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Chapter Three: Second order Ordinary Differential Equations

The general form of second order ODEs is y"' = f(t,y,y") and the general
solution of this equation contains two constants:
ey =vy(x,cq,C60) ... (1)
So, in order to find values for ¢4, c,, we need to impose two initial conditions:
y(to) = Y0,y (to) = ¥y ... (2)
Where t, € Domain of y.
Definition: - the second order ODE (1), with the initial conditions (2) is called
initial value problem (1.VV.P.)
Chapter Three
Solutions of Second order Ordinary Differential Equations.
This chapter is divided into three parts
1- Reducing the order
o Typel
o Type?2
2- Homogeneous linear equations with constant coefficients.

3- Nonhomogeneous linear equations with constant coefficients.
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1- Reducing the order

For some types of second order ODEs, we can reduce the order from two to one by
using a certain substitutions.

Which means, in order to find the general solutions for an equation of these types,
we need to solve two O.D.E. of first order.

In this chapter, we will study two types of these equations.

Type One:

The general form for this type of equations: y" = f(t,y")

Which means the D.E. depends only on t & y’ and y does not appear in the
equation

To solve this type of equation we use the following method

Solving method

dy / " dzy

Steplisetp=y'=—=p' =y"' =—
And substitute p & p’ in the general equation p’ = f(t,p) — O.D.E. of first order
Step 2: solve the last equation to get
p(t) =H(t)+cy = y'(t) = H(t) + ¢; — O.D.E. of first order
Step 3: solve the last equation to get the general solution of the O.D.E.

or f (H(O) + ¢) dt + ¢,

EXAMPLE: find the general solution of the following equation

Solution: since in this equation y dose not appear, it is of type 1.

Stepl:setp:y':%z pl:yu
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So the equation becomes tp’ +p = 0
Step 2: to solve the last equation we can use separation of variables method

dp dp dt
t—:—pﬁ _— - _—
dt p t

ThusIn(p) = —In(t) + ¢4

1
ie elnp — eln(g)+C1

ap = % - k4, Where k; = e“

Steps:y’z%:%z%

Again, we use separation of variables method to get the general solution

dt
jdy=kle=>y=k11n(t)+k2

To verify the solution
d
t_y ol l ] [

Correct (©9)

EXAMPLE: find the solution of |.VV.P

y'+y' =t, y(0)=0 y'(0)=1

Solution: it is clear that, this equation is of type 1?
Stepl:setp =y = p' =y"

So, the equation can be rewritten as follows:

p' = —p + t — Linear equation with respect to p.

Step 2: use integration factor for to solve the last equation
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Set u = e~ Ja®dt — o—[(-Ddt — pt

Multiply the linear equation by u, we get

d
elp' +elp =tet = %(etp) = tet

fd(etp) =jtet dt

It follows: [efp = tet — et + ¢;]et
Thusp=t—14+cet=y =t—1+cet
Step 3: use separation of variables method to solve the last equation

fdy=f[t—1+cle"t]dt

t2
.'.y=7—t—C1€_t+C2

Next, we aim to find c,, ¢, based on the initial conditions

2

y(0)=7—0—cle"°+cz=0

o0y = Cy
y'(0)=p(0)=0—-1+4+ce =1
N0 =23 ¢y =2
Thus the solution of the I.V.P is
t2

=——t—2et+2.
y = e

To verify the solution
y'+y' ' =(1=-2eH)+(t—-1-2e )=t
Correct (©®)
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Type Two:

The general form for this type of equations:

y'=fy)
Which means the D.E. depends only on y & y’ and t does not appear in the D.E.
To solve this type of equation we use the following method

Solving method

: _ o @y _d(dy\ _dp _dp dy _ dp
Step lisetp =y’ = dtz_dt(dt)_dt_dy at ~ Yay
o dp
"y _pdy

Thus the general equation becomes p 2—5 = f(y,p) — O.D.E. of first order

Step 2: solve the last equation to get
p=H(y)+c, = y =H()+ c; - O.D.E. of first order

Step 3: solve the last equation, using separation of variables, to get

J%#dt

G(y,cy) =t+c,
Which is the general solution of the D.E.
EXAMPLE: find the general solution of the following differential equation

y'+ty=0
Solution: it is clear that, this equation is of type 27?
. _ ! no__ d_p
Stepl:setp =y', y' = P,

The D.E. becomes

dp dp
 — :0:} _——
dy+y de y
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Step 2:
*fpdp=j¥wdy

2 2
2[% —y?+c]=>p2=—y2+a2 ,a’ = 2c

;f_;%i;=jdt

sin~? (g) =t+b

Thusg = sin(t + b) = y = asin(t + b)
The general solution of the D.E.
To verify the solution
y' =acos(t+b),y" = —asin(t + b)
y'+y=asin(t+b)—asin(t+b) =0
Correct (©®)
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2- Linear second order DEs with constant coefficients.

