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1.����� 

����� ��	 
��� �� �� ���������� ����  !�"#���$��� %�&
����'� ��() *+(��� �, -#��� �(, .�!��	 �����  /��� 01��� 2

34) ���� 5�"�6 7���8�9�� :�;�'� < �� �=� >�" ?:".�� �� � A��B 
:�1&��� ����� C�� < D E� :=F��G>�� )��HI ���� 7��3 5� :��J 

)�� �(, < %L�F=� �=8� M;N8O�" P(�� <  -#�OQR�ST� 41":��J "
 "0)�� "�L�=1) V11W � J(%9� ��HL�� Q��=�� *F���� .� ��Y �Z  

5*9$�� [\��=��)��1) -�] %1� %9^ 4�_�):����� (Q, ����_�� `�� :S�=�� <
:����� ��1� ��H8 `�� :�_���� .( >1,��'� ��� Da J�=� ��Y >b# 

41�" P(��  %T��� �(, < 7��c� .
:1���� %3J� �& ��H'� ����� �� :d;N'�) �"�e�  f�16�;

 :1\�"V1� %\�F� :b�1_ < gT�h'�Qi�"��� %1�R��� f� Jj) :1��=, !
 �(+ f� Jj) 8�+ `�� :1�1�R��� :��=��
����� kT�=� (=� �j� f�Y 

�H	 0)�F�� .f#�$"J QF8���� ��\�#  .� ��+ :��=�� /(, �� ���'� .L�
Descartes)1596 l1650 ( .��18 PV1�$8E� Newton)1642l1727 (

 V�1=�"� m�'E� Leibniz)1646 l1716(.#��n Q,�o" �,#��n ��+ �& 
"�d8 �T	 < :"�1�&p� :��=�� q �)  r"�s� �T�� < f�	�Lt� :

�"�bp�.
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2.!�"#� 

$���%)��H'�(
.$�� :f I → �u���� v�w ��	 :��� :1�1�; :��JI..$�� 

:S�80x.� I.
1(	 v��8 .f�=	 �����N� %)�& 48a 0x6  �Ya OQ�1�; J�	 �

O) 41�a V��8)(' 0xf��x :
.0 0

0 0

( ) ( )
'( ) lim

h

f x h f x
f x

h→

+ −
=

2(�a v��8f��	 ������� %��" I%�& �Ya %+ �=	 �������
4=� :S�8.
3(�a v��8f�=	 gL1�� .� �����N� %)�& 48a 0x
8�+ �Ya 

5J�6�� :1����� :"��=��)�=	 gL1�� .� ��H'� �,J�6  �=	 �LF� `��0x: (
.

0

0 0

0

( ) ( )
lim

h

f x h f x
h>→

+ −

4(�a v��8 f.� �����N� %)�& 48a #�F1�� �=	 0x
8�+ �Ya 
5J�6�� :1����� :"��=��).� ��H'� �,J�6  �=	 �LF� `��#�F1���=	 0x: (

.
0

0 0

0

( ) ( )
lim

h

f x h f x
h<→

+ −

&�'(��$ 
1(�1;  ��� !�6  �a !��H'�)z�Y�'.(
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2(��HL�� Q��=�� *F���� 

:��J {�8f:S�8 �=	 �����N� :�)�& x.:"��=�� �� ��Y |"

0

( ) ( )lim
h

f x h f x
h→

+ −P �F�  5J�6�� '( )f x.��H'� %9^ �Y��'( )f x

:����� ��1) >��=� z�1��=,fG1�� �, �L+ :�J�� A�$=�  %$H�� < .
>1��F'�( )MP.%$H�� .� �}ay ax b= +... G18 
8�+ �Ya  %6 �=�h

Da v ~"0!:S�=�� P�PDa v ~� M:�J�'� :)��+ .FR�F1� y ax b= +

%$H�� ��	( ). ( )y a h x b h= +g���'� �� q��)p a b*��) ��*��" h.
=��d=�� .L:�J�'� /(, <...  g�� �F'� ��� �}a :

( ) ( ). ( )
( ) ( )( ) ( ).
f x a h x b h

f x h a h x h b h
= +

+ = + +
 

�j" 4=�  :
( ) ( ) ( )f x h f x a h

h
+ − =

�� >��� 0�( )a h>1��F'� %1� Da *H" ( )MP.) v���� �a 2�jf%��" 
�=	 �������x=� �:"��=�� J�6  /

0

( ) ( )lim
h

f x h f x
h→

+ −:"��=�� P� !
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0
lim ( )
h
a h

→
.fN��L�� :"��=�� /(, %9W �Y�� ( )a h>1��F'� %1� %9W �}a z
TZ P(�� :S�=�� v ~� ���=	 41�	 %PDa M)>1��F'�( )D%$H�� <

/N	� (...��1) -�] �, >1��F'� �(,f:S�=�� �=	 M.
�a v���� :_N3'( )f x��1) .� :S�=�� �=	 -�L'� %1� %9^ff�Y 

:�_����x.

