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Debnikhon (1) N ) el el
IF the space af v X s Cauntable, then X is ca \ledl
a disCrete Y-V.
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Pelinikon (.2.):
Let Ry be the 2pack o} r.v. X . The Funchion
Feo Ri— @R defned by

Pex) = P(X=x)
i< calles P e Pmbo\b—('u\.j mass gunc\\'on at X (pmi).

Theovrenm () T X is adisered v.v. with Space Ry

Avd @ pCx), then:
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Theoren (31, Lek X be aviv. with c.d-f. FX).
Then +he C.d.P. Sakfies the Fallowings:

(a) FC-o) = o Y

(b) FC o0) = | et

(c)
__/

Fcx) is an incveoxs{v\.a J;WMHon, fhat 35 F
X <Y ,then Fx) s Rey) for all reals x, 4.
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Thearem (5) 1 Tf Flx) is the c.d.(. oF conkimuows
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DeFnilRow ([0) ' A Mmode¢ of Fhe dist. of Conbm nous
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Pelinilon (12) ket X be ar-v. with space Ry .
The mean My of the ru-X s debhned as:

Zx PO

M %ok} PR X is disae
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N
% S ‘V*WL)J’K kX Vs Conhnuows
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Thtorem (F) Lek X be ar.v. with

paf(pmk). If

a and b are A +weo veal numbir_r) +hen?

E(aX +b) = a E(X)+ b /

Deflimbion (129

Lot X be ar.v, with mtom/./lx ¢ ER e
Voriom e o F X, denored by Uarlx) vy defned k3.
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E(xY) —(EX)"

E (X)) = (M0)% =

2
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X
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Theovrem (8 ) TR X is ar-v. with mean Mo on d
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'P(ﬁ)- If /J\ and 6~ >0 ave the Mton and SJI‘O\Y\AOW‘A
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Example( 4 ) Lok the pdl of arw.X be:
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I 0 W
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/!
A O SN o
Sl (%) = S % (x> dx W@\gﬂ 57
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Pefinkion (14) et X be ar.v. whose P'»obqb;\q)-j étns;k
W Rexy . F\V‘Q.nk_\ valued PunciHon M m")@
deGned by
ME) = E (%)
P—’_\
‘s caWled e moment 3@,“&%&-1‘“5 Lumelvon (msf-) of
Fhe v X
\.ks'mﬁ he deBrulon o f exra&kml value o £ ar-v. , ont
obtain the expliah representabion far M) as:
= J“P(’U v FOX s discardz \
M(k) = ] *ER ,
&M X Pgdx SER Bs Conhvels.
-0

Theorem (1011 Lok M) be the g P, ol the rov-X

A &%
& Ya=s Tuar "
MB =z a,xa, b+t 4.8t el Ll (2)

s the Tqmmaﬁmf}
( E(x7) = (nl) &, /

Cov all natural number n. e

{:rocf-’-: Let M(E) be the m-9q-F. of the »ov-X . The
C./ Taye, series 'Q-_J(Fo\nm‘cn o £ HI(b) -o\\oow’t‘-—@ \‘sa‘\w»\ by

\?, 'd ,/ 2 }}(;“) n
EA ME) = Moy +MC) 1 . HO) & Ml e8) it asass
go 11, 2 nl eaaC3)
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<tnce ECX Yz M (o) fov 2| and M(U):l} we hawve
e/’_—_-\—‘___ .
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example (5) Tt the ol . oF av.v.X is N
Xy~ 4
Mie) = T S
, izso 4§ \// =
8 /
fhen whar is the probabilhy ok Xz 27 H\& LN
Sel -, I S 4y ’c'/ Q(Q
M (k) = Z_—EE—‘— - Z_ .5"_. e.& ~
NEI . £ {
oy g 4 [;}w’\//
= Fc\i):—%—r p 3701\,---,00 /
* ~\
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b(ﬂ 1 2! 2e
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whoalbk 18 Yhe ™M <@y F and +hn Psz af X ? \ gﬁ
LR 1 e
sal Mcb) = MGl + 2 M Ce ) é\ ‘9 4,
n—l
‘=MC°)+Z L(x)(‘ch)/
== o¢.-2+c S’Z. 7\—')
no) .
Thoebore, We ael o)z P(X3e) =e.2 and €)= plx=
— 0-% . Hence the m-c_\.f—, o P T8
Ced HY +
M(t) = 0-2 - 0-8€
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Theovrerm (H ) et X be ar-v. wikh m-q4-¢. MXH‘)..

