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Remark 1.8.1. The terminology of expectation or expected value has its origin
in games of chance. For example, consider a game involving a spinner with the
numbers 1, 2, 3 and 4 on it. Suppose the corresponding probabilities of spinning
these numbers are 0.20, 0.30, 0.35, and 0.15. To begin a game, a player pays $5 to
the “house” to play. The spinner is then spun and the player “wins” the amount in
the second line of the table:

Number spun 1 2 3 4

"Wins” $2 $3 $4 | $12
G = Gain —$3 | —$2 | —%1 | 87
pa(x) 0.20 | 0.30 | 0.35 | 0.15

"Wins” is in quotes, since the player must pay $5 to play. Of course, the random
variable of interest is the gain to the player; i.e., G with the range as given in the
third row of the table. Notice that 20% of the time the player gains —$3; 30% of
the time the player gains —$2; 35% of the time the player gains —$1; and 15% of
the time the player gains $7. In mathematics this sentence is expressed as

(—3) x 0.20 + (—2) x 0.30 + (—1) x 0.35+ 7 x 0.15 = —0.50,

which, of course, is F(G). That is, the expected gain to the player in this game is
—$0.50. So the player expects to lose 50 cents per play. We say a game is a fair
game, if the expected gain is 0. So this spinner game is not a fair game. ®

Let us consider a function of a random variable X. Call this function ¥ = ¢g(X).
Because Y is a random variable, we could obtain its expectation by first finding
the distribution of Y. However, as the following theorem states, we can use the
distribution of X to determine the expectation of Y.

Theorem 1.8.1. Let X be a random variable and let Y = g(X) for some function
g.

(a) Suppose X is continuous with pdf fx(x). If [*_ |g(z)|fx(x)dx < oo, then the
expectation of Y ewists and it is given by

EY)= /OO g(x) fx(x)de. (1.8.2)

— 00

(b) Suppose X is discrete with pmf px(x). Suppose the support of X is denoted
by Sx. If D e, 19(2)|px (z) < 00, then the expectation of Y exists and it is
given by

E(Y)= ) glx)px(x). (1.8.3)

re€Sx

Proof: We give the proof in the discrete case. The proof for the continuous case
requires some advanced results in analysis; see, also, Exercise 1.8.1.
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Because ) s |9(z)|px () converges, it follows by a theorem in calculus® that
any rearrangement of the terms of the series converges to the same limit. Thus we
have,

> lg(@)|px (@ o> ls@)px (@) (1.8.4)

z€Sx yESy {z€8Sx g(x)=y}

= > bl Y px@ (1.8.5)

yESy {r€Sx:g(x)=y}

= > lylpv(w), (1.8.6)

yESY

where Sy denotes the support of Y. So E(Y) exists; i.e., Y s  9(7)px(x) con-
verges. Because ) .5 g(z)px(v) converges and also converges absolutely, the
same theorem from calculus can be used to show that the above equations (1.8.4)—
(1.8.6) hold without the absolute values. Hence, E(Y) =} s g(z)px (), which
is the desired result. m

The following two examples illustrate this theorem.

Example 1.8.4. Let Y be the discrete random variable discussed in Example 1.6.3
and let Z = e~ Y. Since (2¢)~! < 1, we have by Theorem 1.8.1 that

E[Z] EleY] = ie_y (%>y+1

y=0
) 1 y+1 262
- 62(261> 1 162 :261"
2 (/@) 2

Example 1.8.5. Let X be a continuous random variable with the pdf f(z) = 2z
which has support on the interval (0,1). Suppose Y = 1/(1+X). Then by Theorem
1.8.1, we have

1 2

2 2 — 2

E(Y):/ ’ dx:/ Y72 qu=2(1 —log2),
o 1+ 1 U

where we have used the change in variable u = 1 + z in the second integral. m
Theorem 1.8.2 shows that the expectation operator E is a linear operator.

Theorem 1.8.2. Let g1(X) and g2(X) be functions of a random variable X. Sup-
pose the expectations of g1(X) and go(X) exist. Then for any constants ki and ks,
the expectation of k1g1(X) + k2g2(X) exists and it is given by

Elk191(X) + k2g2(X)] = k1 E[g1(X)] + k2 E[g2(X)]. (1.8.7)

SFor example, see Chapter 2 on infinite series in Mathematical Comments, referenced in the
Preface.
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Proof: For the continuous case, existence follows from the hypothesis, the triangle
inequality, and the linearity of the integral; i.e.,

/ T hgi(@) + kage(@)|fx (@) de < |l / T (@) fx (@) de

+ ‘k2|/jo lg2(2)| fx (z) dz < oo.

The result (1.8.7) follows similarly using the linearity of the integral. The proof for
the discrete case follows likewise using the linearity of sums. m

The following examples illustrate these theorems.

Example 1.8.6. Let X have the pdf
21—-2z) O0<z<1
rwy={ 0"

0 elsewhere.

Then

and, of course,

E(6X +3X?) :6(%) +3(%) = g ]

Example 1.8.7. Let X have the pmf

p(z) = {

3 3
B(6X°+ X) = 6B(X) + B(X) = 63 a*pla) + Y apla) = 75 m
z=1 r=1

r=1,2,3
elsewhere.

Solg

Then

Example 1.8.8. Let us divide, at random, a horizontal line segment of length 5
into two parts. If X is the length of the left-hand part, it is reasonable to assume

that X has the pdf
L o<z<5
_J) 5
flz) = { 0 elsewhere.

The expected value of the length of X is E(X) = 2 and the expected value of the
length 5 — z is E(5 — ) = 3. But the expected value of the product of the two

2
lengths is equal to
5
BX(5 = X)] = [y o(5 = 2)(3)dv = § # (3)*

That is, in general, the expected value of a product is not equal to the product of
the expected values. m



1.8. Expectation of a Random Variable 65

1.8.1 R Computation for an Estimation of the Expected Gain

In the following example, we use an R function to estimate the expected gain in a
simple game.

Example 1.8.9. Consider the following game. A player pays po to play. He then
rolls a fair 6-sided die with the numbers 1 through 6 on it. If the upface is a 1 or a
2, then the game is over. Otherwise, he flips a fair coin. If the coin toss results in a
tail, he receives $1 and the game is over. If, on the other hand, the coin toss results
in a head, he draws 2 cards without replacement from a standard deck of 52 cards.
If none of the cards is an ace, he receives $2, while he receives $10 or $50 if gets 1
or 2 aces, respectively. In both cases, the game is over. Let G denote the player’s
gain. To determine the expected gain, we need the distribution of G. The support
of G is the set {—po, 1 —po, 2 —po, 10 — po, 50 — po }. For the associated probabilities
we need the distribution of X, where X is the number of aces in a draw of 2 cards
from a standard deck of 52 cards without replacement. This is another example of
the hypergeometric distribution discussed in Example 1.6.2. For our situation, the
distribution is
()
‘P(Xf::x)::—ﬂ?ﬁjﬁ—, x=0,1,2.
2

Using this formula, the probabilities of X, to 4 places, are 0.8507,0.1448, and 0.0045
for z equal to 0, 1, and 2, respectively. Using these probabilities and independence,
the distribution and expected value of G can be determined; see Exercise 1.8.13.
Suppose, however, a person does not have this expertise. Such a person would
observe the game a number of times and then use the average of the observed gains
as his/her estimate of E(G). We will show in Chapter 2 that this estimate, in
a probability sense, is close to E(G), as the number of times the game is played
increases. To compute this estimation, we use the following R function, simplegame,
which plays the game and returns the gain. This function can be downloaded at the
site given in the Preface. The argument of the function is the amount the player
pays to play. Also, the third line of the function computes the distribution of the
above random variable X. To draw from a discrete distribution, the code makes
use of the R function sample which was discussed previously in Example 1.4.12.

simplegame <- function(amtpaid){
gain <- -amtpaid
x <= 0:2; pace <- (choose(4,x)*choose(48,2-x))/choose(52,2)
x <- sample(1:6,1,prob=rep(1/6,6))

if(x > 2){
y <- sample(0:1,1,prob=rep(1/2,2))
if (y==0){
gain <- gain + 1
} else {

z <- sample(0:2,1,prob=pace)
if (z==0){gain <- gain + 2}

if(z==1){gain <- gain + 10}
if (z==2){gain <- gain + 50}
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}
}
return(gain)

}

The following R script obtains the average gain for a sample of 10,000 games. For
the example, we set the amount the player pays at $5.

amtpaid <- 5; numtimes <- 10000; gains <- c()
for(i in 1:numtimes){gains <- c(gains,simplegame(amtpaid))}
mean(gains)

When we ran this script, we obtained —3.5446 as our estimate of E(G). Exercise
1.8.13 shows that F(G) = —3.54. m

EXERCISES

1.8.1. Our proof of Theorem 1.8.1 was for the discrete case. The proof for the con-
tinuous case requires some advanced results in in analysis. If, in addition, though,
the function g(z) is one-to-one, show that the result is true for the continuous case.
Hint: First assume that y = g(x) is strictly increasing. Then use the change-of-
variable technique with Jacobian dz/dy on the integral fmGSX g(x) fx(x)dx.

1.8.2. Consider the random variable X in Example 1.8.5. As in the example, let
Y =1/(1+ X). In the example we found the E(Y) by using Theorem 1.8.1. Verify
this result by finding the pdf of Y and use it to obtain the E(Y).

1.8.3. Let X have the pdf f(z) = (x + 2)/18, —2 < x < 4, zero elsewhere. Find
E(X), E[(X +2)%], and E[6X — 2(X +2)3].

1.8.4. Suppose that p(x) = %, x = 1,2,3,4,5, zero elsewhere, is the pmf of the
discrete-type random variable X. Compute E(X) and E(X?). Use these two results
to find E[(X + 2)2] by writing (X +2)%2 = X2 +4X +4.

1.8.5. Let X be a number selected at random from a set of numbers {51, 52, ...,100}.
Approximate E(1/X).
Hint: Find reasonable upper and lower bounds by finding integrals bounding F(1/X).

1.8.6. Let the pmf p(z) be positive at x = —1,0, 1 and zero elsewhere.
(a) If p(0) = 1, find B(X?).
(b) If p(0) = % and if E(X) =1, determine p(—1) and p(1).

1.8.7. Let X have the pdf f(z) = 322, 0 < x < 1, zero elsewhere. Consider a
random rectangle whose sides are X and (1 — X ). Determine the expected value of
the area of the rectangle.



1.8. Expectation of a Random Variable 67

1.8.8. A bowl contains 10 chips, of which 8 are marked $2 each and 2 are marked
$5 each. Let a person choose, at random and without replacement, three chips from
this bowl. If the person is to receive the sum of the resulting amounts, find his
expectation.

1.8.9. Let f(x) =2z, 0 < x < 1, zero elsewhere, be the pdf of X.
(a) Compute E(1/X).
(b) Find the cdf and the pdf of Y =1/X.
(c¢) Compute E(Y) and compare this result with the answer obtained in part (a).

1.8.10. Two distinct integers are chosen at random and without replacement from
the first six positive integers. Compute the expected value of the absolute value of
the difference of these two numbers.

1.8.11. Let X have a Cauchy distribution which has the pdf

1 1
T2 41’

flz) =

—00 < & < 00. (1.8.8)

Then X is symmetrically distributed about 0 (why?). Why isn’t E(X) = 07
1.8.12. Let X have the pdf f(z) = 32%, 0 < z < 1, zero elsewhere.

(a) Compute E(X?3).

(b) Show that Y = X3 has a uniform(0, 1) distribution.

(c) Compute E(Y) and compare this result with the answer obtained in part (a).

1.8.13. Using the probabilities discussed in Example 1.8.9 and independence, de-
termine the distribution of the random variable G, the gain to a player of the game
when he pays pg dollars to play. Show that E(G) = —$3.54 if the player pays $5 to

play.

1.8.14. A bowl contains five chips, which cannot be distinguished by a sense of
touch alone. Three of the chips are marked $1 each and the remaining two are
marked $4 each. A player is blindfolded and draws, at random and without replace-
ment, two chips from the bowl. The player is paid an amount equal to the sum of
the values of the two chips that he draws and the game is over. Suppose it costs
po dollars to play the game. Let the random variable G be the gain to a player of
the game. Determine the distribution of G and the F(G). Determine py so that
the game is fair. The R code sample(c(1,1,1,4,4),2) computes a sample for this
game. Expand this into an R function that simulates the game.
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1.9 Some Special Expectations

Certain expectations, if they exist, have special names and symbols to represent
them. First, let X be a random variable of the discrete type with pmf p(z). Then

E(X) =) ap(x).

If the support of X is {a1,as,as, ...}, it follows that
E(X) = aip(a1) + azp(az) + asp(as) + - .

This sum of products is seen to be a “weighted average” of the values of a1, as, as, . ..,
the “weight” associated with each a; being p(a;). This suggests that we call E(X)
the arithmetic mean of the values of X, or, more simply, the mean value of X (or
the mean value of the distribution).

Definition 1.9.1 (Mean). Let X be a random variable whose expectation exists.
The mean value p of X is defined to be p = E(X).

The mean is the first moment (about 0) of a random variable. Another special
expectation involves the second moment. Let X be a discrete random variable with
support {a1,az, ...} and with pmf p(z), then

S — w)p(x)

x

= (a1 —p)*p(ar) + (a2 — p)’plag) + - .

B[(X — p)?]

This sum of products may be interpreted as a “weighted average” of the squares of
the deviations of the numbers aj,as, ... from the mean value p of those numbers
where the “weight” associated with each (a; — u)? is p(a;). It can also be thought of
as the second moment of X about p. This is an important expectation for all types
of random variables, and we usually refer to it as the variance of X.

Definition 1.9.2 (Variance). Let X be a random variable with finite mean p and
such that E[(X —u)?] is finite. Then the variance of X is defined to be E[(X —pu)?].
It is usually denoted by o* or by Var(X).

It is worthwhile to observe that Var(X) equals
0? = B[(X — p)? = B(X? = 2uX + u?).

Because F is a linear operator it then follows that

o = E(X?%) —2uB(X)+ pu?
= BE(X?) -2 +4°
E(X?) — u?

This frequently affords an easier way of computing the variance of X.



1.9. Some Special Expectations 69

It is customary to call o (the positive square root of the variance) the standard
deviation of X (or the standard deviation of the distribution). The number o
is sometimes interpreted as a measure of the dispersion of the points of the space
relative to the mean value p. If the space contains only one point k for which
p(k) > 0, then p(k) =1, p =k, and o = 0.

While the variance is not a linear operator, it does satisfy the following result:

Theorem 1.9.1. Let X be a random ravariable with finite mean p and variance

o2. Then for all constants a and b,

Var(aX + b) = a® Var(X). (1.9.1)
Proof. Because E is linear, E(aX + b) = au + b. Hence, by definition
Var(aX +b) = E {[(aX +b) — (ap+b)]*} = E {a®’[X — p]*} = a®Var(X).

[
Based on this theorem, for standard deviations, o,x 15 = |a|ox. The following
example illustrates these points.

Example 1.9.1. Suppose the random variable X has a uniform distribution, (1.7.4),
with pdf fx(x) =1/(2a), —a < x < a, zero elsewhere. Then the mean and variance
of X are:

so that ox = a/ /3 is the standard deviation of the distribution of X. Consider
the transformation ¥ = 2X. Because the inverse transformation is = y/2 and
dx/dy = 1/2, it follows from Theorem 1.7.1 that the pdf of Y is fy(y) = 1/4a,
—2a < y < 2a, zero elsewhere. Based on the above discussion, oy = (2a)/V/3.
Hence, the standard deviation of Y is twice that of X, reflecting the fact that the
probability for Y is spread out twice as much (relative to the mean zero) as the
probability for X. m

Example 1.9.2. Let X have the pdf

laz+1) —-1<z<1
_ ) 2
flz) = { 0 elsewhere.

Then the mean value of X is

[e'S) 1
1 1
,u:/ xf(:c)dx:/ :cx;_ das:§,

—00 —1

while the variance of X is

o) 1 2
1 1 2
02:/700x2f(x)dx7u2:/71x2x;r dx<3> =5 ™
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Example 1.9.3. If X has the pdf

1
2

ra={ g

l<zr<oo
elsewhere,

then the mean value of X does not exist, because

* o1 1
/1 |x|ﬁd$:bli>nolo/1 Edas:blirgo(logb—logl):oo,
which is not finite. m

We next define a third special expectation.

Definition 1.9.3 (Moment Generating Function). Let X be a random wvariable
such that for some h > 0, the expectation of e'X exists for —h < t < h. The
moment generating function of X is defined to be the function M(t) = E(e'X),
for —h <t < h. We use the abbreviation mgf to denote the moment generating
function of a random variable.

Actually, all that is needed is that the mgf exists in an open neighborhood of 0.
Such an interval, of course, includes an interval of the form (—h, h) for some h > 0.
Further, it is evident that if we set ¢ = 0, we have M (0) = 1. But note that for an
mgf to exist, it must exist in an open interval about 0.

Example 1.9.4. Suppose we have a fair spinner with the numbers 1,2, and 3 on
it. Let X be the number of spins until the first 3 occurs. Assuming that the spins
are independent, the pmf of X is

z—1
1 /2
=—| = =1,2,3,....
p(a) 3(3) =123,

Then, using the geometric series, the mgf of X is

o] 1 2 r—1 1 o] 2 r—1 1 9 -1
_ (XY ta _ Lt ¢ _ Lt ¢
M(t)—E(e )—;6 5 <3) —56 ;(6 3) —56 <16 3> ,
provided that e’(2/3) < 1; i.e., t < log(3/2). This last interval is an open interval

of 0; hence, the mgf of X exists and is given in the final line of the above derivation.
]

If we are discussing several random variables, it is often useful to subscript M
as Mx to denote that this is the mgf of X.

Let X and Y be two random variables with mgfs. If X and Y have the same
distribution, i.e, Fx(z) = Fy(z) for all z, then certainly Mx(t) = My (t) in a
neighborhood of 0. But one of the most important properties of mgfs is that the
converse of this statement is true too. That is, mgfs uniquely identify distributions.
We state this as a theorem. The proof of this converse, though, is beyond the scope
of this text; see Chung (1974). We verify it for a discrete situation.
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Theorem 1.9.2. Let X and Y be random variables with moment generating func-
tions Mx and My, respectively, existing in open intervals about 0. Then Fx(z) =
Fy (2) for all z € R if and only if Mx(t) = My (t) for all t € (—h,h) for some
h > 0.