�� ��1F�� �(, < �1�'� .� 4�� M;N8 ��1�� :S�8 �=	 -�L'� �j)
4=� ��3� :S�8 < ��1��� 0S�" �� 4=$^ :��J ... �� %$H�� .G1�" �L+ ���:

3(P �FO�  J�O6  ���$� :S�8 �=	 ������� :1�)�& �� M;�
 :S�=�� ��� �=	 #�F1�� .�  gL1�� .� g��H'�)��Y ��	 .,�).(

4(�� ��	 k"���� �(, :)��+ .$^ ����� %$H :.	 v��8f4O8a 
�=	 �����N� %)�&0xO) 41�a V��8 Q�1�; J�	 �6  �Ya )(' 0xf��x :
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  �8�� V�# �� �L�	Landau )(hο)��;� 41�a J�=� P(��(O) ���� :1L+
h���  :

:����� �� M;N8 �($, )( 0 hxfh +�C�Lw %$� ��	 A�$� 
:1���� :��J  :�L�� :1L+gO) :���hxfxfhg )(')()( 00 +=.

8 �� .$^�F� #��� 5�S'� :����� A"��� %o�� �j) ��Y 0x:O��J
:1����!:����� Q,g.��3� :�6 .� !:O����� ��1) �� >�8 .Z g�O, 

��1) -�]f�=	 0x.

A"��� �� ��#JpfO) g�16 A"��� !:O����� N9O� {O�	� 
23: xxxf +�!AF;�  )017.1(f#���	�) 10 =x 017.0=h���F� 
�� 

3232 4)(452)1(()017.1( hhhghhhhff ++=+++=+=

:L1��� �"�� �� ��� ��() )017.1(f:L1���) )(hgjS3 A$��8 �=�� 
P �F"324 hh +!P�00116.0�� �OL�	86160913.2)017.1( =f��  

085.2)17.0( =g.

�1�a ��3� :�9��8< ����� v �e� �(, :
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 )����h!�* ����� +��'���h+��'��� ,���$ �� �-./ 012� 
h ∈�2(1 )h+1 2h+2h

1h <3(1 )h+1 3h+24h

1h <1 h+1
2
h+

2

2
h

0.5h <1
1 h+

1 h−22h

�34�/ +56� 
'� :�9�E� .� Da *H8 :� ���:

1(�, 
)�9�� 0)���� ��H�0.
2(0)���� ��H�fO) ��'� ( ) nf x x=�, 1'( ) nf x nx −=�(,  

�1R_ J�	 %+ %6� .�.���8 �� Q�$" ��Y :"� v�Os� ��$" k1+ �
��$" ���=	n�11�B )z�Y�' .( �="��:

( )
0 0

1 2 2 10
0 0 0

0
1

0

( ) ( )
lim lim ...

 .

n n n n

x x x x

n

f x f x
x x x xx x

x x
nx

− − − −

→ →

−

−
= + + +

−

=

3(0)���� ��H�fO) ��'� ( )f x x=%6� .� 0 x≠�O, 
)��Y 
���: (

1 : 0,
'( )

1 : 0.
x

f x
x
>

= − >

:S�=�� �=	 ���00 x=:"��=�� �E ������� %��" � 0)����� :
0

0 0
0

( ) ( )
lim lim
x x

xf x f x
x x x→ →

−
=

−
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 5J�6�� *b ... ��Y #�FO1�� .� :"��=�� P �F� � gL1�� .� :"��=�� ��
=	O�0:

0

0 00

0

0 00

( ) ( )lim lim 1,

( ) ( )lim lim 1.

x x

x x

xf x f x
x x x

xf x f x
x x x

> >

< <

→ →

→ →

− = =
−

− = = −
−

��)  ���:
0 0

0 00 0

( ) ( ) ( ) ( )lim lim .
x x

f x f x f x f x
x x x x> <→ →

− −
≠

− −
 

4(�1e� 0)���� ��H� fO) ��'� ( ) sinf x x=.
5*�H�� :19�9'� :&N�� ���h���) 

0 0
0sin sin 2cos .sin

2 2
x x x x

x x
+ −   − =    

   

��	 %TZ:

0 0

0

0 0

0 0

0 0

0 0

0

0

0

0

( ) ( ) sin sin
lim lim

2cos .sin
2 2 lim

sin
2lim cos lim

2
2

x x x x

x x

x x x x

f x f x x x
x x x x

x x x x

x x
x x

x x
x x

→ →

→

→ →

− −
=

− −

+ −   
   
   =

−

− 
 +   =   − 

0

0

cos 1
 cos .

x
x

= ×
=

4=� �j� :&N�� '( ) (sin ) ' cosf x x x= =.
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 :1�1$�� ��=) .$^ f���a ��(cos ) ' sinx x= −.

