ss—

h(z) = (Fxrg)CcE)
og
= f Pez-x) gex)dx

~oq
o0~ (2-x)% _x?

: e 2 e %dx
-cQ

|

27T
o _ (B-x)* xo?
SXL 2
- '—— j e ; < dx
o -~
- -2
- Spo ® 6% z)J
e opms c e X
20\ oo
=——ed ) e
2 2
kS
e - % { =dx nJ.‘i’_.:(Z—i‘)z
L = \r-2-_°‘ / 2
2 oQ _g‘l
hewys U o9 | e Liw
21T - \F3
2% >, - w?
(&% Z
= — e . Vr Yo A g
277 ~w Vi
I -L ?-o)z
= —= e 1 e e 2 Vz
2 Varr 7z

dence, Sum of two standard Novmal vivs is AQaln o norml

‘Q\Pf v.v. widh mean Zero and van ance 2.

/ plt (50 ) ’ |
what ts +he Pmbqb.‘\:{\n JQnSH‘:) o £ the sum of +Wo Mdtpuuh”
lr-.v;s ; each o which is "Co\u\chtj?

Salubon: Let Z = XxY , wher X rv Cauchj (o,1) and Y A Canchylf
. A a b
-HmCe 'H\Q dQHSI‘j 'FUU’LCHon .lz(‘qo o‘f- 'Hn( r.v-. A Ukh.c)\/ v 3 31\/‘0\_

Pexy= ' 4nd  9(y)= ——
T1+=%%) T (R y?)

since X and Y arc 1‘n<§epmden%, Yhe density Ffarebon 04 Z can
o bhained by +he me¢thod ©F ConvoluH on. T he sum ”227(-{-3 1s
betwrezn (-0) and (+00). Henee, +he Aens\'{-j Funchlon oF & s

bif
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hez) = (Fxg)(2)
Sm fFe2-x) q(2)dx

-
)

! S

=@ WLH-E~2)1] 170 +2Y)

kS%s |

T2 S V(21 (=2

1"

d x

we decompose the abawe l“"k%wd u\s'\n3 varfal frach'on
At(om?os:ﬁon - HQY\CQ

o - 28248 2C(2-%)+D
L3 (Z2-x0% gy | +x2 * | + ¢z-%)°
whee A= —  =c and B=: ' =D
Z (4 42%) Y yp2
“Thenr} o9
T -
() = [an(_‘&)*,geq;'«_gw’@-x)]
8 2 14(2-2)2
ez (Y +7°) ) ~eq
- ‘ [o+%’“‘ﬁ+%’“ﬂ]
w2et(h+2Y)
= 2
MY + 22)

“mce/ the Sum o *wo ir\&e‘:m dent CO\WC"\:} v.Us 15 Nat a Ccuchj

r.v.

= = .
meM— mecfa‘H'\j Funeh'on M’&'/L\n/d 1 o =

We = Know that £ R X and N ore independent v Vi, then

MX'\'Y (+) = M ) My (+)
P Kample (51) Le¥F X v PCQ\) anad Vv P(A2). whakrvs
he probab! Uy Panchton o & AxY ¢ F X ond Y ave indtp endeit

Solaben gince X P () M\o\ ‘INP(/\ZL‘”ZS&\
'M,( (4) = gl(e ty) e d (ﬂy({.). z<€-‘)

X

L Bl



X (eb-\) Dalevoiy

—

(Aan)t eF=1)

Lhab §s X*Y v P 2 Q|+qz) . Hence *‘h( elmﬁ'}’n Fanctton

sl Zm XY v qiven by
= (A 4A2)

Zz
(c\l‘\'al)

h(7) = T20,),% .-~

/

Z|
0 / g.w

7 E/ le (52) what is the p-d-F. ol the sum of rwo,

=xamp)
7 . . !
'ﬂdtpen,dcn b rvs , each o whith T8 gamma distr buhon

with @ omd 02’?