Because of the importance of this theorem, it does seem desirable to try to make
the assertion plausible. This can be done if the random variable is of the discrete
type. For example, let it be given that

_ 1 .t 2 2t 3 3t 4 4t
M(t)—ﬁe +TO€ +E6 +E6

is, for all real values of ¢, the mgf of a random variable X of the discrete type. If
we let p(x) be the pmf of X with support {a1,as,as, ...}, then because

M(t) = e p(a),

x

we have
i5e + 2¢ _|_1_e _|_1_e p(a1)e 1 —i—p(ag)e 2t 4o,

Because this is an identity for all real values of ¢, it seems that the right-hand
member should consist of but four terms and that each of the four should be equal,
respectively, to one of those in the left-hand member; hence we may take a; = 1,
plar) = 15 a2 = 2, plaz) = 35; as = 3, p(as) = 5; as =4, p(as) = 1. Or, more
simply, the pmf of X is

p(x) =

5 v=1234
elsewhere.

On the other hand, suppose X is a random variable of the continuous type. Let
it be given that

1
M@t) = —, t<l,
is the mgf of X. That is, we are given
! /oO f(x)yde, t<1
— = e f(x)dx .
1—t e ’

It is not at all obvious how f(z) is found. However, it is easy to see that a distri-

bution with pdf
e’ I<r<o
flz) = { 0 elsewhere

has the mgf M (t) = (1—¢)~!, ¢t < 1. Thus the random variable X has a distribution
with this pdf in accordance with the assertion of the uniqueness of the mgf.

Since a distribution that has an mgf M (t) is completely determined by M(t),
it would not be surprising if we could obtain some properties of the distribution
directly from M (t). For example, the existence of M (t) for —h < ¢t < h implies that
derivatives of M(t) of all orders exist at ¢ = 0. Also, a theorem in analysis allows
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us to interchange the order of differentiation and integration (or summation in the
discrete case). That is, if X is continuous,

M'(t) = d]\(;[t() %/00 tmf(as)d:r:/oo p e f(x )dx:/jo ze'™ f(x) dx.

Likewise, if X is a discrete random variable,

M'(t) = d]\jt(t) = ermp(x).

€T

Upon setting ¢ = 0, we have in either case
M'(0) = E(X) = u.
The second derivative of M (t) is

W= [ s o Sty

so that M"(0) = E(X?). Accordingly, Var(X) equals
0% = B(X?) - p* = M"(0) — [M'(0)]*.
For example, if M(t) = (1 —¢)~!, ¢ < 1, as in the illustration above, then
M@#t)=(1-t)"2 and M"({t)=21-1t)3
Hence
p=M0)=1
and
o2 =M"0)—pt=2-1=1.
Of course, we could have computed ; and o2 from the pdf by
W= /00 zf(r)dr and o? = /00 22 f(x) do — p?,

respectively. Sometimes one way is easier than the other.
In general, if m is a positive integer and if M (™) (t) means the mth derivative of
M (t), we have, by repeated differentiation with respect to ¢,

M™(0) = B(X™).

E(X™) :/ 2™ f(x)dx or mep(x)
and the integrals (or sums) of this sort are, in mechanics, called moments. Since
M (t) generates the values of E(X™), m = 1,2,3,..., it is called the moment-
generating function (mgf). In fact, we sometimes call E(X™) the mth moment of
the distribution, or the mth moment of X.

The next two examples concern random variables whose distributions do not
have mgfs.
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Example 1.9.5. It is known that the series

converges to 72 /6. Then

pl(z) = L =123,
0 elsewhere

is the pmf of a discrete type of random variable X. The mgf of this distribution, if
it exists, is given by

M(t) = B(e¥) =) epla)

> Gel®
> s
r=1

The ratio test of calculus” may be used to show that this series diverges if ¢ > 0.
Thus there does not exist a positive number h such that M (t) exists for —h < t < h.
Accordingly, the distribution has the pmf p(x) of this example and does not have
an mgf. m

Example 1.9.6. Let X be a continuous random variable with pdf

1 1
Tax24+1’

fz)= —00 < T < 00. (1.9.2)
This is of course the Cauchy pdf which was introduced in Exercise 1.7.24. Let t > 0

be given. If x > 0, then by the mean value theorem, for some 0 < &, < tz,

Hence, e'* > 1+ to > tx. This leads to the second inequality in the following

derivation:
i 1 1 i 1 1
/ etr— 5 de > / ett = dx
Cee Ta?H+1 0 ma?+1

<1 tx
> ———— dx = o0.
o mxt41

Because t was arbitrary, the integral does not exist in an open interval of 0. Hence,
the mgf of the Cauchy distribution does not exist. m

Example 1.9.7. Let X have the mgf M (t) = ¢'"/2, —00 < t < co. As discussed in
Chapter 3, this is the mgf of a standard normal distribution. We can differentiate
M (t) any number of times to find the moments of X. However, it is instructive to

"For example, see Chapter 2 of Mathematical Comments.
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consider this alternative method. The function M (t) is represented by the following
Maclaurin’s series:3

22 AT t22+ +1t2k+
€ n\2) T2 \3 i\ 2

_ ! 3)1) 2k—-1)---3)1)
= 1+5t2+Tt4+~--+ eal 2+

4+

In general, though, from calculus the Maclaurin’s series for M(t) is

M'(0),  M"(0) o M)
M(t) = M)+ ==t + ==t et
2 m
1+E(X)t+E(X)t2+-~-+—E(X )tm+-~-.
1! 2! m!

Thus the coefficient of (¢ /m!) in the Maclaurin’s series representation of M (t) is
E(X™). So, for our particular M (t), we have

_ (2K
o2k
E(X%-1) = 0, k=1,2,3,.... (1.9.4)

E(X?%) = (2k—1)(2k—3)---(3)(1)

k=1,2,3,... (1.9.3)

We make use of this result in Section 3.4. m

Remark 1.9.1. As Examples 1.9.5 and 1.9.6 show, distributions may not have
moment-generating functions. In a more advanced course, we would let ¢ denote
the imaginary unit, ¢ an arbitrary real, and we would define p(t) = E(e*X). This
expectation exists for every distribution and it is called the characteristic func-
tion of the distribution. To see why ¢(t) exists for all real ¢, we note, in the
continuous case, that its absolute value

()] = | [ ey

< [ e

— 00

However, |f(x)| = f(x) since f(x) is nonnegative and

|e?™®| = | costx + isintx| = Veos? tz + sin® tz = 1.

Thus N
o(t)] < / F)de = 1.

Accordingly, the integral for ¢(t) exists for all real values of ¢. In the discrete
case, a summation would replace the integral. In reference to Example 1.9.6, it can
be shown that the characteristic function of the Cauchy distribution is given by
o(t) = exp{—|t|}, —oco <t < 0.

8See Chapter 2 of Mathematical Comments.
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Every distribution has a unique characteristic function; and to each charac-
teristic function there corresponds a unique distribution of probability. If X has
a distribution with characteristic function ¢(t), then, for instance, if E(X) and
E(X?) exist, they are given, respectively, by iE(X) = ¢/(0) and i2E(X?) = ¢"(0).
Readers who are familiar with complex-valued functions may write p(t) = M (it)
and, throughout this book, may prove certain theorems in complete generality.

Those who have studied Laplace and Fourier transforms note a similarity be-
tween these transforms and M (t) and o(¢); it is the uniqueness of these transforms
that allows us to assert the uniqueness of each of the moment-generating and char-
acteristic functions. m

EXERCISES

1.9.1. Find the mean and variance, if they exist, of each of the following distribu-
tions.

(a) plx) = m!(33im)! (3)3, 2=0,1,2,3, zero elsewhere.

(b) f(z) =62(1 —2), 0 < ax <1, zero elsewhere.

(c) f(z)=2/2% 1< x < oo, zero elsewhere.

1.9.2. Let p(z) = (%)z, x=1,2,3,..., zero elsewhere, be the pmf of the random

variable X. Find the mgf, the mean, and the variance of X.
1.9.3. For each of the following distributions, compute P(u — 20 < X < p + 20).
(a) f(z) =6z(1—=x), 0 <z <1, zero elsewhere.

(b) p(z) = (3)", z=1,2,3,..., zero elsewhere.

1.9.4. If the variance of the random variable X exists, show that
E(X?) > [E(X))*.

1.9.5. Let a random variable X of the continuous type have a pdf f(x) whose
graph is symmetric with respect to x = ¢. If the mean value of X exists, show that
EX)=c.

Hint: Show that E(X — ¢) equals zero by writing E(X — ¢) as the sum of two
integrals: one from —oo to ¢ and the other from ¢ to co. In the first, let y = ¢ — x;
and, in the second, z = x—e¢. Finally, use the symmetry condition f(c—y) = f(c+y)
in the first.

1.9.6. Let the random variable X have mean u, standard deviation o, and mgf
M(t), —h <t < h. Show that
X — 4\ 2
(2]
o

Xf
E( “):0, E
g

E{exp {t (X —,u)]} = e M) <t> , —ho <t < ho.
o o

and
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1.9.7. Show that the moment generating function of the random variable X having
the pdf f(z) = %, —1 < x < 2, zero elsewhere, is

o2t _—t
M@= T t#F0
1 t=0.

1.9.8. Let X be a random variable such that E[(X — b)?] exists for all real b. Show
that E[(X — b)?] is a minimum when b = E(X).

1.9.9. Let X be a random variable of the continuous type that has pdf f(z). If m
is the unique median of the distribution of X and b is a real constant, show that

b
E(X —bl) = E(X —m|) +2 / (b— 2)f(x) d,

m

provided that the expectations exist. For what value of b is E(]X — b|) a minimum?

1.9.10. Let X denote a random variable for which E[(X — a)?] exists. Give an
example of a distribution of a discrete type such that this expectation is zero. Such
a distribution is called a degenerate distribution.

1.9.11. Let X denote a random variable such that K(t) = E(t¥) exists for all
real values of ¢ in a certain open interval that includes the point ¢t = 1. Show that
K(™)(1) is equal to the mth factorial moment E[X (X —1)---(X —m +1)].

1.9.12. Let X be a random variable. If m is a positive integer, the expectation
E[(X — b)™], if it exists, is called the mth moment of the distribution about the
point b. Let the first, second, and third moments of the distribution about the point
7 be 3, 11, and 15, respectively. Determine the mean p of X, and then find the
first, second, and third moments of the distribution about the point pu.

1.9.13. Let X be a random variable such that R(t) = E(e!(X~?) exists for ¢ such
that —h <t < h. If m is a positive integer, show that R(™)(0) is equal to the mth
moment of the distribution about the point b.

1.9.14. Let X be a random variable with mean p and variance o2 such that the
third moment E[(X — u)?] about the vertical line through yu exists. The value of
the ratio E[(X — u)%]/03 is often used as a measure of skewness. Graph each of
the following probability density functions and show that this measure is negative,
zero, and positive for these respective distributions (which are said to be skewed to
the left, not skewed, and skewed to the right, respectively).

(a) f(z)=(x+1)/2, —1 < x < 1, zero elsewhere.
(b) f(z)=3, =1 <z <1, zero elsewhere.
(c) fl&)=01—2x)/2, =1 <z < 1, zero elsewhere.

1.9.15. Let X be a random variable with mean p and variance o2 such that the
fourth moment E[(X — p)%] exists. The value of the ratio E[(X — u)?*]/o* is often
used as a measure of kurtosis. Graph each of the following probability density
functions and show that this measure is smaller for the first distribution.
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(a) f(z) =3, —1 <z <1, zero elsewhere.
(b) f(z) =3(1—2?)/4, —1 <z < 1, zero elsewhere.
1.9.16. Let the random variable X have pmf

p r=—1,1
plx)y=¢ 1-=2p =0
0 elsewhere,

where 0 < p < % Find the measure of kurtosis as a function of p. Determine its
value when p = 3, p = %, p= %, and p = Wlo' Note that the kurtosis increases as
p decreases.

1.9.17. Let 9(t) = log M (t), where M (t) is the mgf of a distribution. Prove that

¥'(0) = p and ¥"(0) = o2, The function (t) is called the cumulant generating
function.

1.9.18. Find the mean and the variance of the distribution that has the cdf

0 z <0
% 2<x<4
1 4 <.

1.9.19. Find the moments of the distribution that has mgf M (t) = (1—t)73, t < 1.
Hint: Find the Maclaurin series for M (t).

1.9.20. We say that X has a Laplace distribution if its pdf is
f)=ze . —co<t<oo. (1.9.5)

(a) Show that the mgf of X is M(t) = (1 —t2)~! for |t| < 1.
(b) Expand M (t) into a Maclaurin series and use it to find all the moments of X.

1.9.21. Let X be a random variable of the continuous type with pdf f(z), which
is positive provided 0 < & < b < 0o, and is equal to zero elsewhere. Show that

b
B(X) = [ 1= F@)ds

where F(z) is the cdf of X.
1.9.22. Let X be a random variable of the discrete type with pmf p(z) that is
positive on the nonnegative integers and is equal to zero elsewhere. Show that

o0

E(X)=Y[1 - F(a))

z=0

where F(z) is the cdf of X.
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1.9.23. Let X have the pmf p(x) = 1/k, x = 1,2,3,...,k, zero elsewhere. Show
that the mgf is
{ et(l_ekt) t;éo
M(t) = k(1—ef)
1 t=0.

1.9.24. Let X have the cdf F(z) that is a mixture of the continuous and discrete
types, namely

0 <0
Flzy=¢ = 0<z<1
1 1<z

Determine reasonable definitions of y = E(X) and 02 = var(X) and compute each.
Hint: Determine the parts of the pmf and the pdf associated with each of the
discrete and continuous parts, and then sum for the discrete part and integrate for
the continuous part.

1.9.25. Consider k continuous- type distributions with the following characteristics:
pdf f;(z), mean u;, and variance o2, i = 1,2,.... k. If ¢; >0, i = 1,2,...,k, and
c1+co+--+c = 1, show that the mean and the Variance of the distribution having

pdf c1fi(z) + -+ + cpfr(z) are p = Zf:1 cip; and 0* = Zf yalo? + (ui — 1),
respectively.

1.9.26. Let X be a random variable with a pdf f(x) and mgf M (t). Suppose f is
symmetric about 0; i.e., f(—z) = f(x). Show that M(—t) = M(t).

1.9.27. Let X have the exponential pdf, f(z) = = !exp{—x/8}, 0 < 2 < o0, zero
elsewhere. Find the mgf, the mean, and the variance of X.

1.10 Important Inequalities

In this section, we discuss some famous inequalities involving expectations. We
make use of these inequalities in the remainder of the text. We begin with a useful
result.

Theorem 1.10.1. Let X be a random wariable and let m be a positive integer.
Suppose E[X™] exists. If k is a positive integer and k < m, then E[X*] exists.

Proof: We prove it for the continuous case; but the proof is similar for the discrete
case if we replace integrals by sums. Let f(x) be the pdf of X. Then

> k k k
/_ ol Fle) do /|a:|51 2l f () d + /x f(z) dz

< /Wf(x)dw /|| 2™ f () d
< / fa dx+/ 2™ f(z) de
< 14 E[X|"] < o, (1.10.1)
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which is the the desired result. m

Theorem 1.10.2 (Markov’s Inequality). Let u(X) be a nonnegative function of the
random variable X . If E[u(X)] exists, then for every positive constant c,

Blu(X)]

Plu(X) > ] < .

Proof. The proof is given when the random variable X is of the continuous type;

but the proof can be adapted to the discrete case if we replace integrals by sums.
Let A= {z:u(x)> ¢} and let f(x) denote the pdf of X. Then

o0

c

u(z) f(x)de = / u(z) f(z) de +/ w(z) f(z) de.

A

Blu(x)) = [

— 00

Since each of the integrals in the extreme right-hand member of the preceding
equation is nonnegative, the left-hand member is greater than or equal to either of
them. In particular,

Elu(X)] > / u() () d.

A

However, if z € A, then u(x) > ¢; accordingly, the right-hand member of the
preceding inequality is not increased if we replace u(z) by ¢. Thus

Elu(X)] > c/Af(as) dx.

Since

it follows that

which is the desired result. m

The preceding theorem is a generalization of an inequality that is often called
Chebyshev’s Inequality. This inequality we now establish.

Theorem 1.10.3 (Chebyshev’s Inequality). Let X be a random variable with finite
variance o2 (by Theorem 1.10.1, this implies that the mean p = E(X) exists). Then
for every k > 0,

P(X - | > ko) <

1
< (1.10.2)

or, equivalently,

1

P(IX — | <ko) =1 .
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Proof. In Theorem 1.10.2 take u(X) = (X — p)? and ¢ = k?02. Then we have
E(X — )]

k202 '
Since the numerator of the right-hand member of the preceding inequality is o2, the
inequality may be written

PI(X — p)* > K*0®] <

1
which is the desired result. Naturally, we would take the positive number k to be
greater than 1 to have an inequality of interest. m

Hence, the number 1/k? is an upper bound for the probability P(|X — u| > ko).
In the following example this upper bound and the exact value of the probability
are compared in special instances.

Example 1.10.1. Let X have the uniform pdf

_— x
f(x):{%/ﬁ V3i<z <3

0 elsewhere.

Based on Example 1.9.1, for this uniform distribution, we have x4 = 0 and o2 = 1.
Ifk= %, we have the exact probability

3 3/2 1 3
PUX iz ko) =P (1x12 ) =1- g V3
2 _3/2 2V/3 2

By Chebyshev’s inequality, this probability has the upper bound 1/k? = %. Since
1 —+/3/2 = 0.134, approximately, the exact probability in this case is considerably
less than the upper bound %. If we take & = 2, we have the exact probability
P(]X — pu| > 20) = P(|X| > 2) = 0. This again is considerably less than the upper
bound 1/k? = % provided by Chebyshev’s inequality. m

In each of the instances in Example 1.10.1, the probability P(|X — u| > ko) and
its upper bound 1/k? differ considerably. This suggests that this inequality might
be made sharper. However, if we want an inequality that holds for every & > 0
and holds for all random variables having a finite variance, such an improvement is
impossible, as is shown by the following example.

Example 1.10.2. Let the random variable X of the discrete type have probabilities
%, g,% at the points x = —1,0, 1, respectively. Here ;1 = 0 and o2 = i. If k=2,
then 1/k* = 1 and P(|X — pu| > ko) = P(|X| > 1) = 1. That is, the probability
P(|X — p| > ko) here attains the upper bound 1/k* = }. Hence the inequality

cannot be improved without further assumptions about the distribution of X. m

A convenient form of Chebyshev’s Inequality is found by taking ko = € for € > 0.
Then Equation (1.10.2) becomes

0,2

P(|X —ul>e) < = for all e >0 . (1.10.3)

The second inequality of this section involves convex functions.
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Definition 1.10.1. A function ¢ defined on an interval (a,b), —oo < a < b < oo,
is said to be a convex function if for all x,y in (a,b) and for all0 <y < 1,

Plvz 4+ (1 =)yl <vé(x) + (1 —7)o(y). (1.10.4)

We say ¢ is strictly convex if the above inequality is strict.