5(Q�E� 0)���� ��H�fO) ��'� ( ) xf x e=.
:&N�� ���h���)

0

1lim 1
t

t

e
t→

− =�� �o�" :
0 0

0

0 0

0

0

0 0

0

1lim . lim

1.lim

.

x x xx
x

x x x x

t
x

t

x

e e ee
x x x x

ee
t

e

−

→ →

→

− −=
− −

−=

=

4=� '( ) ( ) 'x xf x e e= =%+ %6� .� x ∈�.

QF$�� 0)���� ��H� QS� `�� 5�	���� :S���) [�=�F8 �� .$^
)�j1(ln ) 'x

x
=%+ %6� .� *x +∈�.��� ��	 ��,{�� .$^ �L+

>�"#�b���� �\�T3 ���h���) :&N��.

7���8)#��L����  �������(
.$�� :f I → �u�O��� v�Ow ��	 :��� :1�1�; :��JI.�Ya

�=	 �����N� :�)�& 
8�+ :S�8 0x.� I:S�=�� /(, �=	 5�L�F� �}�� .
,(��$ 
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 :"�d=�� �$	 �� M;� �1R_ *b :Da PJ~" � :��J #��L���
������� :1�)�& .��Y v�9� :O) :��'� :�����( )f x x=�L�F� 5�=	 0!

�="�# �� ��� �L+ :S�=�� /(, �=	 ������� %��� � Q�� ��Y >b# .

���87)�F$��  ���e�  C�Lt� ������(
$�� .:f I → � :g I → ���J g�1�1�; g����g��O�	 
u���� v�wI �)�&g�:S�8 �=	 �����N� 0x.� I.

(�=1; Q�" �� ��R�":
1(C�Lt�f g+�=	 ������� %��" 0x�="��  :

.0 0 0( ) '( ) '( ) '( )f g x f x g x+ = + 
2(���e�.f g�=	 ������� %��"0x�="��  :

.0 0 0 0 0( . ) '( ) '( ). ( ) ( ). '( )f g x f x g x f x g x= + 
3(��+ �Ya0( ) 0g x ≠��� �F$�� f

g
�="��  ������� %��" :

.
'

0 0 0 0
0 2

0

'( ). ( ) ( ) '( )
( )

( )
f x g x f x g xf x

g g x
− 

= 
 

 

�9(�7)-E� ��H�(
.$�� :f I → �u���� v�w ��	 :��� :1�1�; :��J I:O�)�&  

:S�8 �=	 �����N�0x.� I.
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 0)���� ��$" (�=1;nf*b Q1�B J�	 %+ %6� .� �����N� N)�& 
��=�n�="��  !:

.1
0 0 0( ) '( ) . ( ). '( )n nf x n f x f x−=

:1_�c� �1�S� Q�$" ��Y :"���2(:���'� < 5J#���� ���e�) 
��=:�)�F�� :"�d.

:�4� 
H� �, �� O) �G�'� J �s� *9+ ��)r1;x ∈�:( 

?1 0( ) . ... .n
nf x a x a x a= + + +

�, ���S'� �� ��� �� Da �J�=��� �+j�:
.1 2

1 1'( ) . ( 1) ...n n
n nf x na x n a x a− −

−= + − + +

���87)g���J A1+�� ��H� (
1� .$I Jg��w g;���� .�� !:f I → �:1�1�; :��J 
��	 :���Ir1�( )f I J⊂ !:g J → ���	 :��� :1�1�; :��J J.

���8 �� :
1(:f I → �:S�8 �=	 �����N� :�)�&0x.� I!
2(:g J → �:S�8 �=	 �����N� :�)�& 0( )f x.

��$" (�=1; A1+���� :g f I →� �N)�& :S�=�� �=	 �����N� 
0x!� �="� :

.( )0 0 0( ) '( ) '( ( ) '( )g f x g f x f x= ×�
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/34��
1(=��� �1e� 0)���� ��H� .� 5J������ .$^�0)���� ��H� ��

 �� :d;NI ��L��� A16cos sin( )
2

x x π= + . 
0o8 ��Y (1�=��( ) sing x x= ( )

2
f x x π= +:�)�F�� :"�d=�� <

�� ��=�( ) sin( ) cos
2

g f x x xπ= + =��a (\�=	 v��� :"�d=�� :�1�8  :
( ) ( )'( ) ' ( ) '( )

cos( ) 1
2

cos( )
2

sin .

g f x g f x f x

x

x

x

π

π

= ×

= + ×

= +

= −

�

2(0)���� {�8 
1.sin     :  0,

( )
0 : 0.