If & and b avre any +wo vr<al Qons}-an-}-sj +hen:
‘ @ Mx+a(‘f‘) = eﬂ\b MX *) e
i) Mo, e = My (bt) —

A

('“) vkt £ _ ,
RY) M—x-\-q(‘h) O Mx(—b—) fo

DekiniKon (15) 1he Sacrorial memenk 3tnu—a&—{n,9
Lancrion ( FMGF) of- X is denated ’03 G &) and

definedos © gy = E(HLT
Twne m\aHonSh\qa between M-q.f. and (F MGF ): /\,’\
x D=
GI(-L')': E((‘ ) X,

e (&) = E(STF) M,(u-n’ﬂ;

Za
De(’—km'\—{cn Ué') v The nH‘ Ractorlal moment of ou-.v/.)(
15 E LR =1)(K~2) ~~ (X-n+)]| _—

DaHnHom (UZ) Lat % be ar-v. The chavackevi'shc
Runchon Pt) of X is defined as:

s)= E (&Y £ e
—_—— E [ Cos (€X) 4\ S\H(%Kﬂ

—

— g [ costx] + 1 ELsinctx)]
The Probab:x\:ij A{ns'\’rtﬁ Lunchon Can b2 recovered Trom
Pre Chrovaduskic FuncHon B b +he Lo

@ (£) = E(Hﬂ) ;f e . Fa
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Definiknl18) A nonemply colleckion F of subSers
of a seb £ is Called a o-Feld @ F Subseks
a b P\r‘ov:\é-g,;k ot he @o\\ouoiv-\p& ?mfeph‘ﬁ held:
Q) Fhe :mp’ﬂé Sed ¢ & T
Cer) if Ae F/f\'\tvx A = F. a2
¢iw) i F AL, n-;—l,z,u-, then O A, and N By
are woth in F. et =i
E:La\m\g\g () .
we have an LI?QHME\‘\'\' Wty 2= {\,z'i , then
?:'{'{c\’ﬁ,{\%,i'&%,_ﬂﬁ , each of the
e\ements o F T 15 an event. And, the 2ma |lest
Le\d s ‘{-:{:, Ny
I

Pelinmhan (H). e
Rove\ = Pie\d 1D ¢+ *he Svmalest - Peld Coni‘lﬁn\\'\.a

a\\ o peny Subselrs ok RK.

Definilon (20) i
Bovel Lunchen st A Runc on T from L +e R A‘$
Bovel wih r{sTGcA— +o o o—-leld T on 2 +#F

ﬂ"‘CB)-e T for any Be BT,

DeliniHon (201 A prevabilhy measare P on o o= fied

of Subsers F ol asehr _n is aves _ualued funchon

\r\au.r;hj demain T SU\HS@aj\Y\% the c‘e\\ouh‘ng C_c:\r\quh'qn_g:

G) PCLd =)
() P(P\)Zo/ Foar- o\ A €T
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Gw) LF An,nz12, . am mw\“&c&\\j ckis:\o'\ﬂi‘ Sefs \‘V\}

Fhen i
P(Q.\Pm) ¥ LAWY /
nz\

DeBivulNew (22) ¢
probab ™y Space denotred by (=2, F,PY) i3 aser

<L, o o lied of subsels T and qpmbo\bfu’n:)
Mmensavt TP delined o0 T

Dt-(—'\n{HSV\ (13)

Letr X be a randem K-veckor wih a Lebesgue density
{lx(-x) and ler Y= gq(X), where q is a Borel funchon
from ( RK, B ) 4o ¢ RV‘,B‘:) et Ay, oo, A be disysint
Seks in BY sudh that R™L (A0w-U An) has Lebesgue
messre (0) and (@) en A] is one~to —one Wi anenvanishing

Jacobinan , t.e  Fhe dererminant Dek ( -B.Q:))#_.o A &3’

‘J:\,“.,m >
Then, has +he -Qo\\ovd%vuj \_f;\atsan AQY‘\s;\‘\j . /

Fyeo = 2 |Det (ZN@ )| £ (hjt0)

wheve \\J 1s Yhe \nversc gc&ntHQV\ oF o on AJ ) \ 2\,‘2.,‘“,““
N
Emmp\x (8) .
let X, and %X, be '\Y\AQ"QY\A\N\\' random Var'ables
\no\\}'\.\"\ﬁ “he S%—a\m&o\hcv\ Noerma |l distiilewren:s Obtain
the “leint Lebesgue &Qns'\'\j ol (YY), whene

s NxEaRE and Yo XLooAee Yy and e

{hk?{nc\an‘r °
2 =
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SeluMoen'. Ler A, = “"";xz)i Xy 29, %, >°?S %

Qz :{ (’Klﬂ(t)) * 79, ’Kl<o] ,
Ay = | (%)) % <o Xy 0] , and
Aq =0 o6); <o, XS 0Y

z .
Then dhe Lebesyue mrasu R - (A QA,LUA,0By) Vs(o).
on each Ri, the funekion (9,,8,) = (Vaxr , 2 )0
T

]
ocne — ko - ane wﬁ-\s '

Y2 5\ _ 8y %y
Xy, % 243/2
De’r< ( ' 1))= Vivgr Jrrez  (1+43)
2 9\[‘52-) 1 9 Y92
; N (V42 32
"’"""3; +42

o el ?
Ji
497
Since e loh'ﬁ'* b-.e.\bﬁ.ssb\( AQ“\S\.%\j oﬁ (xl,xz) s
\ X (‘K|L+Z;)/Z
—_—

23T

nd =8, e ik Libesges denhy o O, )i
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Y
L2 2m v 2) V

2
2. =8 Yy
- — &

-“- l'\"jzz'
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Example () Ler (X Y,2Z) be o random 3- Yechev

With the Follo@ing Lebesgue Aens'wa ‘

ch:‘d,Z) = § 1-8nx SnYy Sn?