Depending on the existence of first or second derivatives of ¢, the following
theorem can be proved.

Theorem 1.10.4. If ¢ is differentiable on (a,b), then

(a) ¢ is convex if and only if ¢'(x) < ¢'(y), for alla < x <y < b,

(b) & is strictly convex if and only if ¢'(x) < ¢'(y), for alla < x <y <b.
If ¢ is twice differentiable on (a,b), then

(a) ¢ is convex if and only if ¢ (x) > 0, for all a < x < b,

(b) & is strictly convex if ¢"'(x) > 0, for all a < x < b.

Of course, the second part of this theorem follows immediately from the first
part. While the first part appeals to one’s intuition, the proof of it can be found in
most analysis books; see, for instance, Hewitt and Stromberg (1965). A very useful
probability inequality follows from convexity.

Theorem 1.10.5 (Jensen’s Inequality). If ¢ is convex on an open interval I and
X is a random variable whose support is contained in I and has finite expectation,
then

P[E(X)] < E[s(X)]. (1.10.5)

If ¢ is strictly convez, then the inequality is strict unless X is a constant random
variable.

Proof: For our proof we assume that ¢ has a second derivative, but in general only
convexity is required. Expand ¢(x) into a Taylor series about u = E[X] of order 2:

L Q=

o(x) = dp(p) + ¢ (u)(x — ) 5 7

where ¢ is between x and ©.° Because the last term on the right side of the above
equation is nonnegative, we have

P(x) > o) + ¢' (1) (z — ).

Taking expectations of both sides leads to the result. The inequality is strict if
¢"(x) > 0, for all € (a,b), provided X is not a constant. m

98ee, for example, the discussion on Taylor series in Mathematical Comments referenced in the
Preface.
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Example 1.10.3. Let X be a nondegenerate random variable with mean p and a
finite second moment. Then p? < E(X?). This is obtained by Jensen’s inequality
using the strictly convex function ¢(t) = t2. m

The last inequality concerns different means of finite sets of positive numbers.

Example 1.10.4 (Harmonic and Geometric Means). Let {ai,...,a,} be a set of
positive numbers. Create a distribution for a random variable X by placing weight
1/n on each of the numbers aq,...,a,. Then the mean of X is the arithmetic
mean, (AM), E(X) =n~'>"  a;. Then, since —logz is a convex function, we
have by Jensen’s inequality that

1 n
—log | ~ i| <E(=log X)=——) loga; =—1 eay)Ym
og (n;a> < og Zoga og(aras - ay)

or, equivalently,

i=1

1 n
1 ,E ] >1 eyt
og(n a)_og(alag an) '™,

and, hence,
(arag - --an)t/™ < Za, (1.10.6)

The quantity on the left side of this inequality is called the geometric mean (GM).
So (1.10.6) is equivalent to saying that GM < AM for any finite set of positive
numbers.

Now in (1.10.6) replace a; by 1/a; (which is also positive). We then obtain

or, equivalently,
< (arag - an)t". (1.10.7)

The left member of this inequality is called the harmonic mean (HM). Putting
(1.10.6) and (1.10.7) together, we have shown the relationship
HM < GM < AM, (1.10.8)

for any finite set of positive numbers. m

EXERCISES

1.10.1. Let X be a random variable with mean p and let E[(X — p)?¥] exist.
Show, with d > 0, that P(|X — pu| > d) < E[(X — u)?*]/d?*. This is essentially
Chebyshev’s inequality when k& = 1. The fact that this holds for all £k =1,2,3,...,
when those (2k)th moments exist, usually provides a much smaller upper bound for
P(|X — p| > d) than does Chebyshev’s result.
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1.10.2. Let X be a random variable such that P(X < 0) = 0 and let p = E(X)
exist. Show that P(X > 2u) < 1.

1.10.3. If X is a random variable such that F(X) = 3 and F(X?) = 13, use
Chebyshev’s inequality to determine a lower bound for the probability P(—2 <
X <8).

1.10.4. Suppose X has a Laplace distribution with pdf (1.9.20). Show that the
mean and variance of X are 0 and 2, respectively. Using Chebyshev’s inequality
determine the upper bound for P(|X| > 5) and then compare it with the exact
probability.

1.10.5. Let X be a random variable with mgf M (¢), —h <t < h. Prove that
P(X >a)<e “™M(), 0<t<h,

and that
P(X <a)<e ™M(), —-h<t<O.

Hint: Let u(x) = €!* and ¢ = €' in Theorem 1.10.2. Note: These results imply
that P(X > a) and P(X < a) are less than or equal to their respective least upper
bounds for e~ ** M (t) when 0 < t < h and when —h < ¢ < 0.

1.10.6. The mgf of X exists for all real values of ¢t and is given by

t o —t

M(t)= 5, — t#0, M(0)=1.

Use the results of the preceding exercise to show that P(X > 1) = 0 and P(X <
—1) = 0. Note that here h is infinite.

1.10.7. Let X be a positive random variable; i.e., P(X < 0) = 0. Argue that
(a) E(1/X)=1/E(X)
(b) E[-log X] > —log[E(X)]
(c) Eflog(1/X)] = log[1/E(X)]
(d) E[X7] > [EX)P.
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Chapter 2

Multivariate Distributions

2.1 Distributions of Two Random Variables

We begin the discussion of a pair of random variables with the following example. A
coin is tossed three times and our interest is in the ordered number pair (number of
H’s on first two tosses, number of H’s on all three tosses), where H and T represent,
respectively, heads and tails. Let C = {TTT,TTH, THT,HTT,THH, HTH, HHT,
HHH} denote the sample space. Let X; denote the number of H’s on the first
two tosses and X5 denote the number of H’s on all three flips. Then our inter-
est can be represented by the pair of random variables (X7, X3). For example,
(X1(HTH),Xo(HTH)) represents the outcome (1,2). Continuing in this way, X
and X5 are real-valued functions defined on the sample space C, which take us from
the sample space to the space of ordered number pairs.

D = {(0,0),(0,1),(1,1),(1,2),(2,2),(2,3)}.

Thus X; and X» are two random variables defined on the space C, and, in this
example, the space of these random variables is the two-dimensional set D, which is
a subset of two-dimensional Euclidean space R?. Hence (X1, X2) is a vector function
from C to D. We now formulate the definition of a random vector.

Definition 2.1.1 (Random Vector). Given a random experiment with a sample
space C, consider two random variables X1 and Xo, which assign to each element
¢ of C one and only one ordered pair of numbers Xi(c) = x1, Xa(c) = x2. Then
we say that (X1,Xs2) is a random vector. The space of (X1, Xs) is the set of
ordered pairs D = {(x1,22) : 71 = X1(c), 22 = X2(c),c € C}.

We often denote random vectors using vector notation X = (X1, X2)’, where
the ' denotes the transpose of the row vector (X1, X2). Also, we often use (X,Y)
to denote random vectors.

Let D be the space associated with the random vector (X1, X2). Let A be a
subset of D. As in the case of one random variable, we speak of the event A. We
wish to define the probability of the event A, which we denote by Px, x,[A]. As

85
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with random variables in Section 1.5 we can uniquely define Px, x, in terms of the
cumulative distribution function (cdf), which is given by

FX17X2(x17x2) = P[{Xl < xl} n {X2 < 56'2}}, (211)

for all (z1,x9) € R?. Because X; and X, are random variables, each of the events
in the above intersection and the intersection of the events are events in the original
sample space C. Thus the expression is well defined. As with random variables, we
write P[{X; <21} N{Xs < a9} as P[X; < 21, Xo < x3]. As Exercise 2.1.3 shows,

Plan < X7 <bi,a2 < Xo <bs] = Fx, x,(b1,b2) — Fx, x,(a1,b2)
—FXI’XQ(bl,a2)+FXhX2(a1,ag).(2.1.2)

Hence, all induced probabilities of sets of the form (aq, b1]X (ag, b2] can be formulated
in terms of the cdf. We often call this cdf the joint cumulative distribution
function of (X1, X5).

As with random variables, we are mainly concerned with two types of random
vectors, namely discrete and continuous. We first discuss the discrete type.

A random vector (X1, X2) is a discrete random vector if its space D is finite
or countable. Hence, X; and X5 are both discrete also. The joint probability
mass function (pmf) of (X7, X2) is defined by

le,Xz (.’)31,:172) = P[Xl = :L‘l,XQ = 56'2], (213)

for all (x1,22) € D. As with random variables, the pmf uniquely defines the cdf. It
also is characterized by the two properties

(1) 0 < px, x,(x1,22) < 1and (i) > > px, x,(z1,22) = 1. (2.1.4)
D
For an event B € D, we have

P[(X1,X2) € Bl = > > px,.x,(71,72).

Example 2.1.1. Consider the example at the beginning of this section where a fair
coin is flipped three times and X; and X5 are the number of heads on the first two
flips and all 3 flips, respectively. We can conveniently table the pmf of (X7, X5) as

Support of X,

0o 1 2 3
11
0Olg 5 0 0
Support of X3 | 1 | 0 % % 0
210 0 3 &

For instance, P(X; > 2, X5 > 2) =p(2,2) +p(2,3) =2/8. m
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At times it is convenient to speak of the support of a discrete random vec-
tor (Xi1,X2). These are all the points (x1,x2) in the space of (Xi,Xs) such
that p(x1,22) > 0. In the last example the support consists of the six points
£(0,0), (0,1), (1,1), (1,2),(2,2), (2,3)}.

We say a random vector (X7, X2) with space D is of the continuous type if its
cdf Fx, x,(x1,22) is continuous. For the most part, the continuous random vectors
in this book have cdfs that can be represented as integrals of nonnegative functions.
That is, Fx, x,(z1,22) can be expressed as

xrq o
Fy xa (21, 22) = / / Fxs o (w1, w) duwyduos, (2.1.5)

for all (r1,72) € R2. We call the integrand the joint probability density func-
tion (pdf) of (X1, Xs). Then

0?Fx, x, (w1, 22)
6561 6562

except possibly on events that have probability zero. A pdf is essentially character-
ized by the two properties

(1) fxy.x,(z1,22) > 0 and (ii) ffD fxy.xs (21, 22) deydry = 1. (2.1.6)

For the reader’s benefit, Section 4.2 of the accompanying resource Mathematical
Comments® offers a short review of double integration. For an event A € D, we
have

= fx,,x,(x1, 22),

P[(Xl,Xg) c A] = //AfX17X2(.’)L‘1,:L‘2)d.’)31d.’)32.

Note that the P[(X1, X2) € A] is just the volume under the surface z = fx, x, (z1,x2)
over the set A.

Remark 2.1.1. As with univariate random variables, we often drop the subscript
(X1, X>) from joint cdfs, pdfs, and pmfs, when it is clear from the context. We also
use notation such as fi2 instead of fx, x,. Besides (X1, X2), we often use (X,Y)
to express random vectors. m

We next present two examples of jointly continuous random variables.

Example 2.1.2. Consider a continuous random vector (X,Y’) which is uniformly
distributed over the unit circle in R?. Since the area of the unit circle is 7, the joint

pdf is
fa y)_{ L lcy<l,—ylI-g2<a</1-y?

0 elsewhere.

Probabilities of certain events follow immediately from geometry. For instance, let
A be the interior of the circle with radius 1/2. Then P[(X,Y) € A] = n(1/2)?/7 =
1/4. Next, let B be the ring formed by the concentric circles with the respective
radii of 1/2 and v/2/2. Then P[(X,Y) € B] = 7[(v/2/2)? — (1/2)?]/7 = 1/4. The
regions A and B have the same area and hence for this uniform pdf are equilikely.
]

IDownloadable at the site listed in the Preface.
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In the next example, we use the general fact that double integrals can be ex-
pressed as iterated univariate integrals. Thus double integrations can be carried
out using iterated univariate integrations. This is discussed in some detail with
examples in Section 4.2 of the accompanying resource Mathematical Comments.?
The aid of a simple sketch of the region of integration is valuable in setting up the
upper and lower limits of integration for each of the iterated integrals.

Example 2.1.3. Suppose an electrical component has two batteries. Let X and Y
denote the lifetimes in standard units of the respective batteries. Assume that the
pdf of (X,Y) is
 daye= @) 2> 0,y>0
floy) = { 0 elsewhere.

The surface z = f(x,y) is sketched in Figure 2.1.1 where the grid squares are
0.1 by 0.1. From the figure, the pdf peaks at about (x,y) = (0.7,0.7). Solving
the equations df/0xz = 0 and 0f/dy = 0 simultaneously shows that actually the
maximum of f(x,y) occurs at (x,y) = (v/2/2,1/2/2). The batteries are more likely
to die in regions near the peak. The surface tapers to 0 as z and y get large in any
direction. for instance, the probability that both batteries survive beyond /2 /2
units is given by

2 2 oo o0
plxs Y2y V2 _ / / Jaye @) drdy
2 2 Va2 vz
o0 2 o0 2
/ 2ze” " / 2ue” Y dy| dx
V2/2 V2/2

oo oo 2
/ e / e~ Udw| dz = (6—1/2) ~ 0.3679,
1/2 1/2

where we made use of the change-in-variables z = 22 and w = 2. In contrast to the
last example, consider the regions A = {(z,y) : |z — (1/2)] < 0.3,y — (1/2)] < 0.3}
and B = {(x,y) : [t—2] < 0.3,|y—2| < 0.3}. The reader should locate these regions
on Figure 2.1.1. The areas of A and B are the same, but it is clear from the figure
that P[(X,Y) € A] is much larger than P[(X,Y) € B|. Exercise 2.1.6 confirms this
by showing that P[(X,Y) € A] = 0.1879 while P[(X,Y) € B] = 0.0026. m

For a continuous random vector (X1, X»), the support of (X7, X3) contains all
points (x1, z2) for which f(x1,22) > 0. We denote the support of a random vector
by §. As in the univariate case, S C D.

As in the last two examples, we extend the definition of a pdf fx, x,(x1,x2)
over R? by using zero elsewhere. We do this consistently so that tedious, repetitious
references to the space D can be avoided. Once this is done, we replace

//fX17X2($17x2)d$1d$2 by / / f(l’l,xg)d.’lﬁld.’lﬁg.
D —0o0 J —o0

2Downloadable at the site listed in the Preface.
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Figure 2.1.1: A sketch of the the surface of the joint pdf discussed in Example
2.1.3. On the figure, the origin is located at the intersection of the x and z axes
and the grid squares are 0.1 by 0.1, so points are easily located. As discussed in the
text, the peak of the pdf occurs at the point (v/2/2,1/2/2).

Likewise we may extend the pmf px, x,(x1,%2) over a convenient set by using zero
elsewhere. Hence, we replace

S pxixa(@nma) by Y pla, ).

T2 X1

2.1.1 Marginal Distributions

Let (X7, X3) be a random vector. Then both X; and X, are random variables.
We can obtain their distributions in terms of the joint distribution of (X7, X2) as
follows. Recall that the event which defined the cdf of X at x; is {X; < a1}
However,

{Xl S.’El} = {Xl le}ﬂ{—oo < Xy <OO} = {Xl <z, —o0 < Xo <OO}.
Taking probabilities, we have

FXI(.’El):P[Xl S.ﬁL‘l,—OO<X2 <OO], (217)
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Table 2.1.1: Joint and Marginal Distributions for the discrete random vector
(X1, X>) of Example 2.1.1.

Support of X,
0 3| px,(z1)
0 |5 3 UN
Support of X3 1 0 % % 0 %
2 0 0 ¢ & 2
pxa(t2) |5 5 § 3

for all x; € R. By Theorem 1.3.6 we can write this equation as Fx, (z1) =
limy, 00 F(21,22). Thus we have a relationship between the cdfs, which we can
extend to either the pmf or pdf depending on whether (X7, X5) is discrete or con-
tinuous.

First consider the discrete case. Let Dx, be the support of X;. For z; € Dx,,
Equation (2.1.7) is equivalent to

Fy,(r1) = ZZ Px1, X2 (W1, 2) = Z { Z le,Xg(w17x2)}~

w1 <xz1,—00<xy <00 wi<xz; (T2<00

By the uniqueness of cdfs, the quantity in braces must be the pmf of X; evaluated
at wy; that is,
px: (1) = Y pxy (w1, 22), (2.1.8)

2 <00

for all 1 € Dx,. Hence, to find the probability that X; is x;, keep x; fixed and
sum px, x, over all of 5. In terms of a tabled joint pmf with rows comprised of
X, support values and columns comprised of Xo support values, this says that the
distribution of X; can be obtained by the marginal sums of the rows. Likewise, the
pmf of X5 can be obtained by marginal sums of the columns.

Consider the joint discrete distribution of the random vector (X1, X2) as pre-
sented in Example 2.1.1. In Table 2.1.1, we have added these marginal sums. The
final row of this table is the pmf of X5, while the final column is the pmf of X;.
In general, because these distributions are recorded in the margins of the table, we
often refer to them as marginal pmfs.

Example 2.1.4. Consider a random experiment that consists of drawing at random
one chip from a bowl containing 10 chips of the same shape and size. Each chip has
an ordered pair of numbers on it: one with (1,1), one with (2,1), two with (3,1),
one with (1,2), two with (2,2), and three with (3,2). Let the random variables
X7 and X5 be defined as the respective first and second values of the ordered pair.
Thus the joint pmf p(x1, 22) of X; and X5 can be given by the following table, with
p(21,x2) equal to zero elsewhere.
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)
x1 12 | pi(z)
R
10 10 10
1 2 3
2 0 10 10
2 3| 5
3 0 10 10
i 6
p2(72) | 7 15

The joint probabilities have been summed in each row and each column and these
sums recorded in the margins to give the marginal probability mass functions of X3
and X, respectively. Note that it is not necessary to have a formula for p(x;,x2)
to do this. m

We next consider the continuous case. Let Dx, be the support of X;. For
z1 € Dx,, Equation (2.1.7) is equivalent to

1 oo xr1 [e'e)
Fx,(z1) :/ / le,Xz(wl,Iz)dIde1:/ {/ le,Xz(wl,Iz)dxz}de

By the uniqueness of cdfs, the quantity in braces must be the pdf of X, evaluated
at wy; that is,

Ix,(x1) = /jo fxi x, (21, 22) dao (2.1.9)

for all 1 € Dx,. Hence, in the continuous case the marginal pdf of X; is found by
integrating out xo. Similarly, the marginal pdf of X is found by integrating out
xXq.