x x
f x x

x

 ≠= 
 =

%��" %,f:S�8 �=	 ������� 0 x≠z
:�)�F�� :"�d=�� �1�S�))7�3 46�) (�H� 5�	�&  g)�� ���6 �

���S'� ��	 %TZ:
2

1 1 1'( ) sin cos

1 1 1 sin cos .

f x x
x x x

x x x

   = + × −   
   

= −

:S�=�� �=	 :�)�F�� :"�d=�� �1�S� 01S�F8 � �==$�0 x=.� �(,
 �� v�s� :1�S) |"f:S�=�� ��� �=	 ������� %��" �.Q��=" ��(� 
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"�S) rR��� �=1�	 :�� �J�6�� ��H'� ��+ �Ya �L	 ��3� �=	 � �0.
k"���� Q, �=, :�"�B %o��:"��=�� 
8�+ �Ya �L	 rR�8 �=8� P� !:

0

( ) (0)lim
0x

f x f
x→

−
−

� �� 5J�6�� .�="��:
.

0 0

( ) (0) 1lim limsin
0x x

f x f
x x→ →

− =
−

�E 5J�6�� *b :"��=�� /(, �� M;N8)N9� (#�1�3�1x
nπ

=r1; n

QS" ��=� *b Q1�B J�	:
.

0

1limsin lim sin 0
x n

n
x

π
→ →+∞

= =

#�1�3� ���1

(4 1)
2

x
n π

=
+

r1; nQS1� Q1�B J�	 :

.
0

1limsin lim sin(4 1) 1
2x n

n
x

π
→ →+∞

= + =

=�� �N�3� �a:"��=�� J�6  ��	 Da PJ~" g��)�F�� g�"��:
.

0 0

( ) (0) 1lim limsin
0x x

f x f
x x→ →

− =
−

��� 4=� f�=	 ������� %��" �0.
3(0)���� {�8:

2 1.sin     :  0,
( )

0 : 0.

x x
f x x

x

 ≠= 
 =

%��" %,f8 �=	 ������� :S�0 x≠z
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 :�)�F�� :"�d=�� �1�S�))7�3 46�) (g)�� ���6 ��H� 5�	�& 
 ���S'� ��	 %TZ:

2
2

1 1 1'( ) 2 sin cos

1 1 2 sin cos .

f x x x
x x x

x
x x

   = + × −   
   

= −

:S�=�� �=	 :�)�F�� :"�d=�� �1�S� 01S�F8 � �==$�0 x=.� �(,
 �� v�s� :1�S) |"f:S�=�� ��� �=	 ������� %��" �.Q��=" ��(� 

 �=	 � �� �J�6�� ��H'� ��+ �Ya �L	 ��3� :�"�S) rR��� �=1�	0.
 :�"�B %o��–�=, �o"� l
8�+ �Ya �L	 rR�8 �=8� P� !k"���� Q,

:"��=��
0

( ) (0)lim
0x

f x f
x→

−
−

5J�6�� � �� .�="��:

0

0

( ) (0)'(0) lim
0

1lim sin

0.

x

x

f x ff
x

x
x

→

→

−=
−

=

=

.� �=, �8����� �=8� M;� ��V����� �����)N9� (��P(":"��=�� Da PJ~
 ��1�	 %T��:
.

0 0 0

1 10 lim sin lim 0    lim sin 0
x x x

x x x
x x→ → →

≤ ≤ = ⇒ =

v���� :_N3a��$� %+ < ������� %��" {�'� 0)���� �... �=�F; �&  
4��H� :S�8 %+ �=	 x ∈�.

���87)0)�� -�$� ��H�(
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1� .$:f I → �0)��="������L�F�  �u���� v�w ��	 I.
�� ���8f%��� �=	 �������0x.(\�=	"%����0)�� QF$�� 

1 : ( )f f I I− →�=	 ������� 0 0( )y f x=��+ �Ya ���  �Ya 
0'( ) 0f x ≠�="��  !:1

0
0

1( ) '( )
'( )

f y
f x

− =.

�34�/ 
1(:�����[ ]: , 1,1

2 2
f π π − → −  

 O) :��'� ( ) sinf x x=:="���� 
�����N� :�)�& !�� ��(�  A1e� -�& 5�LF'� :����arcsinO) :��'�  

[ ]arcsin : 1,1 ,
2 2
π π − → −  

1arcsin ( )x f x−=.� :S�8 :"� �=	 �����N� :�)�& v�t�] [1,1−... 
 �, ����H� :

2

2

1(arcsin ) '
'(arcsin )

1
cos(arcsin )

1

1 sin (arcsin )
1 .