Setvxhohs
Let X Qv\d \f bﬁ 4‘&'0 \nd{?{nd{n{' %Qmmo‘ Y- V_\ w%

parameters O and o , that ic

X Gam(e,%) and Yo Gam (6,00,
Wence s My (4) = Cr-a) "
My (+) = ((-o) "

i/

My (E)= Ve h) Mydh

) = 61-33 (l-a)“’

2 Ci-&)

Thus X +Y ha< o m-9- N. oF Gw.mm« r-v. with paramdes

¢ and 2o, Thecfere
XY v G’mm (¢, 2) -

oy
g
2

’\—///ﬂ\f;/\ =SF =
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M .Se “Test. Adyonsed Mathematical Stadistic
Praf . Dr. TJowad A\ M osaus,

y, Lek X ~v fexy = %S , =V, 2 - for Seme constant

G u,_Jhc\‘\— 'S '\"h{ Py—qu\o‘l \4\-‘3 'H/\O\“f X \s oéd?

2. Ler X~ F 0 :'%?'- , /<x<2Z, ‘L‘!Y\.A 'HfuP—duf-a-P
y= yx

3. ek (X5y) v Py = <-4

X = Jore S
20 a’IIILL \

ﬂ—c),ps\-)x ')5 )

R the mmra\m\ CandiRenal proballily o £ X S\UU\ 2
Yed .-
q. Lek X ~ Fexy = ['ﬂ(l—\-{x—-s}"] % zeﬁl,
. Bndthe c.d b oF X .
5. Let (x9) 0 FO9) = 4%, o<z<r<\ wWhat
| 1s Ythe A'QY\S\'\-j “:undﬁon od X

\\
___/_—\/'—\

&. Let X and ¥ distrbuted as otk Beo~nauwlll dist!
e, (X, y) ~ Ber(0,2).
Find BEOX/Y) .

> b),f"‘“
(.()/\</ ¥

‘
n, b
3



M.%¢c. Counree (-\AUmceA Mathemah el $MH$‘HC
Praof. Dr. Jowod Al-Mosawh

1. A conhnwowns r.u. 7< \\as '\-hg Q-o\\owma &Ent\\a_ funchon

‘p('?() —~ SX L 0. <X< &, @>0 -
/ﬁ 63 | )
Nler f et

whab is Yhe N\Oa\)'“\“‘) F X less ¥ than th vato of

the moé_)’f‘\‘wt m{A\«n So '\-"ﬂq"r +h /—} f— this
cL\s<\-"‘ s 07 P oy ) Jf"”\) 2 /,
( )’\)—J SD @& J
5. Le+ (4 Y) Ay Ber (9, B) . yse $he Joint moment
C\enu«a\"\ﬂ:) ‘PU\V\QA’\OV) o fnd '\"\r\—g Nar( XS Y=y ).

- a\'X : ‘ e
3. Lot ‘cf'x,)- '—'—,@::Q_,,_-:« x )Q.Jﬁnd——ﬂi (=3a pan

e

y., ket X~ Ulo,10). CoquqRA’PY-['X-r}__O_ >;l].
2

e

5. Let Loz y) 21121"%5 ’ 9<>°;‘j>o, o< K+y<l.

o ’
whak is the (ondrena)) probabs Lidy P ( ><<§ /Y:zf'__)?
' —

&. Let ‘p(’x,j) = 4 : o<x<ﬁ<| .
w\r\x?“\'m{ns'\\a_ fancHon s 8 X=} 7

: ~ Cwod me.kﬁ
R i :

./‘1—'9’ b/)‘ .-)"

-
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Prof.Dr. First attempt Department of Statistics

Jawad kadhim khudhier  advanced mathematical statistics exam Master science degree

2/4/2023

1. Let X and Y be two jointly random variables with j.p.d.f. :

4x ,0<x<  [fy<1
0 , 0. W,

f(x,y)={

y Gt i el X
What is the distribution of 7 ?