This type of equations take the general form:
ay" + by’ +cy = f(t)
If £(0) = 0, then the D.E. is called Homogeneous otherwise it's called
nonhomogeneous.
Solution of Homogeneous equation
Theorem: let y,, y, are two solutions of the Homogeneous equation
ay”" +by' +cy=0
Such that {y,, y,} are linearly independent
(if ¢y, +c,y, =0, then ¢;=c¢,=0)
Then the general solution of the D.E. takes the form:
Yn = c1Y1 + ¢y, , Where ¢4, c, are constant.
Note: {y;, y,} is called the fundamental set of solutions to the Homogeneous
equation.
In order to find {y,, y,}, we assume that
y=eM =y = et =y = )2eM
Substitute y and its derivatives in the homo. Equation, we get
ar’e* +brett +cet =0
eMlal?+bA+c]=0
Sincee** #0=>al’>+bAl+c=0
Which means, to solve the D.E. we need to find the roots of the last polynomial of
second order.
We have three cases:
1) b? > 4ac in this case we have two different real roots i.e A; # 4,

2) b? = 4ac in this case we have two equal real rootsi.e 1, =1, = A
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3) b? < 4ac in this case we have two different complex roots such that A, is the
conjugate of A, i.eA; =a+ib, 1, =1, =a—ib
—-b¥Vb2—4ac

2a

For case one, the general solution of the Homogeneous D.E. take the form:

Where A =

y, = cieMt + cyetet

For case two, the general solution takes the form:
v, = cie? + cytet
For case three,
y, = ¢ e@+DE 4 ¢ ola=ib)t
— eat[cleibt + Cze—ibt]
By using Euler's formula
yn, = e%[c;[cos(bt) + isin(bt)] + c,[cos(bt) — i sin(bt)]]
= e [A cos(bt) + B sin(bt)]
Where A = (¢; + ¢,),B = i(c; — ¢3)

Solving method

Step 1: let y = e = y' = 1e?t y"" = 22t

Step 2: solve the polynomial aA? + bA+¢c =0

If 1, # A,, then y, = c;e?1t + c,e’2?

If 1, = 1, = A, then y, = c;e?t + c,te?t

IfA, =a+ib, 2, =1, = a —ib, then y;, = e*[c, cos(bt) + ¢, sin(bt)]
EXAMPLE: find the general solution of the following differential equation

y"' =10y + 21y =0
Solution: set y = e = y' = 1e?t, y"" = A2eMt

Plug y,y" and y"’ in the D.E., we get
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eM[A2—-101+21]=0
Sincee #0= 212-101+21=0
Thus A —3)(A—=7)=0=1, =3, 1, =7
So, we have case one
~. The general solution takes the form
yn = i e3t + cye’t
Note: it's clear that each of {e3%, e”t} satisfies the D.E.

EXAMPLE: solve the following I.V.P.

y'=9 =0, y0)=1 y'(0)=0
Solution: let y = e = y' = 1e?t y"" = A2
So, the D.E. becomes
eM[22-9]=0
Sincee’® #0= 12-9=0=>1=7F3 (casel)
Thus the general solution is
V= e 3t + cpe3t = y; = —3ce73t + 3¢,e3t

Now, to find the solution of the .V.P.

Yr(0) = ¢ +c; =1

yp,(0) = =3¢c; +3c, =0=3¢c; =3¢, @ ¢4 = ¢,

1
-'-2C1=1:>C1=§=C2
1 1
-3t 3t
= — + —
Yn 23 23

EXAMPLE: solve the D.E. y"" — 10y’ + 25y =0

Solution: let y = et = y' = e’ y"" = 12eM

So, the D.E. becomes
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eM[A2 —101+25]=0
Sincee #0= 12-101+25=0=>U1—-5A-5)=0=214,=1,=5
So, we have case two
Thus the general solution is y, = c;e°t + c,te®t
EXAMPLE: find the solution of the I.V.P.

y'+16y =0, y(0) =1 y'(0)=2
Solution: let y = et = y' = e’ y"" = 12eM
Plug y,y" and y"" in the D.E., we get e[ A2 + 16] = 0
SinceeM 0= 12— (i4)2=0=>A; =4i, 1, =—4i (case3)
~yp = e%[cq cos(4t) + ¢, sin(4t)]
S0, y;, = —4c; sin(4t) + 4c, cos(4t)
Yo (0) =c;cos(0) =¢c; =1

1
y,’l(0)=4c2=2:>c2=§

1
o yp, = cos(4t) + Esin(4t)

To verify
1
y'""' = —16(1) cos(4t) — 16 (§> sin(4t)
1
16 y = 16(1) cos(4t) + 16 (E) sin(4t)
~y"+16y =0
y(0) =cos(0) =1
4
y'(0) = ECOS(O) =2
Correct (©®)
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3- Solution of Non-homogeneous eqguation.