Example 2.1.5 (Example 2.1.2, continued). Consider the vector of continuous
random variables (X,Y") discussed in Example 2.1.2. The space of the random
vector is the unit circle with center at (0,0) as shown in Figure 2.1.2. To find the
marginal distribution of X, fix x between —1 and 1 and then integrate out y from
—v/1 — 22 to V1 — 22 as the arrow shows on Figure 2.1.2. Hence, the marginal pdf

of X is .
Vi-zx
1 2
fX(as):/ —dy=—=-v1-22 —-l<z<l.
/12 T s
Although (X,Y) has a joint uniform distribution, the distribution of X is unimodal
with peak at 0. This is not surprising. Since the joint distribution is uniform, from
Figure 2.1.2 X is more likely to be near 0 than at either extreme —1 or 1. Because
the joint pdf is symmetric in 2 and y, the marginal pdf of Y is the same as that of
X. m

Example 2.1.6. Let X; and X5 have the joint pdf

_J it 0<m <l 0<zp <1
fla1,22) —{ 0 elsewhere.
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Region of Integration for Example A.3.1.

(=} —
T (x 1)
[Te}
o
~ 2
[Te}
o' —
]
o (x,—1-x*)
.
I I I I I
-1.0 -0.5 0.0 0.5 1.0

Figure 2.1.2: Region of integration for Example 2.1.5. It depicts the integration
with respect to y at a fixed but arbitrary z.

Notice the space of the random vector is the interior of the square with vertices
(0,0),(1,0),(1,1) and (0,1). The marginal pdf of X; is

1
fl(.’);‘l) :/ (.’L‘l +$C2)d$2 =X + %, 0<z <1,
0
zero elsewhere, and the marginal pdf of X5 is
1
fg(.’L‘Q) :/ (.’L‘l +$C2)d$1 = % + 29, 0<a2 <1,
0

zero elsewhere. A probability like P(X; < 1) can be computed from either fi(z1)
or f(x1,x2) because

1/2 1 1/2
/ / f(l’l,xg) d{EQd.’El = fl(:cl)dacl = %
0 0 0

Suppose, though, we want to find the probability P(X; + X2 < 1). Notice that
the region of integration is the interior of the triangle with vertices (0, 0), (1,0) and



2.1. Distributions of Two Random Variables 93

(0,1). The reader should sketch this region on the space of (X1, X»). Fixing 1 and
integrating with respect to 2, we have

1 17$1
P(X1+ X2 < 1) = / |:/ (1 +$L‘2)d$(:2:| drq
0 0

_ Aﬁmu_xﬁ+ﬁ%?ﬁ}ml

1
11, 1
S22 day = -
/0(2 2”31) =3

This latter probability is the volume under the surface f(x1,22) = 21 + 22 above
the set {(z1,22): 0 <z, 21+ 22 <1}. m

Example 2.1.7 (Example 2.1.3, Continued). Recall that the random variables X
and Y of Example 2.1.3 were the lifetimes of two batteries installed in an electrical
component. The joint pdf of (X,Y) is sketched in Figure 2.1.1. Its space is the
positive quadrant of R? so there are no constraints involving both z and y. Using
the change-in-variable w = y?, the marginal pdf of X is

fx(x) = / 4xy67(m2+y2) dy = 2ze " / e dw = 2ze"
0 0

for z > 0. By the symmetry of x and y in the model, the pdf of YV is the same as
that of X. To determine the median lifetime, 6, of these batteries, we need to solve

1 0 > 2
—:/2:106_”” dr=1—e",
2 0

where again we have made use of the change-in-variables z = 2. Solving this

equation, we obtain 8 = /log2 = 0.8326. So 50% of the batteries have lifetimes
exceeding 0.83 units. m

2.1.2 Expectation

The concept of expectation extends in a straightforward manner. Let (X7, X2) be a
random vector and let Y = g(X;, X3) for some real-valued function; i.e., g : R? — R.
Then Y is a random variable and we could determine its expectation by obtaining
the distribution of Y. But Theorem 1.8.1 is true for random vectors also. Note the
proof we gave for this theorem involved the discrete case, and Exercise 2.1.12 shows
its extension to the random vector case.

Suppose (X7, X2) is of the continuous type. Then E(Y) exists if

/ / lg(z1, 2)|fx, x, (21, 22) drydrs < 00.

Then o o
E(Y) :/ / g(x1,22) fx, x5 (21, x2) dr1dxs. (2.1.10)
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Likewise if (X7, X3) is discrete, then E(Y) exists if

ZZ|Q(I17$2)|pX1,X2 (1‘1,1‘2) < 0.

1 T2

Then
E(Y) =) g(@1,22)px, x, (w1, 72). (2.1.11)

xr1 T2

We can now show that F is a linear operator.

Theorem 2.1.1. Let (X1, X>2) be a random vector. Let Y1 = ¢g1(X1, X2) and Yo =
92(X1, X3) be random variables whose expectations exist. Then for all real numbers
]{?1 and kg,

E(k1Y1 + koYs) = k1 E(Y1) + k2 E(Y3). (2.1.12)

Proof: We prove it for the continuous case. The existence of the expected value of
k1Y1 + koY5 follows directly from the triangle inequality and linearity of integrals;
ie.,

/_OO /_‘X’ |k191($17$2) + k291(551755'2)|fX1,X2($175U2)dx1d$2
< |k71|/0; /Z lg1(x1, 22)| fx,, x5 (21, 22) dzidas
+ |ka| /_OO /_OO lg2 (21, 22)| fx, x, (%1, 22) dr1dze < 00.
By once again using linearity of the integral, we have
E(kiY1 4+ koYs) = /Z /Z[k191(331,$2) + kaga(x1, x2)] fx, x, (21, 22) dridas
= k /_00 /_00 g1(z1, x2) fx,, x, (21, x2) deides

+k‘2/ / g2(z1,22) fx, x, (21, 22) dridas

kiE(Y1) + k2 E(Y2),

i.e., the desired result. m

We also note that the expected value of any function g(Xs2) of X2 can be found
in two ways:

B = [ [ e dodes = [ glen) (o) da,
the latter single integral being obtained from the double integral by integrating on
21 first. The following example illustrates these ideas.
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Example 2.1.8. Let X; and X5 have the pdf

f(x l‘)* 8rize 0< <0< 1
LE2)= 0 elsewhere.

Figure 2.1.3 shows the space for (X7, X2). Then
E(X1X22) = / / IlIgf(l‘l,IQ) dxldxg.

To compute the integration, as shown by the arrow on Figure 2.1.3, we fix xo and
then integrate x1 from 0 to x3. We then integrate out x5 from 0 to 1. Hence,

o0 o0 1 xo 1
/ / r125 f (21, 22) = / {/ 81z dazl} day = / %xﬁ day =
—o0 J —o0 0 0 0

In addition,
11 pas
E(XQ) = / |:/ I2(81‘11'2) dl‘1:| da’;2 = %
o LJo

Since X3 has the pdf fa(z2) = 423, 0 < x5 < 1, zero elsewhere, the latter expecta-
tion can also be found by

oo

1
0
Using Theorem 2.1.1,

5E(Xs
(5)=

~—

E(1X\X5 +5X2) = TE(X1X3)+
= (N(31) +(5)

wl%
m

Example 2.1.9. Continuing with Example 2.1.8, suppose the random variable Y
is defined by Y = X;/X5. We determine E(Y) in two ways. The first way is by
definition; i.e., find the distribution of Y and then determine its expectation. The
cdf of Y, for 0 <y <1, is

1 Yo
Fy(y) = P(Y S y) = P(Xl S yXQ) = / |:/ 8.’L‘1.’L‘2 d.’)31:| dLL'Q
0 0

1
= / 4y2x§ dzo =y

0

Hence, the pdf of YV is

2y O0<y<1
fr(y) =Fy(y) = { Oy elsevzvjhere

which leads to
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1.0

(0,y) (v.y)

0.4
L

0.2
L

0.0
L

0.0 0.2 0.4 0.6 0.8 1.0

Figure 2.1.3: Region of integration for Example 2.1.8. The arrow depicts the
integration with respect to x; at a fixed but arbitrary x».

For the second way, we make use of expression (2.1.10) and find E(Y") directly by

X]_ 1 xr2 :I:]
EY) = E[(=—)= — )8 d d
@) <X2) /0 {/0 <x2> e xl} "
1
8 2
= /Ogscg’dm:g. ]

We next define the moment generating function of a random vector.

Definition 2.1.2 (Moment Generating Function of a Random Vector). Let X =
(X1, X3)" be a random vector. If E(et**1+%2X2) exists for |t1| < hy and |ta| <
ha, where hy and ha are positive, it is denoted by Mx, x,(t1,t2) and is called the
moment generating function (mgf) of X.

As in the one-variable case, if it exists, the mgf of a random vector uniquely
determines the distribution of the random vector.
Let t = (¢1,t2)". Then we can write the mgf of X as

My, x,(t) = E [etlx} : (2.1.13)
S0 it is quite similar to the mgf of a random variable. Also, the mgfs of X; and X

are immediately seen to be Mx, x,(t1,0) and Mx, x,(0,%2), respectively. If there
is no confusion, we often drop the subscripts on M.
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Example 2.1.10. Let the continuous-type random variables X and Y have the
joint pdf
_JeV I<e<y<oo
flz,y) = { 0 elsewhere.

The reader should sketch the space of (X,Y"). The mgf of this joint distribution is

M(t1,t2) = / {/ exp(tiz + toy — y) dy| dx
0 T
1
(1=t —ta)(1 —ta)’

provided that ¢t; + t2 < 1 and t2 < 1. Furthermore, the moment-generating func-
tions of the marginal distributions of X and Y are, respectively,

1
M(tl,O) - itl, tl < 1
1
M(O,tQ) = m, to < 1.

These moment-generating functions are, of course, respectively, those of the
marginal probability density functions,

fl(as):/ eVdy=e", 0<z<oo,

zero elsewhere, and

y
fg(y):e_y/ dr=ye Y, 0<y<oo,
0

zero elsewhere. m

We also need to define the expected value of the random vector itself, but this
is not a new concept because it is defined in terms of componentwise expectation:

Definition 2.1.3 (Expected Value of a Random Vector). Let X = (X1, X2)" be a
random vector. Then the expected value of X exists if the expectations of X1 and
X, exist. If it exists, then the expected value is given by

E(Xy) ] _

Hm:{M&>

(2.1.14)

EXERCISES

2.1.1. Let f(z1,22) =4x120, 0 < 21 < 1, 0 < 29 < 1, zero elsewhere, be the pdf
of X; and Xo. Find P(0 < X; < 3, ¥ < X5 <1), P(X; = X»), P(X1 < X»), and
P(X; < X5).

Hint: Recall that P(X; = X2) would be the volume under the surface f(x1,x2) =
4x122 and above the line segment 0 < x1 = x2 < 1 in the x1x9-plane.
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2.1.2. Let Ay = {(z,y) : @ <2, y <4}, Ay = {(z,y) : 2 < 2, y < 1}, A3 =
{(z,y) : © <0, y < 4}, and Ay = {(z, ):x§0y§ 1} be subsets of the
space A of two random varlables X and Y, which is the entire two-dimensional

plane. If P(A1) = §, P(Ay) = §, P(A3) = 2, and P(A4) = 2, find P(A5), where
As ={(z,y): 0 <2 <2, 1 <y<A4}.

2.1.3. Let F(z,y) be the distribution function of X and Y. For all real constants
a <b, ¢ <d,show that P(a < X <b, ¢c <Y <d) = F(b,d) — F(b,c) — F(a,d) +
F(a,c).

2.1.4. Show that the function F'(x,y) that is equal to 1 provided that x + 2y > 1,
and that is equal to zero provided that x+ 2y < 1, cannot be a distribution function
of two random variables.

Hint: Find four numbers a < b, ¢ < d, so that

F(b,d) — F(a,d) — F(b,¢) + F(a,c)
is less than zero.

2.1.5. Given that the nonnegative function g(x) has the property that

/0°°9<x>dx 1,

29(/at + a3)
7'('\/1‘% + x% '
zero elsewhere, satisfies the conditions for a pdf of two continuous-type random

variables X; and Xo.
Hint: Use polar coordinates.

show that

0< a1 <00,0< a2 <00,

f(z1,22) =

2.1.6. Consider Example 2.1.3.
(a) Show that P(a < X < b,c <Y < d) = (exp{—a?} — exp{—b?})(exp{—c?} —
exp{—d?}).
(b) Using Part (a) and the notation in Example 2.1.3, show that P[(X,Y) € A] =
0.1879 while P[(X,Y) € B] = 0.0026.

(c) Show that the following R program computes Pla < X < b,c <Y < d).
Then use it to compute the probabilities in Part (b).

plifetime <- function(a,b,c,d)
{(exp(-a~2) - exp(-b~2))*(exp(-c”2) - exp(-d~2))}

2.1.7. Let f(z,y) =e " Y 0<z <00, 0<y < oo, zero elsewhere, be the pdf of
X and Y. Then if Z = X +Y, compute P(Z <0), P(Z < 6), and, more generally,
P(Z < z), for 0 < z < co. What is the pdf of Z?
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2.1.8. Let X and Y have the pdf f(z,y) =1, 0 <2 <1, 0 <y < 1, zero elsewhere.
Find the cdf and pdf of the product Z = XY

2.1.9. Let 13 cards be taken, at random and without replacement, from an ordinary
deck of playing cards. If X is the number of spades in these 13 cards, find the pmf of
X. If, in addition, Y is the number of hearts in these 13 cards, find the probability
P(X =2, Y =5). What is the joint pmf of X and Y?

2.1.10. Let the random variables X7 and X5 have the joint pmf described as follows:

(e,22) | (0,00 (01) (0,2) (1,0) (L,1) (1,2)

2 3 2 2 2 1
p(z1,z2) ‘ v i3 v v v v

and p(z1,x2) is equal to zero elsewhere.

(a) Write these probabilities in a rectangular array as in Example 2.1.4, recording
each marginal pdf in the “margins.”

(b) What is P(X; + X = 1)?

2.1.11. Let X; and X, have the joint pdf f(z1,22) = 152222, 0 < 27 < 22 < 1,
zero elsewhere. Find the marginal pdfs and compute P(X; + X5 < 1).

Hint: Graph the space X; and X5 and carefully choose the limits of integration
in determining each marginal pdf.

2.1.12. Let X3, X3 be two random variables with the joint pmf p(z1, 22), (z1,22) €
S, where S is the support of X1, X5. Let Y = g(X1, X2) be a function such that

ZZ lg(z1, 22)|p(21, 22) < 00.

(z1,22)€S

By following the proof of Theorem 1.8.1, show that

E(Y) = ZZ g(z1, x2)p(z1, 22).

(z1,22)€S

2.1.13. Let X, X5 be two random variables with the joint pmf p(xq,z2) = (21 +
x2)/12, for m1 = 1,2, z2 = 1,2, zero elsewhere. Compute F(X1), E(X?), E(X2),
BE(X2), and E(X1X»). Is B(X,X2) = E(X1)E(X2)? Find E(2X; —6X2 17X X>).

2.1.14. Let X;, X2 be two random variables with joint pdf f(x1,x2) = 4xqixe,
0 <z <1,0<z2 <1, zero elsewhere. Compute E(X1), E(X?), E(X2), E(X3),
and E(XlXQ) Is E(Xng) = E(X]_)E(XQ)? Find E(3X2 - 2X12 + 6X1X2).
2.1.15. Let X3, X3 be two random variables with joint pmf p(z1,xe) = (1/2)%11%2
for 1 < x; < 00,7 = 1,2, where 1 and x5 are integers, zero elsewhere. Determine
the joint mgf of X, Xo. Show that M (t1,t2) = M (t1,0)M (0, t2).

2.1.16. Let X1, X3 be two random variables with joint pdf f(z1, 22) = z1 exp{—x2},
for 0 < 1 < xy < 00, zero elsewhere. Determine the joint mgf of X, X5. Does
M (t1,t2) = M(t1,0)M(0,t2)?

2.1.17. Let X and Y have the joint pdf f(z,y) =6(1—z—vy), z+y <1, 0 <z,
0 < y, zero elsewhere. Compute P(2X +3Y < 1) and E(XY + 2X?).
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2.2 Transformations: Bivariate Random Variables

Let (X1,X5) be a random vector. Suppose we know the joint distribution of
(X1,X5) and we seek the distribution of a transformation of (X7, Xs), say, ¥ =
9(X1, X2). We may be able to obtain the cdf of Y. Another way is to use a trans-
formation as we did for univariate random variables in Sections 1.6 and 1.7. In this
section, we extend this theory to random vectors. It is best to discuss the discrete
and continuous cases separately. We begin with the discrete case.

There are no essential difficulties involved in a problem like the following. Let
Px,.x, (21, 22) be the joint pmf of two discrete-type random variables X7 and Xo
with S the (two-dimensional) set of points at which px, x,(z1,22) > 0; i.e., S is the
support of (X7, X5). Let y1 = wi(x1,22) and y2 = ua(x1,x2) define a one-to-one
transformation that maps S onto 7. The joint pmf of the two new random variables
Y1 = w1 (X1, Xs) and Y2 = us(X3, Xo) is given by

| pxxo[wi(yn, y2), w2y, y2)] (yi,v2) €T
Pyi,ys(Y1,92) = 0 elsewhere

where 1 = w1 (y1,y2), 2 = wa(y1,y2) is the single-valued inverse of y1 = uq (1, z2),
y2 = u2(x1,22). From this joint pmf py, y,(y1,y2) we may obtain the marginal pmf
of Y7 by summing on ys or the marginal pmf of Y5 by summing on y;.

In using this change of variable technique, it should be emphasized that we need
two “new” variables to replace the two “old” variables. An example helps explain
this technique.

Example 2.2.1. In a large metropolitan area during flu season, suppose that two
strains of flu, A and B, are occurring. For a given week, let X; and X5 be the
respective number of reported cases of strains A and B with the joint pmf
L1 T2 =1 o~ 2
By po"e e
le,Xz(xlaxQ):”#a x1:O71a273a"'a I2:O71,273,...7
Xr1:T9:

and is zero elsewhere, where the parameters p; and ps are positive real numbers.
Thus the space S is the set of points (x1,22), where each of z7 and x5 is a non-
negative integer. Further, repeatedly using the Maclaurin series for the exponential
function,® we have

[e'e) €1 oo T
E(Xl) = e M E xlke—uz 'ui
1‘1! Ig!
x1=0 xo=0
o0 /,Lm171
_ — 1 1 _
= € T ———————— 1= 1-
D wup (r1 — 1) a
mlzl

Thus gy is the mean number of cases of Strain A flu reported during a week.
Likewise, us is the mean number of cases of Strain B flu reported during a week.