1

x
f x

x

x

x

=

=

=
−

=
−

� M;�� :��J A1e� -�& �v�t� <�B �=	 ������� %��� 1 1−�E 
<�$��  �qN�� ��H��0'( ) 0f x ≠�=	 ��� *b 1 1−�� Ya 

'(1) '( 1) 0f f= − =.
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2(G�S� O) :��'� :����� Da �=&( ) nf x x=%6� .� *x ∈�

 *n ∈��� >�8 .Z  !1'( ) nf x nx −=.8��s� Da 5�	���� /(, >1L� �"�:
��1� QL�=" � `��nDa �.
6� .�O8 ��Y %OG�:����� �:g →� �O)( ) ng x x=

=	O��$" ��� n�"J�� .+ �a ���O��n6 q O0o=� �1:h + +→� �

r1;( ) nh x x=.
+ �� >�8O����� .� NOg�g h)��� O%��  

1
1 ( ) ng x x− =!

 ��(+ 
1

1 ( ) nh x x− =!�=1=9��� �Ya ��=� *b �L�=� %+ ��H� ��  0.
�� :������ ��(� ��=9���) ���"�� v�w < ������� %��� �L�=� %$� :1F$ 

0.�="�� :
1

1

1
1

1

1

1( )
'( ( ))

1

( )
1

.

nn

n
n

n
n

g x
g g x

n x

nx

x
n

−
−

−

−

−

=

=

=

=

:�����) :_�3 :���] :�1�8 A�$8 �� .$^h:
1

1

1

1( )
'( ( ))

.

n
n

h x
h h x

x
n

−
−

−

=

=
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�($,  '� :����� ��H� �� �=Ri  �& ��$8 O) :��( )u x x α=

5�	���� ��  ���L	 AFx1'( )u x xαα −=.v������ %_��8 �� .$^ 
:����� �� f���a * *:u + +→� �O) :��'� ( )u x x α=��	 ������� %��� 
���"�� :	�Lw!-E� ��+ �L�� �(,  0 α<�="��  !:1'( )u x xαα −=.

:��9+ v�L���) ��Y ��	 %TZ �<�.
Q�=8 g1����� g1T1h���� g� �e� ����) 0S�'� �(,:

v �e�1:
������ �;�<= �� 
'ff

'auau)a
)�� (
' 'u v+u v+

' 'u v uv+.u v

2

'u
u

−
1
u

2

' 'u v uv
v
−u

v
1 'nnu u−nu
'

2
u
uu

'u
ulnu

' uu e
ue

' '( )u g u( )g u
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v �e�2:#� �� &���"��+56" 
'( )f x( )f x

0a)a
)�� (

1x

1nnx −nx
1

2 xx

cos x
sin x

sin x−cos x
1
xln x

xexe
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3.������ 
Q, v� ��� < ���J�T8 `�� :L�'� 7��c� .� ����I :S���'� ���

�������) 4�&N	  ��R��� . Da q���) ��S��� �, 0S�'� �(, .� ���� 
[\��=�� /(, �).

%���$ )��R���(
:��J .	 v��8:f I → �:)�� �}a )���O��� �O�	 !5��� (�Ya
:1����� :1_�c� 
��� :

g�S�8 %+ %6� .�))(,( 111 xfxM ))(,( 222 xfxM��O1) .� 
f:S�8 %+ ��� ))(,( xfxM
� 0�� ��1��� .� )���O��� �O�	 !��� (

:L1��F'� :S���[ ]1 2M M%+ %6� .� xQL�=" Dav�t� [ ]21 , xx.
��$,(

:����� �j) v����f) v���� ���$" 5��� j�f−:)�� .

:�4� 
��(,8�1) ������g�)�� g�.v�t� ��	 N9� :)�� D E� [ ]4,5−.

:1i  :_�3 :�T) M;�[ ]1 2M M [ ]3 4M M.
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�(, �8�1) ������ g���� g�:
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���87 )��R��� ���(
.$��:f I → ��)��1�1�;�r1; Iv�w ."��$f)�� ��Ya :

.[ ] ( ) )()1()()1(:1,0,, 212121 xftxtfxttxftIxx −+≤−+∈∀∈∀

c� :1����� :�1�=�� f���a �o"� .$^ 5�L�F'�  :)��� v� ���) :_�:
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���87 )�G�R���  #��L����(
.$��:f I → �v�t� ��	 5�L�F� :1�1�; :��J I.
��$�f��	 :)�� I:&N�� 
��� �Ya ���  �Ya :

.( ))()(
2
1)

2
(:, yfxfyxfIyx +≤

+
∈∀

g) �)��� :1����� :�1�=�� ��� ��R��� .O� ����O���  #��L����
 #�F1�� .�  gL1��:

���87)G�R���#�F1�� .�  gL1�� .� �������  �(
:��J 
8�+ �Ya:f I → �5�L�FO� �}�� 7���� v�w ��	 :)�� 

�F1�� .� ���H�  gL1�� .� ���H� :S�8 %+ �=	 %��� #.