2. If the random variable X is distributed as Normal with mean'(l) and standard
deviation (2), then what is P(X? — 2X < 8).
3. Let

X

fl) = {461

Find the 25" percentile of the distribution.

,0<x<a
,0.W.

4. Let X; and X, be two random variables with the following joint pmf:

()6 @) a=t.s

)y Xy = O, vy X1
0 , 0. W,

p(xg, x2) =

Find E(X,).

5. Let X and Y be two jointly random variables with j.p.d.f. :

_[2 0<y<x-1;and0<x<1
Fe) ={Z Pl

What is the conditional mean of Y given X = x ?

Good luck
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(- Non — Central T - dist ! /
Let T= 2+ 38 > b S 20 o we gt Central T-disk
N
Y
'ZNN(U,I) an 24+S o N (851) ;néepo”.'
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W Loy
¥ o= L
J wir
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() Emé 'H'\c m:. 5? of U.
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2/
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; () Wiy d
UV K -~ F = : F (0)
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> w=_ 2° J
Y S dw = 2d b
2 L(.\..".‘LF
B _@/L Y ]
hotef) = 2 € )" T
: ms=o m) iy (“') i F’""“-EL-I
| ' JZ [male
2 2
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riare e &- 1
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Some s?:c}m\ ’Discm\-c.\
/K@\\\l ovvate Distni bulons

B ivariate Bernow M Distbuban ORI, ;_’J/,; g‘:',/’7“
pekiniRon (42) /r\_;l)\

AN AN ‘/

A discrebe Bivarate randem varrable (,y) is said %o
have the bwariate Bevnoulli distnibubon iR its Joint
Pmbmb; u“‘& Aensi\-a \s o F the Lorm : -

P(%Xiy) :{ ) P’l" P5 (\-F-p) )5/’/,(‘5 =o,\

Z! Y1 (1 ~x-y)! 2
(]

o > o

where OSP, F, B4R < | and Ray i, we denoke

A b'nvc;riah’_ Berneulli vande joble Py whikng
- (R ¥) ~ Ber (R,5) AP
: —

Recall +hat; *he joint mement generalivg funchon o f X and
Y is deRined as |

M5, 4) = € (SX+EY)

“Theorem (2.6 )
———n

Let (%X,Y) ~ Ber (P /F), whee P, and p, ae parameters,

Then: | /

EM) = R s _
ECY) = B .
J o ( X) = B C(I-R) \// //W
Jar(Y) = B CG-~R) .
CaviXY) = ~pfp, g
s

-

noof

— The Joink m-q-f. oF X and ¥ is given by:

4

M{s, &) = I—ﬁ-P,_+ﬁe.1-?,_e+~ st

_{7-...'.



M (S0 = E( XYy

11
M-
M-
-o
R
(%<
-
7.
>
-+
‘-&-
_<

|

5 S+
P(os0) -\-P(I,o) e —}-P(ﬁ,l)eE +PUI|) e g

S 3 5
= I-R—-K +he *‘Pze{-'*'@e;b*S //C
S
= “F|—F2+Ple'*PZc.° /.Q[L
/\\' - |
The cx?cd-cal dalue a £ X is giwn by : U _QfYI,\’ e-0)
\ W0
- g d 5
- =% (I—Pl'—?z'\‘ﬁe +ch)\

o s
S ‘ R

= P‘ € ‘(O,o) s '

. [ Eey = ‘Pl\

.$‘arn;;\w\\5, {-\ag--ex?e.d-eﬂ value ¢fY is 8‘wmbg 3
- MCSh)
ECY ) ® 2k o)

1

s "
%(I-F,"Pz+?\e'+ﬁ?c)\(°‘°)
£
— Pﬂ-e l(°f.°)
L. EWN) = P:.