3See for example the discussion on Taylor series in Mathematical Comments as referenced in
the Preface.
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A random variable of interest is Y7 = X7 + Xo; i.e., the total number of reported
cases of A and B flu during a week. By Theorem 2.1.1, we know E (Y1) = p1 + po;
however, we wish to determine the distribution of Y;. If we use the change of
variable technique, we need to define a second random variable Y>. Because Y3 is
of no interest to us, let us choose it in such a way that we have a simple one-to-one
transformation. For this example, we take Y5 = X5. Then y; = 1 + 2 and y2 = 2
represent a one-to-one transformation that maps S onto

T ={(y1,92) :y2=0,1,...,41 and y; =0,1,2, ...}.

Note that if (y1,y2) € 7, then 0 < yo < y1. The inverse functions are given by
x1 =1y; — y2 and x9 = yo. Thus the joint pmf of ¥ and Y5 is

Mg:{l_y2ug2e_ul —H2
(y1 — y2)lya!

and is zero elsewhere. Consequently, the marginal pmf of Y; is given by

Pyiys (Y1, 92) = . (y,y2) €T,

Y1

() = Z py1,v2 (Y1, 92)
y2=0
p—py Y

_ e - yi! Yy1—yz2 Y2

- ! Z (g1 — )™t 12
y2=0

+ Y1p—H1—H2

_ (p1 + p2) '6 =012,

Y1
and is zero elsewhere, where the third equality follows from the binomial expansion.

For the continuous case we begin with an example that illustrates the cdf tech-
nique.

Example 2.2.2. Consider an experiment in which a person chooses at random
a point (X7, X3) from the unit square S = {(z1,22) : 0 < 21 < 1, 0 < @p < 1}.
Suppose that our interest is not in X; or in X5 but in Z = X7+ X5. Once a suitable
probability model has been adopted, we shall see how to find the pdf of Z. To be
specific, let the nature of the random experiment be such that it is reasonable to
assume that the distribution of probability over the unit square is uniform. Then
the pdf of X; and X5 may be written

fron (51, 52) = 1 0<a1<1, 0<zy<1
X1, X2\, 42) =9 elsewhere,

and this describes the probability model. Now let the cdf of Z be denoted by
Fy(z) = P(X; + X2 < 2). Then

(2.2.1)

0 z <0

foz fOZ*fl dedxl = % O S z < 1
2

L= [1 [, dosdey =1-C55 1<z <2

1 2 < z.

Fz(z) =
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Since F/(z) exists for all values of z, the pmf of Z may then be written

z 0<z<1
fz(z)=¢ 2—2z 1<z<2 (2.2.2)
0 elsewhere. m

In the last example, we used the cdf technique to find the distribution of the
transformed random vector. Recall in Chapter 1, Theorem 1.7.1 gave a transfor-
mation technique to directly determine the pdf of the transformed random variable
for one-to-one transformations. As discussed in Section 4.1 of the accompanying re-
source Mathematical Comments,* this is based on the change-in-variable technique
for univariate integration. Further Section 4.2 of this resource shows that a simi-
lar change-in-variable technique exists for multiple integration. We now discuss in
general the transformation technique for the continuous case based on this theory.

Let (X1, X3) have a jointly continuous distribution with pdf fx, x,(x1,z2) and
support set S. Consider the transformed random vector (Y7, Y2) = T'(X1, X2) where
T is a one-to-one continuous transformation. Let 7 = T'(S) denote the support of
(Y1,Y2). The transformation is depicted in Figure 2.2.1. Rewrite the transforma-
tion in terms of its components as (Y1, Ys) = T'(X1, X2) = (u1(X1, X2), u2(X1, X2)),
where the functions y; = ui(x1,22) and yo = ug(x1,x2) define T. Since the trans-
formation is one-to-one, the inverse transformation 7! exists. We write it as
x1 = w1(y1,92), T2 = wa(y1,y2). Finally, we need the Jacobian of the transfor-
mation which is the determinant of order 2 given by

83@1 83@1
J=| 9 9y
3$2 Bmz
Oy1  Oy2

Note that J plays the role of dx/dy in the univariate case. We assume that these
first-order partial derivatives are continuous and that the Jacobian J is not identi-
cally equal to zero in 7.

Let B be any region® in 7 and let A = T~ !(B) as shown in Figure 2.2.1.
Because the transformation 7' is one-to-one, P[(X1, X3) € A] = P[T(X1,X3) €
T(A)] = P[(Y1,Y2) € B]. Then based on the change-in-variable technique, cited
above, we have

P[(X1,Xy) € 4] = / fx1,x, (@1, x2) daidys

A
_ / / ool T (g1, 21| dyadys

T(A)

/ Fxs xalws (91, y2), w2 (91, y2)] || dys g
B

4See the reference for Mathematical Comments in the Preface.
5Technically an event in the support of (Y1, Y2).
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Since B is arbitrary, the last integrand must be the joint pdf of (¥7,Y2). That is
the pdf of (Y7,Y3) is

wi(Y1,Y2), w2(y1, J Y2) €T
fY1,Y2(y1ay2)—{ gxl’m 1y, v2), w2y, )l gslevgi)ere (2.2.3)

Several examples of this result are given next.

Y2

X

Y1

®

X1

Figure 2.2.1: A general sketch of the supports of (X1, X3), (S), and (Y1, Y2), (7).

Example 2.2.3. Reconsider Example 2.2.2, where (X7, X5) have the uniform dis-
tribution over the unit square with the pdf given in expression (2.2.1). The support
of (X1, X52) is the set § = {(z1,22) : 0 < 1 < 1,0 < 23 < 1} as depicted in Figure
2.2.2.

Suppose Y1 = X7 + X5 and Yo = X; — X5. The transformation is given by

y1 = ur(x1,22) = 1 + X2

Y2 = u2(331>$2) =1 — T2.

This transformation is one-to-one. We first determine the set 7 in the y;ys-plane
that is the mapping of S under this transformation. Now

z1 =w(y1,92) = %(yl + y2)
zy = w2 (y1,y2) = 5(y1 — ¥2).

To determine the set S in the y;y2-plane onto which 7" is mapped under the transfor-
mation, note that the boundaries of S are transformed as follows into the boundaries
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X2
X, =1
x; =0 S x; =1
X1
(0,0) =0

Figure 2.2.2: The support of (X7, X2) of Example 2.2.3.

of T:
z1=0 into 0= %(yl + y2)
z1=1 into 1= %(yl —|—y2)
23 =0 into 0= 1(y1—y2)
T9=1 into 1= %(yl — ya).

Accordingly, 7 is shown in Figure 2.2.3. Next, the Jacobian is given by

6581 31‘1

1 Oys 2 3 1
T=lom om | T [Ty

ayl ay2 2 2

Although we suggest transforming the boundaries of S, others might want to
use the inequalities
O<x1 <1l and O<ay<1

directly. These four inequalities become
0< (y1 +y2) <1 and 0< (y1 ya2) < 1.

It is easy to see that these are equivalent to

1 <y2, Y2<2-—y1, Y2<yr y1—2<ysz;

and they define the set 7.
Hence, the joint pdf of (Y7,Y3) is given by

1 1 1
i + 5 — J| == R eT
fY17Y2 (y17y2) = { gX17X2[2(y1 y2) 2(y1 y2)H ‘ ? izlelevgfl)ere
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Y2

Y2=Y1 Y2 =2-y,

0,0) Y1

Y2="% Y2= Y12

Figure 2.2.3: The support of (Y1,Y3) of Example 2.2.3.

The marginal pdf of Y7 is given by

Iy (y1) :/_ Ivi,v2 (Y1, y2) dyo.

If we refer to Figure 2.2.3, we can see that

O sdys = 0<y <1

2—
) =9 [ 5 sdp=2-y 1<y <2
0 elsewhere,

which agrees with expression (2.2.2) of Example 2.2.2. In a similar manner, the
marginal pdf fy,(y2) is given by

fi@f%dw:yzﬁ-l —1<y2<0
2=
Falyp)=9q [T 3dp=1-ys  0<ya<1
0 elsewhere. m

Example 2.2.4. Let Y7 = %(Xl — X5), where X; and X5 have the joint pdf

1

Frr (@1, 22) ={ 3

exp(—%) 0<xy <00, 0<ay <00
elsewhere.

o

Let Yo = X5 so that y; = %(xl —23), Y2 = x2 or, equivalently, x1 = 2y; +y2, x2 =
Y2, define a one-to-one transformation from & = {(z1,22) : 0 < 1 < 00,0 < x2 <
oo} onto 7 = {(y1,92) : —2y1 < yoand 0 < ya < 00, —00 < y1 < oo}. The
Jacobian of the transformation is
2 1
J- ‘ 2! ‘ o,
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hence the joint pdf of Y7 and Y5 is

2|

2l —y1—y2 T
— 1 € (y1,92) €
RAUVIRE) { 0 elsewhere.

Thus the pdf of Y; is given by

S 1
J oo, e 2 dya =5 € —00 <y <0

frily) =

00 1 gy — 1 -
g z€ VTVdys=5e " 0<y <oo,

or
() =3 e Ml —oo <y < oo (2.2.4)

Recall from expression (1.9.20) of Chapter 1 that Y7 has the Laplace distribution.
This pdf is also frequently called the double exponential pdf. m

Example 2.2.5. Let X; and X5 have the joint pdf

5 ( ) = 102175 0<x <wg <1
X1, X\ PLT2) =4 elsewhere.

Suppose Y7 = X7 /X5 and Yo = X5. Hence, the inverse transformation is 1 = y1y2
and x2 = y2, which has the Jacobian

The inequalities defining the support S of (X7, X2) become

0 <y1y2, y1y2 <y2, and y2 < 1.
These inequalities are equivalent to
O<y1<land 0<ys <1,

which defines the support set 7 of (Y7, Y2). Hence, the joint pdf of (Y7,Y3) is

Fviva (Wi, y2) = 10019293 y2| = 10y195 ,  (y1,y2) € T.

The marginal pdfs are

1
fvi(yr) = / 10y1y5 dya = 2y1, 0 <y <1,
0

zero elsewhere, and

1
fra(y2) = / 10y1y3 dyr = 5y5, 0 <y1 <1,
0

zero elsewhere. m
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In addition to the change-of-variable and cdf techniques for finding distributions
of functions of random variables, there is another method, called the moment
generating function (mgf) technique, which works well for linear functions of
random variables. In Subsection 2.1.2, we pointed out that if Y = g(X;, X2), then
E(Y), if it exists, could be found by

= / / g(x1,m2) fx, x5 (71, 22) dv1dTy

in the continuous case, with summations replacing integrals in the discrete case.
Certainly, that function g(Xi, X2) could be exp{tu(Xi, X2)}, so that in reality
we would be finding the mgf of the function Z = u(Xy, X2). If we could then
recognize this mgf as belonging to a certain distribution, then Z would have that
distribution. We give two illustrations that demonstrate the power of this technique
by reconsidering Examples 2.2.1 and 2.2.4.

Example 2.2.6 (Continuation of Example 2.2.1). Here X; and X3 have the joint
pmf

T1 T2 =y o 12

Ky Ko™ € € _ —

pxx(l'1 1_2): IQET I1—0,172,37..., IQ—O,I,Q,S,...

1,42 )
0 elsewhere,

where p1 and ps are fixed positive real numbers. Let Y = X7 + X5 and consider

E(e) = ZZ Hote2)p v, x, (1, @2)

x1=0x2=0

—pr T2 o2
— E etallu e E etﬂ:z €
x1=0 xo=0
& t T & t T
B [e_’“ (e'pr) 1] [e"” (e'u2) 2]
B Z ! Z o)
X1- .
x1=0 1 xo=0 2

- [emef—l)} [emef—l)}

—  elmtp2)(e’ 1)
Notice that the factors in the brackets in the next-to-last equality are the mgfs of
X, and Xs, respectively. Hence, the mgf of Y is the same as that of X; except u
has been replaced by g1 + pe. Therefore, by the uniqueness of mgfs, the pmf of Y

must be

Yy
py(y) = o~ Gnten) (11 ¥ 1) +,“2) . y=0,1,2,...,
y.

which is the same pmf that was obtained in Example 2.2.1. m

Example 2.2.7 (Continuation of Example 2.2.4). Here X; and X5 have the joint

pdf

—“”'5””2) 0<xy <00, 0<ay <00
elsewhere.

1
Frsalona) = {570
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So the mgf of Y = (1/2)(X; — X3) is given by

/ / t(w1 x3) _e—(w1+w2)/2 d.’L‘ld-'L'Q
— / le’ml(l /2 g, /Oo 167“(1“)/2 dxs
0o 2 0o 2

- [l -

provided that 1 —¢ > 0 and 1+t > 0; i.e., —1 < ¢t < 1. However, the mgf of a
Laplace distribution with pdf (1.9.20) is

o —|z| 0 (14t)z oo (t—1)z
/ et® € dr = / ¢ dx + / ¢ dx
o 2 o 2 0 2

LS SU
201+1t)  2(1—t) 1—1¢2’

provided —1 < t < 1. Thus, by the uniqueness of mgfs, Y has a Laplace distribution
with pdf (1.9.20). m

EXERCISES

2.2.1. If p(zy, @p) = (3)™F72(4)27 1772 (21,22) = (0,0),(0,1),(1,0),(1,1), zero
elsewhere, is the joint pmf of X; and X5, find the joint pmf of Y7 = X; — X5 and
Yo = X1 + Xo.

2.2.2. Let X; and X5 have the joint pmf p(x1,z2) = z122/36, 1 = 1,2,3 and
xo = 1,2, 3, zero elsewhere. Find first the joint pmf of Y7 = X; X5 and Yo = Xo,
and then find the marginal pmf of Y7.

2.2.3. Let X; and X5 have the joint pdf h(x1,x2) = 2e7*17%2, 0 < 17 < x2 < 00,
zero elsewhere. Find the joint pdf of Y1 = 2X; and Y5 = X5 — X;.

2.2.4. Let X; and X5 have the joint pdf h(z1,22) = 8x122, 0 < 1 < 22 < 1, zero
elsewhere. Find the joint pdf of Y7 = X;/X5 and Y2 = Xs.

Hint: Use the inequalities 0 < 172 < y2 < 1 in considering the mapping from S
onto 7.

2.2.5. Let X; and X2 be continuous random variables with the joint probability
density function fx, x,(z1,22), —00 < x; < 00, i = 1,2. Let Y1 = X; + X, and
Ys = Xo.

(a) Find the joint pdf fy, v,.
(b) Show that
AVIES / fx1,x. (y1 — Y2, Y2) dya, (2.2.5)

which is sometimes called the convolution formula.
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2.2.6. Suppose X; and X5 have the joint pdf fx, x,(z1,22) = e~ (@tz2) 0 < g <
o0, 1 = 1, 2, zero elsewhere.

(a) Use formula (2.2.5) to find the pdf of Y1 = X7 + Xo.
(b) Find the mgf of Y7.

2.2.7. Use the formula (2.2.5) to find the pdf of Y7 = X7 + X5, where X; and X»
have the joint pdf fx, x,(z1,22) = 2¢~(@1+22) () < 3y < x5 < 00, zero elsewhere.

2.2.8. Suppose X7 and X5, have the joint pdf

f(fE " )7 e "te7™2 11 >0,20 >0
L2273 0 elsewhere.

For constants w; > 0 and wo > 0, let W = w1 X7 + wo Xs.
(a) Show that the pdf of W is

1 (e—w/wl _ e—w/wg) w>0

fw(w) = { o

elsewhere.

(b) Verify that fu (w) > 0 for w > 0.

(c) Note that the pdf fy (w) has an indeterminate form when w; = ws. Rewrite
fw(w) using h defined as wq —ws = h. Then use ’'Hopital’s rule to show that
when w; = we, the pdf is given by fw (w) = (w/w}) exp{—w/wy} for w > 0
and zero elsewhere.

2.3 Conditional Distributions and Expectations

In Section 2.1 we introduced the joint probability distribution of a pair of random
variables. We also showed how to recover the individual (marginal) distributions
for the random variables from the joint distribution. In this section, we discuss
conditional distributions, i.e., the distribution of one of the random variables when
the other has assumed a specific value. We discuss this first for the discrete case,
which follows easily from the concept of conditional probability presented in Section
1.4.

Let X7 and X5 denote random variables of the discrete type, which have the joint
pmf px, x,(z1,x2) that is positive on the support set S and is zero elsewhere. Let
px, (x1) and px,(x2) denote, respectively, the marginal probability mass functions
of X7 and Xs. Let 21 be a point in the support of X1; hence, px, (z1) > 0. Using
the definition of conditional probability, we have

P(X) =x1,Xs = x2) _ Xy, X, (21, 22)
P(X1=m) px, (1)

for all x5 in the support Sx, of X». Define this function as

P(X2 = :L‘2|X1 = :L‘l) =

PX,,Xo (xl, 962)

. a2 € Sx,. 2.3.1
px, (71) . (2:3.1)

Px,|x, (w2|r1) =
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For any fixed 21 with px, (z1) > 0, this function px, x, (x2]21) satisfies the con-
ditions of being a pmf of the discrete type because px,|x, (r2|71) is nonnegative
and

pxl 561

bx,, X, \21,22) 33171102
ZPX?,\Xl(‘TQ“Tl) = Z me )
T2

le( )
= E X1, %2 (%1, T2 =1
P, () £ P50 )= (@)

We call px,|x, (z2]71) the conditional pmf of the discrete type of random variable
X5, given that the discrete type of random variable X; = x1. In a similar manner,
provided x3 € Sx,, we define the symbol px,|x,(z1|z2) by the relation

Pxy,X, (9617 562)

, T1 € SX )
sz(‘TQ) '

Px, x> (w1|22) =
and we call py, | x, (z1|z2) the conditional pmf of the discrete type of random variable
X1, given that the discrete type of random variable X5 = x5. We often abbreviate
Px,|x, (T1]22) by prja(z1]22) and px,|x, (¥2|z1) by poji(w2|z1). Similarly, pi(z1)
and pa(z2) are used to denote the respective marginal pmfs.

