteristics of a probability distribution. 

If   is a discrete random variable with p.m.f.      the expected value of 

 ,      is given by: 

            

  

 

If   is a continuous random variable with p.d.f.      the expected value 

of  ,      is given by: 

               

  

 

2. The Moments  

Moments are expected values of powers of a random variable used to 

describe the shape and spread of a distribution. The full collection of 

moments includes the expected values of all positive integral powers of 

 . 

The      moment of a random variable  , denoted by    , is given by: 

1. Moments about the origin 
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For a discrete random variable: 

                  

  

 

For a continuous random variable: 

                     

  

 

2. Moments about the mean (Central Moments) 

           

                                                    

                                                              

                                                                         

 
 
 

For a discrete random variable: 

                       

  

 

For a continuous random variable: 

                          

  

 

Remark: The mean and variance can be calculated using moments. The 

first moment gives the mean and the second moment helps to find the 

variance. 
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Theorems: 

1. If   be a random variable,      be any function of   then 

                  

  

                            

                     

 

  

                              

2. If c is constant, then        

3.              

4.                                                       

5.                          

6.           

7.                      

Ex.1: If   is the value shown when rolling a fair die. Find the expected 

value of  . 

      
 

 
                  

     

  

Solution: 

            

  

        

 

   

 

                                             
          

     
 

 
     

 

 
     

 

 
     

 

 
     

 

 
     

 

 
     

Ex.2: Let   be the r.v. with the following p.d.f.  

      
            
     

  

Find the mathematical expectation of  . 

Solution: 
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Ex.3: Let we have the following p.m.f. 

  -1 0 1 2 

                     

1. Prove that      is a valid probability mass function 

2. Compute                              

3. Compute the second central moment (μ₂) of the random variable  . 

Solution: 

1.                
 

 
 

 

 
 

 

 
 

 

 
 

 

 
   

2.                        
     

      
 

 
     

 

 
     

 

 
     

 

 
 

 

 
       

              

  

         

 

    

 

       
 

 
      

 

 
      

 

 
      

 

 
 

  

 
 

                     
 

 
   

  

 
  

                     
  

 
  

 

 
 

 

 
  

 
 
  

  
 

  

  
 

                                
  

  
 

   

  
 

3.                         
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Ex.4: Let we have the following p.d.f. 

      
                 

     
  

1. Prove that      is a valid probability mass function 

2. Compute                         . 

Solution: 

1.        
  

     

             
 

 

   
  

 
 
  

 
 
 

 

   
 

 
 
 

 
        

2.                
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Ex.5: Find the mean and variance of a discrete uniform distribution using 

its moments. 

Solution: 

        
                       
          

  

1.                      
   

 

 
 

 

 
    

    

                                                                           
 

 
           

Recall that     
    

      

 
 

   
 

 
           

 

 
 
      

 
 

     

 
 

2.          
                 

              

  

     

 

   

 

 
 

 

 
    

 

   

 

                                                                           
 

 
              

Recall that      
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Ex.6: Find the mean and variance of a Burnoulli distribution using its 

moments. 

Solution: 

         
                        

                
  

1.                      
               

                               

                                                                           

 

2.          
                

              

  

     

 

   

            

                                 

         
                

                

Ex.7: Find the mean and variance of a continuous uniform distribution 

using its moments. 

Solution: 

          
 

   
           

     

  

1.                  
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2.          
                

                 

  

     
 

   
   

 

 

 
 

   
       

 

 

 

 
 

   
  
  

 
 
 

 

 
 

   
 
     

 
 

 

   
 
               

 

 
        

 
 

         
                

 
        

 
  

   

 
 
 

 

 

 
        

 
 
         

 
 

 
                        

  
 

 
                       

  
 

         

  
 

      

  
 

Ex.8: Find the mean and variance of a exponential distribution using its 

moments. 

Solution: 

           
             
     

  

1.                  
  

               
 

 
               

 

 
 

But                 
 

 
 

  

  
                  

          
  

  
 

 

 
      

2.          
                



11 
 

                 

  

                

 

 

                

 

 

 

But                 
 

 
 

  

  
                  

        
  

  
 

 

  
      

         
                

 

  
  

 

 
 
 

 
 

  
 

 

  
 

 

  
 

Ex.9: Let            . Find 

            
                              

Solution: 

           
            
     

  

1.         
 