1 g3 , © 8% ,282T
(-4 s o.cD
show t\-\w'r X, \{,Z ave ?anﬂu‘st H\JEPQHELQH\' buk /p@(
not independent . 5}9’3‘3 &
Selullon' The L-Q‘OQS%M*E Atnsw ;ev-(x Y) iss gsﬂ‘m
/Z o
£ (%,9) = g {lcxg%)el;_v. g/ (i\
o < égg %
D s Dg\\
S 1= 3nX Siny'sing B M
o 3“3 = 41772 = G/

. )
= Fr*mhﬁ;;: os %y R

= a.w ——’(’L
The L<ebesgue density far X is: CGZ\B&
c2 7 S Y T i
fexy = S I Fexyy,z)dyda _ f LSyl el
o - .'_I”'Z - (59
e e =)
> F@i= 5‘.,:'% , o SX ST = B
0 4 oW 27

Z‘lT Z/Tf |" 47(
feyd = g J Pox,y,2) dx 2 =°J 472
o ]

g2

: |
Fey = {E_W 0 S D¢ _ -
& W s g’“’

= fxm): £ex) Fey)
Hence , X and ¥ a— Mdyre ndent 3.m,.lar’a_ R ang
Z ave W\v)ﬂ,\D%d&ﬂ“ Q.Y\Ql \f avu) 7_ ave \ﬂd{/lo-en JM
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Note fhapt, T~
(RXsm) = P( = Z - o 5
P m ? st_) ’P(Z<TT) -Sf‘TT‘AK- = ./

Hence, p(Asm) PCYsM) P(ZST) = L. on the othen
R o = S T g

L“’*"Av S‘{‘f K e a8 Ly . ‘ .
. ag é § | - 51n89<n53m‘3 Sm?éxéjd%

p(XRsw,ysm ,2sT) =

s 2
= -—‘— — mhe \ 5m7<c!‘X>
8 _11-3 e
8
Hence X .Y and Z avk net 'mc!qov\&en{‘.

Ve |
Example (I0)! Leb Ki,(zu1,3, br inét‘am&n\- rondem

g g \OAg;-i/}\ﬂ*V""‘ﬂ the Bame Ldat.sﬁvu donsi by ¢
/ @‘Z; Lio, o0 (X). obhain e joint L_{bu&‘“
L dansibg ofF (Y157, Y3), whae Y= X1+ Xe 4 X3,
Yz_: xy /(X +X2) ,and Y = (X\-\-Xz)/(xl'\‘xi‘\'XS) ’
‘.nc‘f_&ﬂhdbw{- 7

7
é/ Are \/L'S
SolulRen! Let X, = 419294 / ’KL: Y193 -919,95 " 0\?\0‘

Xz =%, =993 - Then ,
Dok {2 Curtenn ) = ¥y,
-a(ﬂlf ﬂ‘&/ jJ)
we obrain the joint Lebesgue Jtns{.ﬂj of (\/,,‘/l,,‘ljj o

er 2 =
&2 85 Ttosen) @) T,y Ga) 93 I, | 493)

Be canse s Fanchon s a Prgém,;_\ a b Hhares P‘W‘L(h‘on_g
59 '31 1 (v,) I (4,) d 1 (Y)
e 1 (o,00) V7 0 €oy) Z an 33 (o)1) 3) -~

4 Y2 and Y3 ave ‘mébfnr\c\eﬂ’r.
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/DQg-{f\CHon(?_y v Levr X be arandom Verable \'\avh\_x

o cumdaHve Msrbeuden funchon F . Show that (£

E(’() e Xisks Hr\cng

Sos

L)

ELX) = VL1 - FCx)] a@ox chd;
o L / )&N

Q
Sy
/ oummp\c(ll‘): Lex XU (=), 4)

'F‘(’l):(l-}?- , —l<x <y

| & Bex ) s an L. 2 i L_{——_-gl(_
>4 ) — CG&) S EThE T 4
E(x‘)_—.\'(‘-"—"—%l %(”‘*‘)Az e )
AT S SERE AR
] _15_[([6- %)—(0)1——53-[_(0)-(%-5&—\)] AN
:L[e)-%l-5+7 = L[e-1]
= Leh) = 28 =3
Now, 1F xauwc, H) f"
;@(C{’;
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Choavadkaristic LuncNont

DeiiniHon (25)

Lok X be av.v. with p-d-f. (pmb) TThe charaeiwrishc

Lancxion 68 X (cn.k. o B X)) denocred oy qu is a funcHon
dofired on R, 4aki

\'\& Comp\”!ﬂ( dalues, in 5‘0\@%\ p ou\o{

dRMlned as RoVows
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