Now let X7 and X5 denote random variables of the continuous type and have the
joint pdf fx, x,(z1,x2) and the marginal probability density functions fx, (z1) and
fx,(x2), respectively. We use the results of the preceding paragraph to motivate
a definition of a conditional pdf of a continuous type of random variable. When
fx,(w1) >0, we define the symbol fx, x, (z2]21) by the relation

fx1,x, (@1, 22)

fX1 (xl)

In this relation, x; is to be thought of as having a fixed (but any fixed) value for
which fx, (z1) > 0. It is evident that fx,|x, (#2|z1) is nonnegative and that

Ixo1x, (@2]21) = (2.3.2)

 Ixxe (21, 22)

—o0 le(xl)

= le( / fxi xo (21, 22) dao

1
T oot

That is, fx,|x, (¥2|71) has the properties of a pdf of one continuous type of random
variable. It is called the conditional pdf of the continuous type of random variable
X5, given that the continuous type of random variable X; has the value x1. When
fx,(z2) > 0, the conditional pdf of the continuous random variable X, given that
the continuous type of random variable X5 has the value x, is defined by

/ Ixz)x, (w2|71) dog dxsy

T (1 fe2) = W Fxa(2) > 0.
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We often abbreviate these conditional pdfs by fi2(z1|z2) and fy); (z2|71), respec-
tively. Similarly, f1(x1) and fa(x2) are used to denote the respective marginal pdfs.

Since each of fo1(w2]r1) and fij2(w1|r2) is a pdf of one random variable, each
has all the properties of such a pdf. Thus we can compute probabilities and math-
ematical expectations. If the random variables are of the continuous type, the
probability

b
P(a < X9 < b|X1 = 1‘1) :/ f2‘1(I2‘I1)dI2

is called “the conditional probability that a < X9 < b, given that X7 = z1.” If there
is no ambiguity, this may be written in the form P(a < X3 < b|a1). Similarly, the
conditional probability that ¢ < X; < d, given Xs = x3, is

d
P(c < Xy <d[X2 = 12) :/ frj2(z1]22) da1.

If uw(X5) is a function of X5, the conditional expectation of u(Xs), given that
X, =z, if it exists, is given by

oo

Elu(Xa)|z1] = / u(z2) fa1 (22]w1) da.
— 00

Note that F[u(X2)|z1] is a function of z;. If they do exist, then F(Xz|z1) is the

mean and E{[Xs — F(X3|r1)]?|71} is the conditional variance of the conditional

distribution of X5, given X7 = 1, which can be written more simply as Var(Xs|x1).

It is convenient to refer to these as the “conditional mean” and the “conditional

variance” of X5, given X1 = x1. Of course, we have

Var(Xo|z1) = E(X3|z1) — [E(Xz|z1))?
from an earlier result. In a like manner, the conditional expectation of u(X1), given

X5 = xo, if it exists, is given by

oo

Elu(X1)|22] Z/ u(z1) frj2(21]22) d21 .

— 00

With random variables of the discrete type, these conditional probabilities and
conditional expectations are computed by using summation instead of integration.
An illustrative example follows.

Example 2.3.1. Let X; and X5 have the joint pdf

Fla1,20) = 2 O<zri<za<1
LP2)7 Y 0 elsewhere.

Then the marginal probability density functions are, respectively,

S 2des =20 -21) 0<a <1
i) = { 0 ' elsewhere,
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and .
022d1‘1:2f£2 O0<zo <1
elsewhere.

he) ={ |

The conditional pdf of X, given Xo = x5, 0 < x5 < 1, is

2 =L g<zi<aa<l

_ 2z, @
fip(z1|z2) _{ 0 clsewhere.

Here the conditional mean and the conditional variance of X, given Xy = x9, are
respectively,

E(Xilzo) = / x1f1\2(x1\12)dx1

Il
S—
N

8

=
A/~
&=
S~

U
8
=

and

-3 (5)
Var(Xq|x = xrp — — — | dx
R O

Finally, we compare the values of
PO< X1 < 3|X2=1%) and P(0< Xy < }).

‘We have

1/2 1/2
PO<Xi1<zlXo=13)= f1\2($1\%)d$1:/ (3)day = 2,
0 0

but
P(O <X < %) = f01/2 fl(l‘l)dl‘l = f01/2 2(1 71‘1)d1‘1 = % ]

Since F(Xz|z1) is a function of 21, then F(X3|X1) is a random variable with its
own distribution, mean, and variance. Let us consider the following illustration of
this.

Example 2.3.2. Let X; and X5 have the joint pdf

Flar,22) = 6rys O<zo <1 <1
L2770 elsewhere.

Then the marginal pdf of X7 is

x1
fl(l‘l) = / 620 dry = 31’%, O0<a <1,
0



2.3. Conditional Distributions and Expectations 113

zero elsewhere. The conditional pdf of X5, given X7 = x4, is

6I2 21‘2
f2|1(x2\x1) =5 =—, 0<z<ua,
37 ey

zero elsewhere, where 0 < z; < 1. The conditional mean of X5, given X; = z1, is

o 2 2
E(X2|l‘1) :/ o <1‘22) drey = —x1, 0<x <1
0 7 3

Now E(X32|X1) =2X,/3 is a random variable, say Y. The cdf of Y = 2X;/3 is

2
G(y)—P(ng)_P<X1§32y>’ 0§y<§.

From the pdf fi(z1), we have

Su/2 27y° 2
G(y):/ 3x§dm1:—y, 0<y< <.
0 8 3
Of course, G(y) =0if y < 0, and G(y) = 1 if % < y. The pdf, mean, and variance
of Y =2X,/3 are

zero elsewhere,

and

23 [81y2 11
Y
Var(Y):/ y2< ) dy — - = —.
0 8 4760

Since the marginal pdf of X5 is

1
f2(.’)32) :/ 6xo dx1 = 65(}2(1 — :L‘Q), 0< o <1,

2

zero elsewhere, it is easy to show that E(X2) = } and Var(Xz) = 5. That is, here
E(Y) = E[E(X2|X1)] = E(X>)

and
Var(Y) = Var[F(X2|X1)] < Var(X3). m

Example 2.3.2 is excellent, as it provides us with the opportunity to apply many
of these new definitions as well as review the cdf technique for finding the distri-
bution of a function of a random variable, namely Y = 2X; /3. Moreover, the two
observations at the end of this example are no accident because they are true in
general.
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Theorem 2.3.1. Let (X1, X5) be a random vector such that the variance of Xs is
finite. Then,

(a) E[E(Xz2|X1)] = E(X2).
(b) Var{E(X2|X1)] < Var(Xa).

Proof: The proof is for the continuous case. To obtain it for the discrete case,
exchange summations for integrals. We first prove (a). Note that

E(XQ) = / / Igf(l‘l,l‘g) dxgdxl

[ e ] e an

/_Oo E(X2|.’L‘1)f1($1) dl’l
EIE(X2|X1)],

which is the first result.
Next we show (b). Consider with us = E(X3),

Var(Xy) = E[(Xs — p2)?]
= E{[Xs - E(X2|X1) + E(X2|X1) — po]?}
= EB{[X2 — B(X2|X1)]*} + E{[E(X2|X1) — p2]*}
+2B{[X2 — E(X2|X1)][E(X2]X1) — pa]}.

We show that the last term of the right-hand member of the immediately preceding
equation is zero. It is equal to

? /o:o /o:o (22 — E(Xa|21)][E(X2|r1) — po]f (21, 22) dvodr:

f(z1,22)
Ji(z1)

But E(Xs|z1) is the conditional mean of X, given X; = x7. Since the expression
in the inner braces is equal to

=1 " (B (Xl21) — o] { / fr2 — B(Xafr)]

— 00

dﬁCz} fl(l‘l) dxl.

E(Xg‘l'l) — E(X2|.’L‘1) = 0,
the double integral is equal to zero. Accordingly, we have
Var(Xz) = E{[Xz — B(X2|X1)*} + B{[E(X2|X1) — n2]?}-

The first term in the right-hand member of this equation is nonnegative because it
is the expected value of a nonnegative function, namely [Xo — F(X2|X1)]?. Since
E[E(X2|X1)] = p2, the second term is Var[F(X2|X1)]. Hence we have

Var(Xs) > Var[E(X2]X1)],
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which completes the proof. m

Intuitively, this result could have this useful interpretation. Both the random
variables Xo and E(X3|X;) have the same mean ps. If we did not know g, we
could use either of the two random variables to guess at the unknown puo. Since,
however, Var(Xz) > Var[E(X2|X1)], we would put more reliance in F(X2|X1) as a
guess. That is, if we observe the pair (X1, X5) to be (21, x2), we could prefer to use
E(X3]z1) to xo as a guess at the unknown pz. When studying the use of sufficient
statistics in estimation in Chapter 7, we make use of this famous result, attributed
to C. R. Rao and David Blackwell.

We finish this section with an example illustrating Theorem 2.3.1.

Example 2.3.3. Let X; and X5 be discrete random variables. Suppose the condi-
tional pmf of X; given X5 and the marginal distribution of X, are given by

T 1\ %2
p(ailas) = (xj) (5) e =0.1....m

2 /1\"!
p(332) = g(g) , e =1,2,3....

Let us determine the mgf of X;. For fixed z2, by the binomial theorem,

T2 T . 1 ro—I1 1 T
P = 3 (2)e(5) ()

111:0

I A
BRCEEN A

Hence, by the geometric series and Theorem 2.3.1,

E (') EOO[E (e X5)] -
- 2_31(;*26) 3@
Gra) S Gre)

4L
2
Lo 1
2 " 2° 1—[(1/6) + (1/6)et]’
provided (1/6) + (1/6)e! < 1 or t < log 5 (which includes ¢ =0). m

wl o Wl N

EXERCISES

2.3.1. Let X; and X3 have the joint pdf f(z1,22) = 1+ 22, 0 < 21 < 1, 0 <
ro < 1, zero elsewhere. Find the conditional mean and variance of X5, given
Xi=x1,0< 21 <1.
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2.3.2. Let fijpo(z1|r2) = c1r1/23, 0 < 21 < 22, 0 < 22 < 1, zero elsewhere, and
fa(m2) = cox3, 0 < 29 < 1, zero elsewhere, denote, respectively, the conditional pdf
of X1, given X3 = w9, and the marginal pdf of X5. Determine:

(a) The constants ¢; and cs.
(b) The joint pdf of X; and Xs.
(c) P(3 <X1<3|Xo=2).
(d) P(; <X1<3).

2.3.3. Let f(z1,72) = 212323, 0 < 21 < m2 < 1, zero elsewhere, be the joint pdf
of X1 and Xz.

(a) Find the conditional mean and variance of X1, given X = 22, 0 < 23 < 1.
(b) Find the distribution of Y = E(X;|X3).

(c) Determine E(Y) and Var(Y) and compare these to E(X;) and Var(X3), re-
spectively.

2.3.4. Suppose X; and X5 are random variables of the discrete type that have
the joint pmf p(z1,22) = (21 + 222)/18, (x1,22) = (1,1),(1,2),(2,1),(2,2), zero
elsewhere. Determine the conditional mean and variance of X5, given X7 = x7, for
x1 =1 or 2. Also, compute F(3X; — 2X>).

2.3.5. Let X7 and X5 be two random variables such that the conditional distribu-
tions and means exist. Show that:

(a) E(X1+ Xz|Xz) = BE(X1|X2) + Xo,
(b) E(u(X2)|X2) = u(X2).
2.3.6. Let the joint pdf of X and Y be given by

2 0<z <00, 0<y<oo

={ (+z+y)?
f(.y) { 0 elsewhere.

(a) Compute the marginal pdf of X and the conditional pdf of Y, given X = x.

(b) For a fixed X = z, compute E(1 + 2 + Y|z) and use the result to compute

2.3.7. Suppose X7 and X5 are discrete random variables which have the joint pmf
p(x1,22) = (31 +2)/24, (z1,22) = (1,1),(1,2),(2,1),(2,2), zero elsewhere. Find
the conditional mean E(Xs|z), when 27 = 1.

2.3.8. Let X and Y have the joint pdf f(z,y) = 2exp{—(z+ 1)}, 0 <z < y < oo,
zero elsewhere. Find the conditional mean E(Y|z) of YV, given X = x.
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2.3.9. Five cards are drawn at random and without replacement from an ordinary
deck of cards. Let X; and X5 denote, respectively, the number of spades and the
number of hearts that appear in the five cards.

(a) Determine the joint pmf of X7 and Xo.
(b) Find the two marginal pmfs.
(c) What is the conditional pmf of X5, given X; = x1?
2.3.10. Let X; and X5 have the joint pmf p(z1, 22) described as follows:

(o) | 0,0) (0.1 1o @

p(xlax2) ‘ 11_8 % 1%3

1) (2,00 (2,1)

N 1
18 18

ol

and p(z1,22) is equal to zero elsewhere. Find the two marginal probability mass
functions and the two conditional means.
Hint: Write the probabilities in a rectangular array.

2.3.11. Let us choose at random a point from the interval (0, 1) and let the random
variable X7 be equal to the number that corresponds to that point. Then choose
a point at random from the interval (0, 1), where z is the experimental value of
X1; and let the random variable X5 be equal to the number that corresponds to
this point.

(a) Make assumptions about the marginal pdf fi(z1) and the conditional pdf
f2\1(332|$1)-

(b) Compute P(X; 4+ Xo > 1).

(c) Find the conditional mean E(X1|x2).

2.3.12. Let f(z) and F(x) denote, respectively, the pdf and the cdf of the random
variable X. The conditional pdf of X, given X > z(, z¢ a fixed number, is defined
by f(z|X > xo) = f(z)/[1—F(z0)], zo < x, zero elsewhere. This kind of conditional
pdf finds application in a problem of time until death, given survival until time z.

(a) Show that f(z|X > x¢) is a pdf.

(b) Let f(x) =e"*, 0 <x < oo, and zero elsewhere. Compute P(X > 2|X > 1).

2.4 Independent Random Variables

Let X; and X, denote the random variables of the continuous type that have the
joint pdf f(x1,2z2) and marginal probability density functions fi(z1) and fa(x2),
respectively. In accordance with the definition of the conditional pdf fy;(z2|z1),
we may write the joint pdf f(z1,22) as

f(@1,22) = fop(w2|z1) f1(21).
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Suppose that we have an instance where f5)1(22]21) does not depend upon x;. Then
the marginal pdf of X5 is, for random variables of the continuous type,

fa(x2) = /:X) fop(za|zr) fi(z1) dan

fz|1(562\$€1)/_OO Ji(x1) dxy
= f2|1(5€2\$1)-

Accordingly,

f2(x2):f2|1(902|1”1) and  f(z1,22) = fi(w1) f2(22),

when fo;(22]21) does not depend upon x;. That is, if the conditional distribution
of X, given X; = 1, is independent of any assumption about x1, then f(x1,22) =
f1(l”1)f2(x2)~

The same discussion applies to the discrete case too, which we summarize in
parentheses in the following definition.

Definition 2.4.1 (Independence). Let the random variables X1 and Xo have the
joint pdf f(x1,x2) [joint pmf p(x1,22)] and the marginal pdfs [pmfs] f1(x1) [p1(x1)]
and fo(x2) [p2(x2)], respectively. The random variables X1 and Xo are said to be
independent if, and only if, f(z1,22) = fi(z1)f2(22) [p(x1,22) = p1(21)p2(22)]-
Random variables that are not independent are said to be dependent.

Remark 2.4.1. Two comments should be made about the preceding definition.
First, the product of two positive functions f;(z1)f2(z2) means a function that is
positive on the product space. That is, if f1(z1) and fo(x2) are positive on, and
only on, the respective spaces S; and Sa, then the product of fi(z1) and fo(x2)
is positive on, and only on, the product space S = {(x1,22) : 1 € S1, 22 € S2}.
For instance, if & = {21 : 0 < 21 < 1} and Ss = {22 : 0 < x2 < 3}, then
S = {(z1,22) : 0 < 21 <1, 0 < @2 < 3}. The second remark pertains to the
identity. The identity in Definition 2.4.1 should be interpreted as follows. There
may be certain points (21, z2) € S at which f(z1,22) # f1(z1)f2(z2). However, if A
is the set of points (21, 22) at which the equality does not hold, then P(A) = 0. In
subsequent theorems and the subsequent generalizations, a product of nonnegative
functions and an identity should be interpreted in an analogous manner. m

Example 2.4.1. Suppose an urn contains 10 blue, 8 red, and 7 yellow balls that
are the same except for color. Suppose 4 balls are drawn without replacement. Let
X and Y be the number of red and blue balls drawn, respectively. The joint pmf
of (X,Y) is

plz,y) = ", 0<zy<dzty<d
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Since X +Y < 4, it would seem that X and Y are dependent. To see that this is
true by definition, we first find the marginal pmf’s which are:

() ()
(

px(z) =

py(y) = —5 — 0<y<d4

To show dependence, we need to find only one point in the support of (X7, X5) where
the joint pmf does not factor into the product of the marginal pmf’s. Suppose we
select the point x = 1 and y = 1. Then, using R for calculation, we compute (to 4

places):
10-8- <Z>/(245) =0.1328
px(1) 10 (15>/<245> = 0.3597

py(l) = 8(37)/<245>—0.4300.

Since 0.1328 # 0.1547 = 0.3597 - 0.4300, X and Y are dependent random variables.
]

p(1,1)

Example 2.4.2. Let the joint pdf of X; and X5 be

f(x I)* T1 + X2 O<l’1<1,0<l‘2<1
LRI 00 elsewhere.

We show that X; and X, are dependent. Here the marginal probability density
functions are

f( f— 1‘1,1‘2 dl‘Q fol(l‘l +1‘2)d1‘2:l‘1+% 0<z <1
! elsewhere,

and

fa(z2) = f f(x1,22) dxy = fo 1+ x2)dxy = 2+x2 O0<zo<1
elsewhere.

Since f(x1,22) Z f1(x1) f2(22), the random variables X; and X, are dependent. m

The following theorem makes it possible to assert that the random variables X
and X5 of Example 2.4.2 are dependent, without computing the marginal probability
density functions.

Theorem 2.4.1. Let the random variables X1 and X5 have supports 81 and Sa,
respectively, and have the joint pdf f(x1,22). Then X1 and Xo are independent if
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and only if f(x1,x2) can be written as a product of a nonnegative function of 1
and a nonnegative function of xo. That is,

f(@1,22) = g(z1)h(z2),
where g(x1) > 0, x1 € 81, zero elsewhere, and h(xe) > 0, xo € Sa, zero elsewhere.

Proof. If X; and X are independent, then f(x1,x2) = f1(x1)f2(22), where f1(x1)
and fo(x2) are the marginal probability density functions of X; and Xa, respectively.
Thus the condition f(x1,z2) = g(x1)h(x2) is fulfilled.

Conversely, if f(z1,22) = g(x1)h(22), then, for random variables of the contin-
uous type, we have

fi(zy) = /_00 g(x1)h(xe) dze = g(aq) /_00 h(xz2) dre = c1g(x1)
and - -
fols) = / o) () diy = hizs) / o(er) day = exh(an),

where ¢; and ¢ are constants, not functions of x1 or x5. Moreover, c¢ico = 1 because

1 :/_O; /_O:Og(xl)h(acg)dxldxg _ [/_O;g(xl)dxl} U_Z h(:cg)d:cg} ~ eer.