 
 

 

 
                           

  
 

  
 

 

 
 

3.               
 

 
 

 

 
  

                         
 

 
   

Ex.10: Let           . Find 

            
                                

Solution: 

        
      

  
                 

                

  

1.                                   
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 3. The Moment Generating Function 

The moment generating function denoted by       for a random variable 

  is defined to be the expectation of the exponential function    . Where 

t all real numbers.  

                      
  

                                         

                        
  

                                        

We call       the moment generating function because all of the moments 

of    can be obtained by differentiating       and then evaluating the 

result at t=0. 

                                         

                                         

                                          

  

  
                                      

Ex.11: A fair coin is flipped twice, let   be the number of heads that 

occur. 

1. Find the MGF. 

2. Find the mean and variance of   using the MGF. 

Solution: 

      

         
        
   
 

    
    

  

1.                                    
    

                                                 

 



12 
 

                    
 

 
    

 

 
       

 

 
 

       
 
 
 
 
 
   

 
 
      

2.              
 
 

         
 
 
   

 
 
        

 
 
   

 
 
    

               
 

 
   

 

 
   

 

 
 
 

 
   

         
                

         
 
 
   

 
 
        

 
 
       

              
 

 
      

 

 
   

 

 
 

                     
 

 
      

 

 
 

Ex.12: Let   be a random variable with the following p.d.f. 

         
          
        

  

1. Find the m.g.f. of   . 

2. Use the m.g.f. to find the mean and variance. 

3. Use the m.g.f. to find 3
rd

 moment of   . 

Solution: 

1.                         
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2.              
 
 

                                
 

                
 
 
 
 
 

 

                                 
 

                       
 

 
 

 

 
 

                     
 

 
  

 

 
 
 

 
 

 
 

3.                                    
 

                         
  
  

 
 
 

 

Ex.13: Let   be a Bernoulli random variable with parameter   

1. Find the m.g.f. of   . 

2. Use the m.g.f. to find the mean and variance. 

Solution: 

         
                        

                
  

1.   
                                        

    

                                                              

2.              
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Ex.14: Let   be a continuous uniform distribution with parameters     . 

Find the m.g.f. of   . 

Solution: 

          
 

   
           

     

  

                        

  

      
 

   
   

 

 

 

                    
 

   
        

 

 

 
 

   
 
 

 
          

 

 

 
 

   
 
 

 
       

  

      
       

      
 

Ex.15: Let   be a negative binomial distribution with parameters     . 

Find the m.g.f. of   . 

Solution: 

            
                                

                
  

                      

  

        
             

 

   

 

                      
           

 

   

        
               

 

   

 

Recall that    
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4. Law of Large Number 

This theorem deals with the fact that under some conditions the average 

of a sequence of random variables converges to the expected average.  

Let             are a random sample of size   drawn from a 

population with a finite mean  . Let     denote the sample mean. Then, 

for any      

                       

 

5. Central Limit Theorem 

Suppose             are a random sample of size   drawn from a 

population with a finite mean   and a finite variance   . Let     denote 

the sample mean. Consider the normalized random variable: 

   
          

          
 

Then as    , the distribution of   converges to the standard normal 

distribution          . 

Ex.16: Let   be the number of successes in 7000 Bernoulli trials with 

probability of success of 0.7 on a given trial use the central limit theorem 

to estimate: 

1.           

2.                

Solution: 
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1.             
   

 
 

         

     
            

                

2.                  
         

     
 

   

 
 

         

     
  

                                               

                                               

 

Ex.17: Let      denote the mean of a random sample of size 15 drawn 

from a distribution whose p.d.f. is: 

      
 

 
          

     

         ,  and        
 

 
 

Use the central limit theorem to compute                . 

Solution: 
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Ex.18: If 10 fair dice are rolled, find the approximate probability that the 

sum obtained is between 30 and 40. Use the central limit theorem. 

Assume that for each die,          
  

  

  
. 

Solution: 

        
  
                       

  
      

            

  

   

       

  

   

     

  

   

           

  
               

  

   

         

  

   

  
  

  

  

   

    
  

  
 

   

  
 

             
     

       
 

    

   
 

 
     

       
  

                                                               

                                            

Ex.19: Let   random variable has the following p.d.f.  

      
  

 
           

     

  

Let      denote the mean of a random sample of size 25. Use the central 

limit theorem to compute               . 

Solution: 
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