������� Da J�=����) ��R��� ��q�  �1��+ �B�� ���� :"�d=�� /(, .
���87)�������  ��R���:)�����  (

.$��[ ]: ,f a b → ������N� :�)�& :��J .��$� �;f�V�" :)�� 
:��H'� :����� ��$� �� Q�$" 'f�V�� 5�".

,(��$ 
:�)�& :����� 
8�+ �a O� 
8�+  v�w ��	 g��� �����N� �����H

 :)�� :����� ��� :�6�� :��J :18�9�� .:1)��a �� ��Y"fPJ~O� Da�O"�V� 
:��H'� :�����'f.��� �j" :��s� /(, < f=�� .� :�)�F�� :"�d.

************** 
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1.���#� 
��������	
 �
�
���
 ���� �)����	
 ���� ��� ���� ��
 ( !

"#���
 $�%&��
 ' ������
 ()� .�+
, �- ' ���! �.�/ 01 �2�#3�425
��#�6 �7���/5�����8
 ������
  ! ����
 �%9 :�)���; <��� �.=2 '

$�%&��
.������
 >%�  !?�/@� :
B��6�CD ���� Schwarz :  ��E?�D  ��� ��
BF%�� �!��9 

G�H�DI� �%;�J �
KL�	
 MN���! ��
�; �!8
)�%#�C	
 O� (P��!�Q/� ?� B
P��! G�H�DR
 ��; ���%9 $ST
 ��
��
 :U;�Q/� ?� ���! ��
��
 VC� ")

W���� :�/R
 ���%�9G�H�D���X ��
 M���	
 �
KL��%� �4����; .")? 
:��#���
 �Y Z�H ��
 ��;��[
  ! KQ\�
 $��� :� �.UD  ! �7��� ���! 5

6�%�� 6����; �H%��	
 ��;��[
Taylor.
B������
 ]
?��
 ���� :��E?�D �/^� ��
B��� _�`9� �! 
,1

 �JI9)M
?��! ( KL�! �;�� B:U; W�\  KL�	
 �-� KL��%� ��
�/
 �ab
... :1? c- d@) _��/ �����
 "`�� R��
��
 >%�� �e�S�
 M6�4��


)������
.(
BW%H�
 ����)V\��
 ("%T
 :��
 �
?N� Z
�f��
  !  g\h

I;�H� $Qi ��
N 6�S�J
 :� ��4j1 $k�  ! ��%�%l����! m?�D �2��� �!��9 5
�7��� ")?M�H�! �RN��! $n <��� �!�) .�
�
���
 ���� ��C� ��/

�)�o? 6?@p�/ ��4�H� (�J N�q1 ' �����	
.



�	
��5:������ ������ ������ ���������)5����(30

��+�H&%!? �����
 d@) "% ���2 ]?���5]?6 ���� $Q! Rolle 
r�SH�
 (�H�
?5]���;�� M�9�J? L’Hôpital? 56�%�� 6���N .Z�%�	
  !?

����	
 �
�
���
 ���� :� 5�N�9 Ks MN�t �
u��2 Vh ������� �v �

@) 6�E1 w?�7� x�8 y�����
  ! z���
 
@) 01 {����  � |�� ���\�

$SC�
.
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2.$�	#�� %#�� 
���� }� ~�H� $4J]?6 Rolle  �&��r�SH�
 (�H�
 ����.

6��!� )r�SH�
 (�H�
(
 \��:f I → ���!? �2��! ��
N ]��
 �%9 M�� ���C!I.

1(��
�%� :1 ]�H�f�`H� ��9 ��%� ���9 ���J c I∈�k? 
,1 
6
�kI J⊃�`H�%� c��n :

, ( ) ( ).x J f x f c∀ ∈ ≤

���[
 d@) ' ����?( )f c��
�%� ��%� ���9 ���J f.
2(��
�%� :1 ]�H�f�`H� ��9 ��%� r�L� ���J c I∈�k? 
,1 

6
�k'I J⊃�`H�%� c��n :
',       ( ) ( ).x J f x f c∀ ∈ ≥

' ����? ���[
 d@)( )f c��
�%� ��%� r�L� ���J f.
3(��
�%� :1 ]�H�f�`H� ��9 r�SJ ���J c I∈_��/ 
,1 ( )f c

��%� r�L� ���J ?� ��%� ���9 ���J.
4(:�/ 
,1 �H%`	
 �����
 ���H�
  9 ��&��:

, ( ) ( ).x I f x f c∀ ∈ ≤

:�/ 
,1 �H%`	
 r�LS�
 ���H�
  9?:
, ( ) ( ).x I f x f c∀ ∈ ≥

�H%`	
 r�SH�
 ���H�
  9?��9 ���9 (�J N�k? r�L� ?��H%`!.
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�7#! 
:� �-R�H%`! r�SJ ���J $/ 5��%� r�SJ ���J M6?����; ")