These results imply that

f(z1,22) = g(w1)h(22) = crg(x1)c2h(w2) = fi(x1) f2(22).
Accordingly, X; and X5 are independent. m

This theorem is true for the discrete case also. Simply replace the joint pdf by
the joint pmf. For instance, the discrete random variables X and Y of Example
2.4.1 are immediately seen to be dependent because the support of (X,Y) is not a
product space.

Next, consider the joint distribution of the continuous random vector (X,Y)
given in Example 2.1.3. The joint pdf is

_ P
flx,y) =4dze " ye ¥, x>0,y >0.

which is a product of a nonnegative function of  and a nonnegative function of y.
Further, the joint support is a product space. Hence, X and Y are independent
random variables.

Example 2.4.3. Let the pdf of the random variable X; and X5 be f(z1,22) =
8ri1xe, 0 < x1 < xy < 1, zero elsewhere. The formula 8z;x5 might suggest to some
that X7 and X5 are independent. However, if we consider the space S = {(z1, z2) :
0 < 1 < 29 < 1}, we see that it is not a product space. This should make it clear
that, in general, X; and X, must be dependent if the space of positive probability
density of X; and X5 is bounded by a curve that is neither a horizontal nor a
vertical line. m



2.4. Independent Random Variables 121

Instead of working with pdfs (or pmfs) we could have presented independence
in terms of cumulative distribution functions. The following theorem shows the
equivalence.

Theorem 2.4.2. Let (X1, Xs) have the joint cdf F(x1,22) and let X1 and X5 have
the marginal cdfs Fy(x1) and Fy(x2), respectively. Then X1 and X5 are independent
if and only if

F(x1,22) = Fi(21)Fe(22)  for all (x1,12) € R? . (2.4.1)

Proof: We give the proof for the continuous case. Suppose expression (2.4.1) holds.
Then the mixed second partial is
82
(91‘1(95(}2

F(z1,22) = fi(z1) fa(22).

Hence, X; and X5 are independent. Conversely, suppose X1 and X» are indepen-
dent. Then by the definition of the joint cdf,

F(x1,22) / / J1(wr) fa(we) dwadw,

= fl(wl ) dwy - / fa(w2) dwy = Fi(x1)F(z2).

Hence, condition (2.4.1) is true. m

We now give a theorem that frequently simplifies the calculations of probabilities
of events that involves independent variables.

Theorem 2.4.3. The random variables X1 and Xs are independent random vari-
ables if and only if the following condition holds,

Pla< X1 <be<Xy<d)=Pla< X1 <b)P(c< X3 <d) (2.4.2)
for every a < b and ¢ < d, where a,b,c, and d are constants.

Proof: If X; and X5 are independent, then an application of the last theorem and
expression (2.1.2) shows that

Pla< X1 <bec<Xy<d) = F(,d) —F(a,d)— F(b,c)+ F(a,c)
= F1 (b)FQ(d) — Fl(a)Fg(d) — F1 (b)FQ(C)
+F1(a)F2(c)

= [F1(b) — Fi(a)][F2(d) — Fa(c)],

which is the right side of expression (2.4.2). Conversely, condition (2.4.2) implies
that the joint cdf of (X1, Xs) factors into a product of the marginal cdfs, which in
turn by Theorem 2.4.2 implies that X; and X5 are independent. m



122 Multivariate Distributions

Example 2.4.4 (Example 2.4.2, Continued). Independence is necessary for condi-
tion (2.4.2). For example, consider the dependent variables X; and X5 of Example
2.4.2. For these random variables, we have

P(O < X4 <3 0 < X < ) f01/2 1/2(5(11 +:L‘2) dridrs = %7

whereas Lo
PO< X, <i)y= (@ +1)de, = &

and o
PO < Xy <Yy = [12(L 4 20)day = 2.
Hence, condition (2.4.2) does not hold. m
Not merely are calculations of some probabilities usually simpler when we have
independent random variables, but many expectations, including certain moment

generating functions, have comparably simpler computations. The following result
proves so useful that we state it in the form of a theorem.

Theorem 2.4.4. Suppose Xy and X are independent and that E(u(Xy)) and
E(v(X32)) exist. Then

Elu(X1)v(X2)] = Elu(X1)]E[v(X2)].

Proof. We give the proof in the continuous case. The independence of X; and X,
implies that the joint pdf of X7 and X5 is f1 (1) fa(22). Thus we have, by definition
of expectation,

Elu(X1)v(X2)]

/ / v(x2) f1(21) fa(22) dr1dzs

- {/—oo (I1)f1(x1)dx1} |:/_O;U(x2)f2(fz)dx2
= Efu(Xy1)]E[v(X2)].

Hence, the result is true. m

Upon taking the functions u(-) and v(+) to be the identity functions in Theorem
2.4.4, we have that for independent random variables X; and Xs,

E(X1X5) = E(X1)E(X,). (2.4.3)

We next prove a very useful theorem about independent random variables. The
proof of the theorem relies heavily upon our assertion that an mgf, when it exists,
is unique and that it uniquely determines the distribution of probability.

Theorem 2.4.5. Suppose the joint mgf, M (t1,12), exists for the random variables
X1 and X5. Then X1 and Xs are independent if and only if

M(tl, tg) = M(tl, O)M(O, tg);

that is, the joint mgf is identically equal to the product of the marginal mgfs.
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Proof. If X7 and X5 are independent, then

M(tl,tz) — E( t1X1+t2Xz)
(et1X1 tQXQ)
(

=

- E 6751X1) ( 752X2)

= M(t1,0)M(0, t,).

Thus the independence of X7 and X5 implies that the mgf of the joint distribution
factors into the product of the moment-generating functions of the two marginal
distributions.
Suppose next that the mgf of the joint distribution of X; and Xy is given by
M (t1,t2) = M(t1,0)M(0,t2). Now X has the unique mgf, which, in the continuous
case, is given by
o0
M(tl,O) = / etlxlfl(l'l)dl'l.
—00

Similarly, the unique mgf of X5, in the continuous case, is given by

M(O,tg) = / et”zfg(xg)dxg.
Thus we have

M(ty,0)M(0,ty) = Um etlrlfl(xl)dxl] UOO et2%2 £, (25) d

— 00 — 00

/ / elizittazs fl (;gl)fQ (332) dridzs.

We are given that M (t1,t2) = M (t1,0)M(0,t2); so

M(tl,tg) = / / 6t1m1+t2m2f1(x1)f2(1‘2)dl‘ldl‘g.

But M(t1,t2) is the mgf of X7 and X5. Thus

M(tl,tg) = / / 6t1x1+t2w2f(.’)31,1‘2) dl’ldl'g.

The uniqueness of the mgf implies that the two distributions of probability that are
described by f1(z1)fa(z2) and f(x1,x2) are the same. Thus

f(z1,22) = fi(z1) f2(22).

That is, if M (t1,t2) = M(t1,0)M(0,t3), then X; and X, are independent. This
completes the proof when the random variables are of the continuous type. With
random variables of the discrete type, the proof is made by using summation instead
of integration. m
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Example 2.4.5 (Example 2.1.10, Continued). Let (X,Y’) be a pair of random
variables with the joint pdf

_Je? I<e<y<oo
flz,y) = { 0 elsewhere.

In Example 2.1.10, we showed that the mgf of (X,Y) is

M(ty,t2) = / / exp(tiz + toy — y) dydx
0 T
1

(1 =ty —t2)(1 —t3)’

provided that ¢; +t2 < 1 and t2 < 1. Because M (t1,t2) # M (t1,0)M (t1,0), the
random variables are dependent. m

Example 2.4.6 (Exercise 2.1.15, Continued). For the random variable X; and X»
defined in Exercise 2.1.15, we showed that the joint mgf is

exp{t1} }[ exp{ta}

2 —exp{t1}] [2 — exp{t2}

M(t17t2):|: ] ti<log?2,i=1,2.

We showed further that M (t1,t2) = M(t1,0)M(0,t2). Hence, X; and X5 are inde-
pendent random variables. m

EXERCISES
2.4.1. Show that the random variables X; and X5 with joint pdf

12z120(l —22) O0<a1<1,0<a2<1
0 elsewhere

fla1,22) :{

are independent.

2.4.2. If the random variables X; and X have the joint pdf f (21, 22) = 2e7*1772, 0 <
r1 < T2, 0 < 29 < 00, zero elsewhere, show that X; and X, are dependent.

2.4.3. Let p(x1,22) = %, r1 =1,2,3,4, and x5 = 1,2, 3,4, zero elsewhere, be the
joint pmf of X7 and X5. Show that X; and X5 are independent.

2.4.4. Find P(0 < X; < %,O < X5 < %) if the random variables X; and X, have
the joint pdf f(x1,22) =421(1 —22), 0 <y <1, 0 < xg < 1, zero elsewhere.

2.4.5. Find the probability of the union of the events a < X7 < b, —0o < Xg < 0,
and —oo < X1 < 00, ¢ < X5 < d if X7 and X5 are two independent variables with
Pla < X1 <b)=2and P(c< Xy <d) = 5.
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2.4.6. If f(x1,20) = e 1772 0 < 27 < 00, 0 < 23 < 00, zero elsewhere, is the
joint pdf of the random variables X; and X5, show that X; and X, are independent
and that M(t1,t2) = (1 —t1) 71 (1 —t2)71, ta < 1, t; < 1. Also show that

Bt X)y — (1 -)72 t< 1.
Accordingly, find the mean and the variance of Y = X7 + X5.

2.4.7. Let the random variables X; and X5 have the joint pdf f(x1,z9) =1/, for
(11 —1)% + (w2 +2)? < 1, zero elsewhere. Find f(z1) and f2(z2). Are X; and Xo
independent?

2.4.8. Let X and Y have the joint pdf f(z,y) = 3z, 0 < y < x < 1, zero elsewhere.
Are X and Y independent? If not, find E(X|y).

2.4.9. Suppose that a man leaves for work between 8:00 a.m. and 8:30 a.m. and
takes between 40 and 50 minutes to get to the office. Let X denote the time of
departure and let Y denote the time of travel. If we assume that these random
variables are independent and uniformly distributed, find the probability that he
arrives at the office before 9:00 a.m.

2.4.10. Let X and Y be random variables with the space consisting of the four
points (0,0), (1,1), (1,0), (1, —1). Assign positive probabilities to these four points
so that the correlation coefficient is equal to zero. Are X and Y independent?

2.4.11. Two line segments, each of length two units, are placed along the x-axis.
The midpoint of the first is between x = 0 and x = 14 and that of the second is
between x = 6 and x = 20. Assuming independence and uniform distributions for
these midpoints, find the probability that the line segments overlap.

2.4.12. Cast a fair die and let X =0 if 1,2, or 3 spots appear, let X =1if 4 or 5
spots appear, and let X = 2 if 6 spots appear. Do this two independent times,
obtaining X; and X5. Calculate P(| X1 — Xa| = 1).

2.4.13. For X; and X3 in Example 2.4.6, show that the mgf of Y = X; + X5 is
e? /(2 —e')?, t <log 2, and then compute the mean and variance of Y.

2.5 The Correlation Coefficient

Let (X,Y) denote a random vector. In the last section, we discussed the concept
of independence between X and Y. What if, though, X and Y are dependent
and, if so, how are they related? There are many measures of dependence. In
this section, we introduce a parameter p of the joint distribution of (X,Y") which
measures linearity between X and Y. In this section, we assume the existence of
all expectations under discussion.

Definition 2.5.1. Let (X,Y) have a joint distribution. Denote the means of X
and 'Y respectively by p1 and pa and their respective variances by o3 and 03. The
covariance of (X,Y) is denoted by cov(X,Y) and is defined by the expectation

cov(X,Y)=E[(X —pu1)(Y — pu2)]. = (2.5.1)
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It follows by the linearity of expectation, Theorem 2.1.1, that the covariance of
X and Y can also be expressed as

cov(X,Y) = BE(XY — X — Y + pipz)
= E(XY) = p2E(X) — i E(Y) + papiz
= E(XY) - s, (2.5.2)

which is often easier to compute than using the definition, (2.5.1).
The measure that we seek is a standardized (unitless) version of the covariance.

Definition 2.5.2. If each of o1 and o4 is positive, then the correlation coeflicient
between X and Y is defined by

o FE )V )] _ couX,Y) (2.5.3)

0102 0102

It should be noted that the expected value of the product of two random variables
is equal to the product of their expectations plus their covariance; that is, E(XY) =
pape + cov(X,Y) = pyug + poyos.

As illustrations, we present two examples. The first is for a discrete model while
the second concerns a continuous model.

Example 2.5.1. Reconsider the random vector (X1, Xs) of Example 2.1.1 where a
fair coin is flipped three times and X; is the number of heads on the first two flips
while X5 is the number of heads on all three flips. Recall that Table 2.1.1 contains
the marginal distributions of X; and X5. By symmetry of these pmfs, we have
E(X;) =1 and F(X2) = 3/2. To compute the correlation coefficient of (X7, X5),
we next sketch the computation of the required moments:

1 1 3 3 1
BE(X?) = 5+22~Z 5 05:542:5;
3 3 1 3\ 2
E(X22) = §+4 §+9 é 3?0’%—3(2> 12: ;
2 2 1 1 3 1
E(X]_XQ) = §+1~2 g 22§+238 2:>COV(X1,X2) 2—1-525

From which it follows that p = (1/2)/(1/(1/2)y/3/4) = 0.816. ®

Example 2.5.2. Let the random variables X and Y have the joint pdf

_Jr+y O0<zx<l, O0<y<1
flz,y) _{ 0 elsewhere.

We next compute the correlation coefficient p of X and Y. Now

1 1 7
= dady = —
|t ey =
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and
2 2 2 ! ! 2 d d 7 2 11
=m0 - = [ [ nay - (1) =
Similarly,
,ﬂn,j,am Hwaﬂfoii
H2 = 12 2= H2 = qug

The covariance of X and Y is

Lot 7\? 1
E(XY) — = dady — [ —) =——.
(XY) — papiz /o /0 xy(x +y) dedy (12) i

Accordingly, the correlation coefficient of X and Y is

1
po T 1,
(1)1 11
144 144

We next establish that, in general, |p| < 1.

Theorem 2.5.1. For all jointly distributed random variables (X,Y’) whose corre-
lation coefficient p exists, —1 < p < 1.

Proof: Consider the polynomial in v given by
p(w) = E{[(X = m) +o(Y = )]’}

Then h(v) > 0, for all v. Hence, the discriminant of h(v) is less than or equal to 0.
To obtain the discriminant, we expand h(v) as

h(v) = 0? 4 2upoi09 + V203,

Hence, the discriminant of h(v) is 4p?cio3 — 4050%. Since this is less than or equal
to 0, we have

4p?cios < do3o? or p* <1,
which is the result sought. m

Theorem 2.5.2. If X andY are independent random variables then cov(X,Y) =0
and, hence, p = 0.

Proof: Because X and Y are independent, it follows from expression (2.4.3) that
E(XY)=E(X)E(Y). Hence, by (2.5.2) the covariance of X and Y is 0; i.e., p = 0.
]

As the following example shows, the converse of this theorem is not true:

Example 2.5.3. Let X and Y be jointly discrete random variables whose distri-
bution has mass 1/4 at each of the four points (—1,0),(0,—1),(1,0) and (0,1). It
follows that both X and Y have the same marginal distribution with range {—1,0, 1}
and respective probabilities 1/4,1/2, and 1/4. Hence, p3 = pe = 0 and a quick cal-
culation shows that F(XY) = 0. Thus, p = 0. However, P(X =0,Y =0) =0
while P(X = 0)P(Y =0) = (1/2)(1/2) = 1/4. Thus, X and Y are dependent but
the correlation coefficient of X and Y is 0. m
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Although the converse of Theorem 2.5.2 is not true, the contrapositive is; i.e.,
if p # 0 then X and Y are dependent. For instance, in Example 2.5.1, since
p = 0.816, we know that the random variables X; and X5 discussed in this example
are dependent. As discussed in Section 10.8, this contrapositive is often used in
Statistics.

Exercise 2.5.7 points out that in the proof of Theorem 2.5.1, the discriminant
of the polynomial h(v) is 0 if and only if p = £1. In that case X and Y are linear
functions of one another with probability one; although, as shown, the relationship is
degenerate. This suggests the following interesting question: When p does not have
one of its extreme values, is there a line in the zy-plane such that the probability
for X and Y tends to be concentrated in a band about this line? Under certain
restrictive conditions this is, in fact, the case, and under those conditions we can
look upon p as a measure of the intensity of the concentration of the probability for
X and Y about that line.

We summarize these thoughts in the next theorem. For notation, let f(x,y)
denote the joint pdf of two random variables X and Y and let fi(z) denote the
marginal pdf of X. Recall from Section 2.3 that the conditional pdf of Y, given
X =u,is
f(z,y)
fiz)

at points where fi(z) > 0, and the conditional mean of Y, given X = z, is given by

f2|1(y\x) =

o /Oo yf(z.y)dy

E(Y|z) :L yfon(ylz) dy = W

when dealing with random variables of the continuous type. This conditional mean
of Y, given X = z, is, of course, a function of z, say u(z). In a like vein, the
conditional mean of X, given Y = y, is a function of y, say v(y).

In case u(z) is a linear function of z, say u(z) = a + bz, we say the conditional
mean of Y is linear in z; or that Y has a linear conditional mean. When u(x) =
a + bx, the constants a and b have simple values which we show in the following
theorem.

Theorem 2.5.3. Suppose (X,Y') have a joint distribution with the variances of X

and Y finite and positive. Denote the means and variances of X and 'Y by u1, ps

and 03,03, respectively, and let p be the correlation coefficient between X and Y. If

E(Y|X) is linear in X then

B(Y|X) = 2 07 (X = u) (2.5.4)
and
E(Var(Y|X)) = o3(1 — p?). (2.5.5)

Proof: The proof is given in the continuous case. The discrete case follows similarly
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by changing integrals to sums. Let E(Y|z) = a + bz. From

/_OO yf(z,y)dy

E(Y|z) = OofT =a+ bz,
we have -
/_ yf(@,y) dy = (a+b2) f1 (). (2.5.6)

If both members of Equation (2.5.6) are integrated on z, it is seen that
E(Y)=a+bE(X)
or
o = a+buq, (2.5.7)
where p; = E(X) and pe = E(Y). If both members of Equation (2.5.6) are first
multiplied by = and then integrated on z, we have
E(XY)=aE(X)+bE(X?),
or
po102 + pipie = apy + b(od 4 ), (2.5.8)

where poq0s is the covariance of X and Y. The simultaneous solution of equations
(2.5.7) and (2.5.8) yields

a=ps—pZp and b—p@
g1

These values give the first result (2.5.4).
Next, the conditional variance of Y is given by

Var(Yl|z) = /OO [yungj(xm)rfzu(yx)dy

— 00

— OO0

= @ . (2.5.9)

This variance is nonnegative and is at most a function of = alone. If it is multiplied
by fi(x) and integrated on z, the result obtained is nonnegative. This result is

/ / {y p2) P (xﬂl)]Qf(x,y)dydx

/ / {y 142) —2,0 (y p2)(x — p1) + p? U—%(fc—m)Q f(z,y) dydx

[ w2 ] sy

= B =)’ —2p7 E[(X —m)(¥ - m)Hp;E[(X—m)ﬂ

2
= —2p paloz+p 3%
1
2
2

= o5 —2p° 02+,002—0' (1-p%,
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which is the desired result. m

Note that if the variance, Equation (2.5.9), is denoted by k(z), then E[k(X)] =
o3(1 — p?) > 0. Accordingly, p*> < 1, or —1 < p < 1. This verifies Theorem 2.5.1
for the special case of linear conditional means.