In order to find the general solution of the nonhomogeneous equation:
ay” + by +cy = f(t), f(t)#0
We need to find first the homogeneous solution y,, then the particular solution y,,
S0,y =¥Yn+ W
In fact, the form of y,, depends on the form of f(¢) and we will study three forms
Form 1:- If £ is a polynomial
i.e. f(t) = agt? + byt + g
Then, we assume that y(t) = at? + bt + c = y'(t) = 2at + b, y"' = 2a
If we plug y,y" and y"" in the D.E., we get 3 X 3 system of linear equation, by
solving this system, we can get the values of a, b and c.
EXAMPLE: find the solution of the following 1.V.P.

y" —10y' + 21y =t,y(0) =0,y'(0) =0
Solution:
Step 1: find y,
yn = cre3t + ce’t [HW]
Step 2: since f(t) = t is a polynomial, we assume that
yp =at*+bt+c=>y,=2at+b, y)/ =2a
Substitute y,, ¥, and y,,’ in the D.E., we get
2a —10Q2at + b) + 21(at?> + bt +c¢) =t
2a — 20at — 10b + 21at? + 21bt + 21c =t

Thus, we can get the following linear system in terms of a, b, c:

2a —10b + 21c =0
—20a + 21b =1
21a =0
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Byeq. (3)a =0,
Byeq. (2) b = 2—11

10
(21)?

By eq. (1), 21c = % =C; =

Thus y, = —t + (21)2

Step 3: the general solution is: y =y, + y,

1 10
y =cie3t + ce’t +—t+ 2Dz

(D)

Now, to find the solution of the 1.V.P., we need to use the I.C.S. to find ¢4, c,.

1
y' =3ce3t + Tcye”t + —

21
1
s~ y'(0) =3¢; + 7¢y +ﬁ_ 0 ....(D
10
y(0)=cl+cz+(21)2=0 . (2)
1 30
y'(0) =3y(0) = 4cp + o= = 207 0
‘ 9
"2 T 121)
By eq. (2) we have
—10 —10 9 —40-9
TR 2T R 12 A1)
—49
‘17 4021)2

Thus the solution of the I.VV.P. is

y = (4(—2419)2) o3t 4 (ﬁ) 7t 4 i + (2110)2 e (i)
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To verify:-
y" =9c,e3t +49c,e’t
10
—10y" = —30c;e3t — 70c,e”t — —
Oy ci€ c,e 1
10
21y = 21 e3t + 21ce’t + t + o1
+
So, y" — 10y’ + 21y =t = yin (i) satisfies the D.E.
To verify that y in (ii) satisfy the BCs.
(0)—( —49 >+( 9 )+ 10 -49+9+40
YW=Gen) Teenz) T T T 4Dz
'(0)—3( —49 ) 7( 9 >+ 1 _-147+63+484 0 _
YA =2 \a2)? 4(21)2) " 21 4(21)2 4212
Correct (©9)

Form 2:- If f(t) is a trigonometric function, namely:
f(t) = acos(at) + b sin(at)
Then y, = A cos(at) + B sin(at)

Yp = —Aasin(at) + Ba cos(at)
¥y = —Aa” cos(at) — Ba?sin(at)

Plug y,y" and y"’ in the nonhomogeneous equation, we get a 2 X 2 linear system,
by solving this system, we can get the values of A and B.
EXAMPLE: find the general solution of the D.E. y"" — 9y = cos(2t)

Solution:

Step 1: v, = c1e3t + cpe 3t [HW.]
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Step 2.y, = Acos(2t) + B sin(2t)
=y, = —2Asin(2t) + 2B cos(2t)
Yp = —4Acos(2t) — 4B sin(2t)
So, the D.E. becomes
—4A cos(2t) — 4B sin(2t) — 94 cos(2t) — 9B sin(2t) = cos(2t)

Thus, —44A—-94A=1,-4B—-9B=0= -13B=0=>B =0

_ — ——1
And—134=1=4="1/,

T 13
Step 3: the general solution of the D.E. becomes

“ Vp cos(2t)

Y=Yt
= e3t + c,e 3t — 1—13cos(2t)

To verify

2
y' = =3c¢ie73t + 3c,e3t + Esin(Zt)
4

9
—9y = —9¢,e 3t — 9¢,e3t + Ecos(Zt)

_|_

" 4 9
So,y" =9y = (1—3 + 1—3) cos(2t) = cos(2t)
Correct (©®)
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Form 3:- If f(t) is an exponential function

i.e. f(t) = ae®, where a, a are constants.