<�&� Ks V\��
  \� .
��9 (�J x�2 ���� O@�
 $\��
 
@) >��1 �C%��? M��9 ��%� �

)")( )f a5( )f b�( )f c�( )f d(VC�  ! r�L� ���J x� :� ��/ 5
$�4H�
 :

R�Q! �k?�N��! �a� 
.
��8�( 

1(�� �?��	
 ��;�Q�
 ��
��
2]��
  ! �`H� $/ ��9 ] [0,4I =

 ! �`H� $/ ��9 ��%� ���9 ���J? ��%� r�L� ���J �6��I.
2(��
��
f�; �2��	
 ( )f x x=]��
 �%9 ] [0,1���J $4H� R

��%� r�SJ.



�	
��5:������ ������ ������ ���������)5����( 33

3(��
��
f�; �2��	
 ( ) sinf x x=�%9 ] [0,π���9 ���J $4H�
 ��9 ��%�

2
x π=5��%� r�L� ���J $4H� R? .

4(��
��
f�; �2��	
 ( ) sinf x x=�%9 �r�L� ���J $4H� 
��9 ��%� ���9 ���J $4H� ��/ 5m�H��
  ! x��! Ks N�9 N�9 ��9 ��%�

m�H��
  ! x��! Ks��� .

����� )r�SJ ���J N�k�� ZwR m�D(
 \��:f I → �]��
 �%9 �2��! ��
N 	
���CI.

_%4J 
,1f��9 r�SJ ���J c I∈H�DI� �%;�J _��/? ��9 G�c

:=2'( ) 0f c =.

6��!� )�k�[
 �`H��
(
 \��:f I → ��2��! ��
N G�H�DI� �%;�J? ]��
 �%9���C	
I.

�`H� $/ ����c I∈FHl '( ) 0f c =�k�- �`H� .
7#!� 

�`H� $/ :� �H;���
 �����
  !? �����
 
@)  ! <���c I∈

��
��
 ���2 �6��:f I → ��k�- �`H� ") ��%� r�SJ ���J .M
w
�	�;?
��
N _��/ 
,1 x�� �-I� :� "L4� >�, y![ ]: ,f a b → ���! ��9 ��� �2

]�t '�E5r�SH�
 �����J _/6N�? )�H%`	
 (5]��
 '�E �-� ��9a

:� Z�%�� R 
@�2 5IQ!'( ) 0f a =.>�, ]�Q!:[ ]: ,f a b → �y! 
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( )f x x=.�����J �6�� ��
��
 d@) :� �-I���9 �����
b5�����J? 
��9 r�LS�
a:� y! 5'( ) '( ) 1 0f a f b= = ≠.

r�a� ��k  !?5O� 5�k�[
 �`H��
 m�D :U; �-I� :� ���%9 
'( ) 0f c =��9 r�SJ ���J N�k?  �� R 5c�) m���
 >�, :� ��� 5

��%� r�SJ ���J N�k�� |�/ Ks? ZwR .
>�, ]�Q! :] [: 1,1f − → ���- 3( )f x x=.@a0c =

:� �-R?'( ) 0f c =���H�
 :�  ! (s��
 �%9 ( ) 0f c =h Rr�SJ ���J $Q
 ��%�)�`H��
 6�� �%9 �4��� ��
��
 :� ,1c����i �%9 �4k�! ")? (.

3.&�� ����� 
]?6 ���� 01 :b
 $H��� ��9N .>�, $4J? ]u���� :�]?6 �)  !

 �)�
"#���
"���C ]?6 ]���!Rolle )1652B1719(5O@�
 ' :�/
 �f��� �
�4�
)y;�`	
 ���L� 
���  �ab
 ��C�^! d��; g�� O� .( �J?

�p
 ' �;��/ ��� d��� "Traité d'algèbre" Z�9 1690 x�2 G��`� 1��U�! 0

6@k ���! $/ $�� �%SC�! �R�t ��l O� 5�RN��	
 6?@k $S2

��N��	
 6?@k  ! 
�-
? .�%&��
 ' x�
 $�l ��
 �����
 �u�k g�  !?$.
M�9�J ��D ]?6 ]?�- �p
 '?"( )  ( )+ × − = −"�)�H��
 ��
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�;?6?� ' :�/ �! 
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 ���/ �������
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��L	
 )524�)/1130ZB570�)/1175Z("
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���[
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 x���9� �%9 
��%` � P�;6?8
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 ? ]?6 ]���! $4J :?�J ��� x%�!w�6�\N �s
�� '��? 5
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  ! ����
 ���? ? �C� ��a xk�; z�#�! '
���%9 ���%���
? �4����
 N
�98
 .
IQ! ]�H ]������2"" :"H; }J�� N�9  ! 
��
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��-uP; 6�S� �S�9 x?0x.���:�ON^� �H;���
 �����
 m?�D 
N�k? 01 �S�9 uP; 6�S� x?0xFHe :

20 0
0 0 0

( ) ( 1)
0

0 0

'( ) "( )
( ) ( ) ( ) ( ) ...