Theefore the zevariance of K oand Y i«

CovC %Y ) = E(XY) ~ ECXIECY)
'rht'p»-eAud- moment o & X and Y is:

—4% - |



2 M (5 4) |

E(XYy ) =
2tnSs

Co,0)

——
-1k

5
. :.E-,__*_( Pie 7‘ (90)

S f)\
-bz ([...P| —?z+P‘C+Pze (0,0]

n

1

= Q0

 Then;, Coutxyy )= 0 - AP :-
51m1man be Shown that

——

| ECx?) = ﬂ} . and @.SP@

“Thus , 'we have:

Vor (X) = E(x‘)—[Ecx;]’“: f ..PT' : R U-~F)

S

Var(y)'= ECY?) - L.E‘cwj"= R~ B .-m

ﬂwm (2F ) Lek (%1¥) A BCP ,8) , whae B andB
o ?o\mmz,\-ars Then Yhe ondilanal cMs-\-r-{ buulHeon

P(41%) and p(x/Y) are also Bernouwlli and

| ¢
_/E/’(’!’/_{,):. _PilgP—_xl = LLCV/QG) '
¢ e

Eoxry) s B o £(#7)

|\

RN S
.\So.r(‘(‘/x) = __%‘- (=P - P2)C1-x%)
e CL~py)2
Uonr (X7 y) = P (1=P1-P)(1~Y)
. : / (~R)t :
Proof: P.(SI'XJ: pzn) /

- L R
Z / | . p(x"ﬂ)

\ (=, .

2 Pex) \/gﬁ
/4

_ €9 - N
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e %) >
2 Xy
PCZry) 920 eI
PC'X,O)‘\'P“H) r XToN Yo, adx+ys ! . eé%a)_yf’/aaf,;
Hc.n(e; P('ZQ) = <°tl) = .5 P2
pCo,0) + plopn) - I-ﬂ-}l/,‘. z/)
- Pz . _—
| - P‘
qu; . PC\/\) - PCy)) = ° =
pCY,0) + PCLI) Py +o
\
Pa.

..:’ ECY[/%xze) = BZ" J P(S/G) = pllfo) = —
=a —_— | - R

\ , |
:L;j pCsh) = pG/i) =z o

ma ECY/X=1) =

Herﬁms Yhese toqethe, we hawe

E(yin)es i X0
T .3
5\m.\avl-§' we Ccmpv\.\-e
E(YY/x=e) = Z'ﬁ p(yfe) = F(l/o)
- P:.
ol IR

gCyr/%X=1) = P“/\J zo

ard !
"Thvt.caw. ( :
uou»(‘f/x.o) = E(V"/ng,) - [EQY/MQ]\
A U
. .‘l "P( - l—-'ﬂ
' P2 Cl—-_!?)—.P_L__)_

—t\ﬂa)l

ow\A Umv(?/’¥=1);:o .
Merging *M-“%ML/_\TW
l = :
| @/«)_ ras l )J,x 8 )
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tThe E(X/Y) and Var (X/Y) Cay\!ac obl-a.)s\u.( in O\S\rm\a(v |

™ oawnner .
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“DelnikRon (43 Y

A discrete bivariate randem varable ¢ X,y ) is soid fo
have the bivariake Binomial distribvRon w ith paramelers
LU (I A Citvs erﬂ Panbn \4"’3 A'Q“Q’"a 15 of +he form:

PC,y) = ML

N Y qlas \\
[ om0 BO=R-F)  myze
.o | //’/
2 oW

Wheve S PP L R+p, I, x4y ch and N is a Pesibve
3

inteae-, wWe denote o b\vamte binemial random va~able
"3 whhnﬂ

. - it >
A . CXPY)NAB;“Cn’ﬂ.*Pg)‘ B
>

—(.45.—_;

Exomple (53 ) A Certain game  invelves v*ollma a Fap- die
and Watching the nambers of volls of 4 umf 5. what s the

Probabilidy that in 10 rolis ¢} the die one 4 and three S
will be observed 7

Selution:
—e— o~/ *

r
{/Lel- X denote the number ofF 4 and Y dencte the numbo-
of 5. Then +he Joint As&r-\auHon oF—)( and Y s bivarmate
binemial wwh nzio, pzL ¢ - L oand 1-p-

p =L,
Hence the P"'°'°°‘b'*’J ‘H‘m*' 'in 10 rolls @f the die one 4 fw(
Havee S will be obSey-ved s

P(X=1,Y=3) = _P(hs)

L Y\'. = 5 "\-‘x"j
- 21 Y1 (1-a=y )! Py F‘ “—P“t")

1

ol | { 1 y
narten o, Cel(F ) (&

- o-oSK?