For this form, we have three cases.
1y, =Ae®ifa#A,a# A, # A,
2. yp = Ate®ifa# Aj,a =241 #A0ra=2A,a # 1,4 # 1,
3.y, = At?e®ifa =1, = 1,

EXAMPLE: find the general solution of the I.V.P.

y'=7y"+6y=e",y(0)=0,y'(0) =0
Solution: step one it's easy to show that 1, =1, 4, = 6
Step 1: y, = ciet + c,e®t
Step 2: since 1, # A, # a, we assume that (case one)
yp = Ae?t =y, = 24e*t, y) = 24e?!
Plug y,, v, and y,’ in the D.E., we get
4Ae’t — 14Ae?t + 64e?t = e?t
F4A-14A+6=1>-4A=1=4="1/,
Step 3: thus, the general solution is: y = y;, + y,
1

y =cet + c,ebt —Ze“
Step4: y(0) =c; + ¢, —i= 0=c +c =i v (1)
1
y'(t) = c,et + 6c,e°t —EeZt
, 1 1
y(0)=c1+6cz—§=0:>cl+6c2=§ v (2)

By (1) & (2), we have
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1 1
LZ—L1$5C2=Z$C2=%

Plug c, in Ly, we get

So, the solution of the .VV.P. is
4 1 1
6t _ — 2t
Y= (20) et (20) 4 €

2t

To verify
y" =c,et + 36¢c,e% —e

7
—7y' = —7c et — 42c,e% + EeZt

3
6y = 6¢c,et + 6¢c,e°t — EeZt

_|_

SO,y"—7y’+6y=(—1+g—5) e?t = (=1+2)e* =e*

To verify the solution of 1.V.P.:

0= () (B)-1- 550

,(0)_(4)+(6> 1_10—10_
YW =Go)"\20) 2720 ~

EXAMPLE: find the general solution of the I.V.P.

y'"" — 9y = 2e3t
Solution: it's easy to show that A, = -3, 1, =3 =a

Thus y, = cie 3t + ¢,e3t

Correct (©9)
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While, we assume that y,, = Ate3t
= y, = AQQte3" + e3t)
vy = A(9te’" + 3e3 + 3e3) = A(9te3" + 6e3h)
Plug y,, v, and y,’ in the D.E., we get
9Ate3t + 64e3t — 9Ate3t = 2e3t
~4A-14A+6=1>-4A=1=4="1/,

S0,6A=2=A=2/,=1/,

t
. — 3t
s —e
The general solutionis: y =y, + y,
Thusy = cie 3t + c,e3t + §e3t
To verify:
3t
y' = —3c,e 3t + 3c,e3t + te3t + KR
y" =9c,e73t + 9c,e3t + 3te3t + e3t + 3t
—9y = —9¢;e7 3t — 9c,e3t — 3tedt
+
~y" —9y =23t
Correct (©9)
EXAMPLE: solve the following D.E.
y'"' —2y'+y =3et
Solution: step one, it's easy to show that A; = 4, = a = 1 (case 3)
And y, = c;et + c,tet (check)
So, we assume that y, = At%et
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yp = A(t%et + 2tet)
vy = A(t?et + 2tet 4 2tet 4 2et)
Plug y,, ¥, and y,’ in the D.E., we get
Aet[(t? + 4t +2) — 2(t? + 2t) + t?] = 3¢t
~24=3=A4=3/,
So, y, = %tzet
Thus, the general solution takes the form y = y;, + y,
y = c et + cytet + ;tzet
To verify:-
y' =cet + ¢, (tet + eb) +;(tzet + 2te?)
y'" = ciet + ¢, (tet + 2eh) +%(tzet + 4tet + 2e?)
—2y' = =2¢ et — 2c,(tet + et) — 3(t2et + 2tet)

3
y = c et + cytet + Etzet

yll _ Zy/ +y — 3et
Correct (©9)

Remark: one may think about the case, where f(t) is combination of two or three

functions of different types such as f(t) = cos(at) + ePt
Or f(t) = at? + sin(at) + beh?

To find the particular solution, in this case, we need to assume that
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Yo = Yp, T Yo, T Vp,
Where y,, takes a polynomial form
Yp, IS a trigonometric function
Vp, is of exponential form.

EXAMPLE: y"" —5y' + 6y = e + 3sin(4t) + (5t% + 1) is clear that

yn = c1e3t + c,e?t (check)
To find the particular solution, we assume that
¥y = Ae' + asin(4t) + B cos(4t) + (at* + bt + ¢)

And then we continue the solution as previous examples.
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