As a corollary to Theorem 2.5.3, suppose that the variance, Equation (2.5.9), is
positive but not a function of x; that is, the variance is a constant £ > 0. Now if &k
is multiplied by fi(x) and integrated on x, the result is k, so that k = o2(1 — p?).
Thus, in this case, the variance of each conditional distribution of Y, given X = z, is
a3(1—p?). If p = 0, the variance of each conditional distribution of Y, given X = z,
is 03, the variance of the marginal distribution of Y. On the other hand, if p? is near
1, the variance of each conditional distribution of Y, given X = x, is relatively small,
and there is a high concentration of the probability for this conditional distribution
near the mean E(Y|x) = p2 + p(o2/01)(x — p1). Similar comments can be made
about E(X|y) if it is linear. In particular, E(X|y) = p1 + p(o1/02)(y — pe) and
E[Var(X[Y)] = 03(1 - p2).

Example 2.5.4. Let the random variables X and Y have the linear conditional
means E(Y|z) = 4z + 3 and E(X|y) = 15y — 3. In accordance with the general
formulas for the linear conditional means, we see that E(Y|z) = g if # = py and
E(Xy) = w1 if y = pe. Accordingly, in this special case, we have pus = 41 + 3
and pp = 11—6u2 — 3 so that pu; = 7%5 and po = —12. The general formulas for the
linear conditional means also show that the product of the coefficients of = and vy,
respectively, is equal to p? and that the quotient of these coefficients is equal to
03/0%. Here p* = 4(&) = 1 with p = § (not —3), and 03 /0% = 64. Thus, from the
two linear conditional means, we are able to find the values of p1, p2, p, and o2/071,
but not the values of o7 and o2. m

E(Y|x) = bx

—Ih V fll i
—a

Figure 2.5.1: Illustration for Example 2.5.5.
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Example 2.5.5. To illustrate how the correlation coefficient measures the intensity
of the concentration of the probability for X and Y about a line, let these random
variables have a distribution that is uniform over the area depicted in Figure 2.5.1.
That is, the joint pdf of X and Y is

1
o —atbr<y<a+tbr, —h<z<h
fla,y) = { 0 elsewhere.

We assume here that b > 0, but the argument can be modified for b < 0. It is easy
to show that the pdf of X is uniform, namely

a+bx 1 1
fl(x): ffaerzmdy:ﬁ —h<x<h
0 elsewhere.

The conditional mean and variance are

CL2

E(Y|z) =bx and var(Y|z)= 3
From the general expressions for those characteristics we know that

2 a?
b=p— and gzag(l—pQ).

Additionally, we know that o7 = h?/3. If we solve these three equations, we obtain
an expression for the correlation coefficient, namely

bh
P= Va2 +b2h?
Referring to Figure 2.5.1, we note

1. As a gets small (large), the straight-line effect is more (less) intense and p is
closer to 1 (0).

2. As h gets large (small), the straight-line effect is more (less) intense and p is
closer to 1 (0).

3. As b gets large (small), the straight-line effect is more (less) intense and p is
closer tol (0). m

Recall that in Section 2.1 we introduced the mgf for the random vector (X,Y).
As for random variables, the joint mgf also gives explicit formulas for certain mo-
ments. In the case of random variables of the continuous type,

OF ™M M (t1,ts)
atkatnll 2 / / met1w+t2yf($> y) d.%'dy,

so that

OFFTMM (1, to)
- otkarp

t1=t2=0 / / kym f(z,y) dedy = E(X*FY™).
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For instance, in a simplified notation that appears to be clear,

H1 o = E(X):%tol’o)
p = B(y)= 200
of = E(XQ)AL?—W#?
o3 = E(Yz)ui—mgt(g’mﬂi
B ) )] = OO, (25.10)

and from these we can compute the correlation coefficient p.

It is fairly obvious that the results of equations (2.5.10) hold if X and Y are
random variables of the discrete type. Thus the correlation coefficients may be com-
puted by using the mgf of the joint distribution if that function is readily available.
An illustrative example follows.

Example 2.5.6 (Example 2.1.10, Continued). In Example 2.1.10, we considered
the joint density
Y 0<ex<y<oo

elsewhere,

f@,y) = { 87
and showed that the mgf was

1

M(ty,t2) = (1—t1 —ta)(1 — t3)’

for t1 +t3 < 1 and t3 < 1. For this distribution, equations (2.5.10) become
ol =1, 03=2 (2.5.11)

Verification of (2.5.11) is left as an exercise; see Exercise 2.5.5. If, momentarily, we
accept these results, the correlation coefficient of X and Y is p = 1/v/2. m

EXERCISES
2.5.1. Let the random variables X and Y have the joint pmf
(a) pla,y) = 4, (2,y) = (0,0), (1,1), (2,2), zero elsewhere.
(b) p(z,y) =3, (z,y) = (0,2),(1,1),(2,0), zero elsewhere.
1
3

, (z,y) =(0,0),(1,1),(2,0), zero elsewhere.



2.5. The Correlation Coefficient 133

In each case compute the correlation coefficient of X and Y.
2.5.2. Let X and Y have the joint pmf described as follows:
@y | L) 12 «

p(z,y) ‘ %

3) (2,1) (2,2) (2

L1
15

3)

&l
=
-

and p(z,y) is equal to zero elsewhere.

(a) Find the means p1 and pg, the variances o? and o3, and the correlation
coeflicient p.

(b) Compute E(Y|X =1), E(Y|X = 2), and the line ps + p(o2/01)(xz — p11). Do
the points [k, E(Y|X = k)], k = 1,2, lie on this line?

2.5.3. Let f(z,y) =2, 0 <z <y, 0 <y <1, zero elsewhere, be the joint pdf of
X and Y. Show that the conditional means are, respectively, (1 +x)/2, 0 <z < 1,
and y/2, 0 < y < 1. Show that the correlation coefficient of X and Y is p = %

2.5.4. Show that the variance of the conditional distribution of Y, given X = z, in
Exercise 2.5.3, is (1 — 2)?/12, 0 < x < 1, and that the variance of the conditional

distribution of X, given Y =y, is y%/12, 0 < y < 1.
2.5.5. Verify the results of equations (2.5.11) of this section.

2.5.6. Let X and Y have the joint pdf f(z,y) =1, -z <y <z, 0 <z <1,
zero elsewhere. Show that, on the set of positive probability density, the graph of
E(Y|x) is a straight line, whereas that of E(X|y) is not a straight line.

2.5.7. In the proof of Theorem 2.5.1, consider the case when the discriminant of
the polynomial h(v) is 0. Show that this is equivalent to p = £1. Consider the case
when p = 1. Find the unique root of h(v) and then use the fact that h(v) is 0 at
this root to show that Y is a linear function of X with probability 1.

2.5.8. Let 9(t1,t2) = log M(t1,t2), where M (t1,t2) is the mgf of X and Y. Show

that
oP(0,0)  9*(0,0)
atl ) atQ , 1= 17 2a

and

9*1(0,0)
Ot10t4
yield the means, the variances, and the covariance of the two random variables.

Use this result to find the means, the variances, and the covariance of X and Y of
Example 2.5.6.

2.5.9. Let X and Y have the joint pmf p(z,y) = 1, (0,0),(1,0),(0,1), (1,1),(2,1),
(1,2),(2,2), zero elsewhere. Find the correlation coefficient p.

2.5.10. Let X; and X5 have the joint pmf described by the following table:
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1 2 1 3
p(z1, 72) ‘ 12 12 12 12 12 12

Find p1 (1), p2(22), p1, po, 07, 03, and p.

2.5.11. Let 0? = 03 = 02 be the common variance of X; and X5 and let p be the
correlation coefficient of X; and X5. Show for £ > 0 that

2(1+p)

P[I(X1 — p1) + (X2 — p2)| > ko] < 2

2.6 Extension to Several Random Variables

The notions about two random variables can be extended immediately to n random
variables. We make the following definition of the space of n random variables.

Definition 2.6.1. Consider a random experiment with the sample space C. Let
the random variable X; assign to each element ¢ € C one and only one real num-
ber Xi(c) = x;, i = 1,2,...,n. We say that (X1,...,X,) is an n-dimensional
random vector. The space of this random vector is the set of ordered n-tuples
D ={(x1,22,...,2,) : 1 = X1(¢),..., 2 = X, (c),c € C}. Furthermore, let A be
a subset of the space D. Then P[(X1,...,X,) € A] = P(C), where C ={c:c €
C and (X1(c), Xa(c),..., X, (c)) € A}.

In this section, we often use vector notation. We denote (X1,...,X,,)" by the
n-dimensional column vector X and the observed values (z1, ..., z,)" of the random
variables by x. The joint cdf is defined to be

Fx(x) = P[X; <x1,..., X, <) (2.6.1)

We say that the n random variables X7, Xs, ..., X,, are of the discrete type or
of the continuous type and have a distribution of that type according to whether
the joint cdf can be expressed as

Fx(x)zz <xn2p(w1,...,wn),

w1 ST, Wh

Fx(x):/ / / flwy, ... wy)dwy, - dw;.

For the continuous case,

or as

an

97, oL, Fx(x) = f(x), (2.6.2)

except possibly on points that have probability zero.

In accordance with the convention of extending the definition of a joint pdf,
it is seen that a continuous function f essentially satisfies the conditions of being
a pdf if (a) f is defined and is nonnegative for all real values of its argument(s)
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and (b) its integral over all real values of its argument(s) is 1. Likewise, a point
function p essentially satisfies the conditions of being a joint pmf if (a) p is defined
and is nonnegative for all real values of its argument(s) and (b) its sum over all real
values of its argument(s) is 1. As in previous sections, it is sometimes convenient
to speak of the support set of a random vector. For the discrete case, this would be
all points in D that have positive mass, while for the continuous case these would
be all points in D that can be embedded in an open set of positive probability. We
use S to denote support sets.

Example 2.6.1. Let

~@tut) g
_Je <x,y,2 <00
Flz,y,2) = { 0 elsewhere

be the pdf of the random variables X, Y, and Z. Then the distribution function of
X, Y, and Z is given by

F(z,y,2) = PX<zY <y, Z<2)
= / / / YT dudvdw
= (I—-e") (1 —-e77), 0<z,y,2 < oo,

and is equal to zero elsewhere. The relationship (2.6.2) can easily be verified. m

Let (X1, Xs,...,X,) be a random vector and let Y = u(Xy, Xo,...,X,) for
some function u. As in the bivariate case, the expected value of the random variable
exists if the n-fold integral

/ / u(xy, o, ..., xn)|f (21,22, ..., xy) dx1dxs - - - dy,
exists when the random variables are of the continuous type, or if the n-fold sum

Z-~-Z|u(331,x2,...,mn)\p(gcl,scg,...wn)
Tn T

exists when the random variables are of the discrete type. If the expected value of
Y exists, then its expectation is given by

:/ / u(xy, o, ..., xy) f(x1,22,. .., xy) derdxe - - dxy,  (2.6.3)
for the continuous case, and by

Y)= Z e Zu(azl,xg, e T )P(T1, T2y e, X)) (2.6.4)
Tn ]

for the discrete case. The properties of expectation discussed in Section 2.1 hold
for the n-dimensional case also. In particular, F is a linear operator. That is, if
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Y; =u(Xq,...,X,) for j =1,...,m and each E(Y;) exists, then

E|Y kY| =) KEY], (2.6.5)
=1 =1

where kq,...,k,, are constants.

We next discuss the notions of marginal and conditional probability density
functions from the point of view of n random variables. All of the preceding defini-
tions can be directly generalized to the case of n variables in the following manner.
Let the random variables X1, X5, ..., X,, be of the continuous type with the joint
pdf f(x1,z9,...,x,). By an argument similar to the two-variable case, we have for
every b,

b
Fx,(b) = P(X, < b) = /_ fi(a) de,

where fi(x1) is defined by the (n — 1)-fold integral

f1(331):/7 [ flzy, 20, .. xy) dey - - dxy,.

Therefore, f1(x1) is the pdf of the random variable X; and fi(x1) is called the
marginal pdf of X;. The marginal probability density functions fa(z2),..., fn(2,)
of Xo,..., X, respectively, are similar (n — 1)-fold integrals.

Up to this point, each marginal pdf has been a pdf of one random variable.
It is convenient to extend this terminology to joint probability density functions,
which we do now. Let f(z1,22,...,2,) be the joint pdf of the n random variables
X1, Xo,...,X,, just as before. Now, however, take any group of k < n of these
random variables and find the joint pdf of them. This joint pdf is called the marginal
pdf of this particular group of k variables. To fix the ideas, take n = 6, k = 3, and
let us select the group Xo, X4, X5. Then the marginal pdf of X5, Xy, X5 is the joint
pdf of this particular group of three variables, namely,

o0 o0 o0
/ / / f(x1, 2, 3, 24, x5, x6) dxydrsdas,
— 00 — 00 — 00

if the random variables are of the continuous type.
Next we extend the definition of a conditional pdf. Suppose fi(z1) > 0. Then

we define the symbol fo 1 (22,...,2,|21) by the relation
_ f(xl,I27...7In)
f2 ..... n\1($2>~-~7$n|$1)— fl(l'l)
and fa . n1(%2,...,2n|71) is called the joint conditional pdf of X,,...,X,,
given X; = x;. The joint conditional pdf of any n — 1 random variables, say

X, X1, Xig1, -, Xy, given X; = x;, is defined as the joint pdf of Xq,..., X,
divided by the marginal pdf f;(z;), provided that f;(x;) > 0. More generally, the
joint conditional pdf of n— & of the random variables, for given values of the remain-
ing k variables, is defined as the joint pdf of the n variables divided by the marginal
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pdf of the particular group of k& variables, provided that the latter pdf is positive.
We remark that there are many other conditional probability density functions; for
instance, see Exercise 2.3.12.

Because a conditional pdf is the pdf of a certain number of random variables,
the expectation of a function of these random variables has been defined. To em-
phasize the fact that a conditional pdf is under consideration, such expectations
are called conditional expectations. For instance, the conditional expectation of
u(Xa, ..., X,), given X7 = a1, is, for random variables of the continuous type,
given by

E[u(XQ,...7Xn>|x1]:/ / Wzs. o so) o (@as s 2lay) daa - iy

provided fi(z1) > 0 and the integral converges (absolutely). A useful random
variable is given by h(X1) = Flu(Xa, ..., X,)|X1)].

The above discussion of marginal and conditional distributions generalizes to
random variables of the discrete type by using pmfs and summations instead of
integrals.

Let the random variables X1, X», ..., X, have the joint pdf f(x1,x2,...,z,) and
the marginal probability density functions fi(x1), fa(z2), ..., fu(xn), respectively.
The definition of the independence of X; and X, is generalized to the mutual
independence of X7, Xs,..., X, as follows: The random variables X7, Xo,..., X,
are said to be mutually independent if and only if

f($17$!727 CeyTp) = f1(331)f2($2) < fn(Tn),

for the continuous case. In the discrete case, X1, X, ..., X,, are said to be mutually
independent if and only if

p(a1,22,. .., 2n) = p1(@1)p2(22) - - P (n).
Suppose X1, Xs, ..., X, are mutually independent. Then

Pla; < X1 <by, aa < Xo <bay...ya, < X, <by)
= Pa;1 < X1 <b1)P(az < Xo <bg) - Pla, < X,, <by)

= HP(a, < X; < b,),
i=1

where the symbol []}"_; ¢(i) is defined to be

The theorem that
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for independent random variables X; and X5 becomes, for mutually independent
random variables X1, Xs,..., X,,

Elui(X1)uz(Xa) - - un(Xp)] = Elur (X1)]Eluz(X2)] - - - Elun(Xn)],

E

The moment-generating function (mgf) of the joint distribution of n random
variables X1, X5, ..., X,, is defined as follows. Suppose that

= H Elui(X;)].

E[exp(thl —+ tQXQ —+ -+ tan)]

exists for —h; < t; < h;, 1 =1,2,...,n, where each h; is positive. This expectation
is denoted by M(t1,ta,...,t,) and it is called the mgf of the joint distribution of
X1,..., X, (or simply the mgf of Xy,...,X,). As in the cases of one and two
variables, this mgf is unique and uniquely determines the joint distribution of the
n variables (and hence all marginal distributions). For example, the mgf of the
marginal distributions of X; is M(0,...,0,¢,0,...,0), i = 1,2,...,n; that of the
marginal distribution of X; and X is M(0,...,0,t;,0,...,0,t;,0,...,0); and so on.
Theorem 2.4.5 of this chapter can be generalized, and the factorization

M(ty, ta, ... tn) = [ M(0,...,0,t,0,...,0) (2.6.6)
i=1
is a necessary and sufficient condition for the mutual independence of X7, Xo,..., X,,.

Note that we can write the joint mgf in vector notation as
M(t) = Elexp(t'X)], forte BCR",

where B = {t: —h; <ty < hji= 1,...71’L}.
The following is a theorem that proves useful in the sequel. It gives the mgf of
a linear combination of independent random variables.

Theorem 2.6.1. Suppose X1, Xo, ..., X, aren mutually independent random vari-
ables. Suppose, for all i = 1,2,...,n, X; has mgf M;(t), for —h; <t < h;, where
h; > 0. Let T = Z?:l k; X;, where ky,ks,...,k, are constants. Then T has the
mgf given by
Myp(t) = [[Mi(kit), —min{hi} <t <min{h;}. (2.6.7)
— 1 1

Proof. Assume t is in the interval (— min;{h;}, min;{h;}). Then, by independence,

MT(t) = F [ez?:l tkiX'i:| =B ﬁe(tk'i)x'i]
i=1
= B = [k,
=1 =1

which completes the proof. m