=Rl



think+ —The Qo\\mbin.s vesult genermlizes Hhe bivariate
Hheorem and Can be called Hrinemiol thearem. Similor
fo Yhe proof of binomial Yheovem | one can esroblish:,

o )

——

- n " ” x 3 = V/:\__.
(o\-\-b-\-c)n—.: 22 éb C”‘:.‘i a b Ciy Vﬂ/.

Whae © SXTY SN and

n \‘
C‘N 5 = :

2! Y (n-x-y)!

Theevrem (28 )

Ny H—’_‘“\\_‘_,___
Parametayrs , —Then

E'CX] = KF‘

- | :
\f%o ECY) = np, -~ /
Var( X) = nﬂ(l-i’.) (&
7 Var(y) = NPp,U-F) e
4 cov(X,¥) = ~npp

('"Fl"‘Pz +P,es+g_c{')";

g . Pmof-‘. First, we find the ;\o'm{‘ mmement %tney‘qHV\G £ wrclon
ofF X and Y. The M(s,t) is given by :

. 8 )
Mesb) = Ele X Y) o
n n .
sX 1t
=X L e P,y )
Z=-0 Y=o
S o SXaty 1 XY n-x-4
‘: Z: Z-Qe > F| P (\‘-?\~P2)
o e %, 41 (n-x-y)} o
f: i nl (s z ¢ 3 N-X-y

|
- N
]
oy

-0+ e, by Sheovem.

_Fz-



- 2 M5 ¢) o
bCXl - -5 \(O‘B, L
= (=R~ P+ﬂe+Pz¢-) I(“,
-es

n(1-F -~ l’z-\-P\&*-?zC) Pl Ito,o)

:nF“ —
//
ECY) = El,:-if’i’—lco.u
& 2=i(i= - %, +F‘\e -lere)l(o,el
-l +
- h(l—-ﬁ z+Ple +Pzel.)n fzello.a)

The preduct mement of X and ¥is:

EC(XY) = "bH(S t) \(a K /
atas !
2 3
T >t s —Pl P2+ ﬁe '+P e (00]
n-l s
= i—[n(l-ﬂ“Pz 'H’,c:-t-Pcl‘) Plﬁl“’o]
24 Ft_,
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= nwn-u |, /MK_K’U——(‘ 03 &
| Eénu( ~~4D
Thelore the covariance of X and ¥ iy | s ;_f.:

Cov (% y) = E(XY)~ EX)ET) > Y\?‘L-J%RQA—‘) Py
n(n-NP L - (npInp,)

NnEN-D PP =P Py

_nf\‘Pz
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vowr(X ) = E‘XZ—I_E(K)]I
E(XY) = n(n-) p™
> Jor X))

'\-n?|

n(n \) F\ "'“Pl nF
= WRT—np4np -ntp
- NP'C\‘H

E’:.lm:\Qr‘:j A

ECY?) = h(n-l)P:+an
ser ) = M-y BF oy np, - 'R
= NFR(1-B,)

Rcmwk' Fov om3 reo\\ numbers Qa qml b We \'\cw

3(5)Q'a-
(>5 m-y

/V/
= ma(a+b)" X /¢L

= ma(maxb) (M-\:m Y.

3:}‘\"31

and)

F

where v is A ‘PoS;-H\M .\Y\hs-gy-.'
D\

Eﬁm/r;lc (5Y¢)

AF X equals the number of ones and ¥ *quals the
number o F twos ond threes when &'pair of fair dice
ave rolled , then what the corvelalon coefficient of Xandy.
So\u.h'ﬁn'.

The Jjoint c\e\r\sﬂ-:’ oF X and Y

is bivariate Bingmial
and is given by -

2\ X B3y
P23z _ - ('g‘) ('%‘) ('f“-') , 08X+ Go
%! 4\ C2-x~y))
B\A '\'\«cowcm :
\)ar()ﬂ"n?\(‘ n)*= 2‘(()(""—') = ,‘_"_



samcyrzng, aog) =2 (20 %) T ¥

Cov (X, y) = "'nPl Pz s

=2 () () 5~ 3¢
'T'hoc{-o\—c; /

Covr (X, Y) = Cov (XY )

vowr (%) voarcy)

- —4/83¢ = -
1o '__5: RZRTY
36 34

= =0.3162

Thecorem (27 ) ‘

Let (X5Y) A Bin(nup P, ), whan n, e, and P, M
Paramehtrs . Then the Gondilanal distnibalien -
Ply/x) amd P (x/Y) are alse binomial and:

i—-Pl
E (X/9) _Pl(ﬂ V) \f

\-F //
Var(Y/x) . P2 (1~P1=P2)(n-x) ‘o

Ci~p )2 /

Vor (/Y ) =_Pil-Pi~Pe) (N-3)

Orool: (1= p, )2
2., The marginal density B (%) ef X isgivenby: \w/@]-
/ n-« n' -x-jl /\;:a:
P‘ C')() = Z :x" 5, (-n ‘X-ﬂ)! Pl Fz le] P'L) G
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n x 4 n-X o
- Crx Pl (‘*3’\"?; )

n-%
- C) Pl (1"‘FI) I’x:?,)'s-.'h

ky binemial Theoren .




The CondiRHona) Aens\\ﬁ of Y given X=x is j{?f;_/
PCY(x) = Plxiyy P"""’ g e
O ) LP.3 Clmp=p,) 2 (imp %N
RTE T ) f)

- (|~ﬁ)x—n Cn-x Y

g f2 (4=R=p )" e
Hence;
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5 s
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Next, we fLind the condilonal variance oF Y g inve X = x. QO
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ECY/x) = 2 8" p(Yix) AN
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= x-
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Hence, Frhe Qom\_\'\q'anq\ variance of N given Xzx.5¢
vav(Y/x) = E(Y"/a-_) . [ely/x)?

- z

_ Pin=x)[en-%) Py +1-P ~Pa] _ (___PJ- in-x)

B .(“"P|)z l"Pl
s PZQI“Pl-Pz)Cﬂ-XJ
Ci-p)2

c..»\M\\O\Yl‘j_. one Can QSMbh&h el
E(x/s) = D0=8)  ond (://////// |

I—Pz
Umr(?({ﬂ) = P Cl—p - PL)("\*‘:))
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Né-&-e. o ply l‘)C) in Yhe PWV‘O"\-S theorenm 15 awunivonr oty
binenal Pmbubi\rﬂ& AQY\SI.‘\':Q ”F“\ftﬂh'oh,'-l"o see Fhig thé%M
+Hhat o = .
: 4 n-x-y
& -2 n-x- -
\_Plxhcn '5(l 3 Pa) ‘j_c 1_3__)(‘_. LP;;a)
= -h

(
;;Eﬁ\\\\___#/,,, I~ Py

)/_) Y/'x ~ Bin (cn-x), P
o
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“Example(ss)
Lot W equal the weight of scapina 1~ Kilogram box

suppose p(W<I{)} = 002 and P(W > 10F2) = 0.08 .
Ca\l a box f Soap light, 3°°Al oV 'hc.ow‘s At.?mé\'nﬂ an’
we ether on W1, | gWS1.0%2 o WPI-072, reSFQd‘-
ively . Tn a random Sample of 50 boxes,letr K equal the
number of th* Yoxes and Y the number o f %"‘”* b oXes.
Lomplake & ' ' |
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