1! 2!
( ) ( )( ) ( )( ) .
! !

n n
n n

f x f x
f x f x x x x x

f x f ux x x x x u
n n

+

= + − + − +

+ − + − −
 

��
��
 01 z�k��
 "C\ >�, r�� c-?g:�)�; ' �2��	
 
�����	
 �
�
���
 ���� ���%9 F4`� :�? �H;���
 �����
 :N�k? ¢�����

 N�9u]��
  ! IP; 6�ST
 x?0x��n :
.0

0

( ) ( )
'( )

g x g x
g u

x x
−

=
−

§U g�  !? :
0 0

0 0

( 1)

0 ( ) ( ) ( )

 '( )
( ) ( ) .

!

n
n

g x g x g x
x x x x

g u
f u x u

n

+

− −
=

− −

=

= − −

 

:,1 :
( 1)

0 0
( )( ) ( )( )

!

n
nf ug x x x x u

n

+

= − − 
:� ��%9:

0( ) ( ) ( )nf x p x g x− =

��
��
 ���� W�-gN?�[
 KQ/? np.�;�%`	
 �JI��
 §U�  �����;?.
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4(®���N ' �! $� !  g\i x�� �) 6�%�� 6��;�¶�% ���J 
Q/ $\D ' ��
�� ��4�H��N?�- K.����>�, <#� :

W�\� �!��9:
( ) ( ) ( )n nf x p x R x= + 

<��?; ����\ �!��9 x�U n���J }J���� ( )nR xw�q x�=2 �
:U; ]�H
�
 P; G�C( )f x?( )np x:� O� 5
K4/ V�� ( )f xKQ/ �4�H� O?��� 

N?�[
( )np x)W�\  ! ���)( ) ( )nf x p x≈.($gQi @���9?( )nR xU`«
 
]
�4��
 ��9 W\��	
( )f x�; ( )np x.

7��#��� F &�8� 
��
��
 W�H� ��N6� 
,1( ) 1f x x= +�k6��
  ! N?�- KQ\; 

6��² �Q��Q�
3n =?0 0x =)6�%�� 6���N O� (:�\�2)$k�  !
] [1,x ∈ − +∞(

.2 3"(0) '''(0)( ) (0) '(0)
2! 3!

f ff x f f x x x≈ + + + 
?��H��! ���- ��9f�%9 $So :

.2 31 1 3( ) 1
2 4 2! 8 3!

x xf x x≈ + − +

U`«
 �!�)O?�� �)?"J�4�
 (\��	
 ��2 W�H��
 
@) ' W)��-cN�9 
P; 6�S�0?x: (

.
7

2
4

3
15 (1 )( )
16 4!

cR x x

−

+= −
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w?�7� R U`«
 :� �-I� ]�Q	
 $�4� �%�2 0.0024]�- '
10
2

x≤ ≤.

����� )6���N6�%�� "J�4; ·�� Young (
 \��] [: ,f a b → ���S�
  ! ��
N nC�%9 ] [,a b��n ( )nf

�`H� ��9 G�H�DR
 $4H�0x ! ] [,a b.
�`H� $/ $k�  ! 5@���9x ! ] [,a b5:=2 :

20 0
0 0 0

( ) ( 1)
10 0

0 0

1
0

'( ) "( )
( ) ( ) ( ) ( ) ...

1! 2!
( ) ( )

( ) ( )
! ( 1)!

( )

n n
n n

n

f x f x
f x f x x x x x

f x f x
x x x x

n n
x x

+
+

+

= + − + − +

+ − + −
+

+ −�

 ��-K�"�"?���� �CS�Landau:� O� 5KLS�
 :
.

0

1
0

1
0

( )
lim 0

( )

n

nx x

x x
x x

+

+→

−
=

−
�.

7#!� 
�L�� F4� �! ' ��!�J 6�%�� 6����� P)"J�4;? ¢�
�sR "J�4;

·�� .(a� ·�� ��� ���)?�"J�4��; 6�����
 ���! 56�����
 
@v r�
��
�"%!�\ .Q/�  ! :� ��-I��f��
 6�%�� K���N ��d6���N �!
�

·�� "J�4;.
r�SH�
 (�H�
 01 ����r�� c- �����
  ! MN�C��R
  \i ��/ 

�H;���
:
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�G2 )�%��r�SH�
 (�H�
? 6(
 \��] [: ,f a b → �G�H�DR
 $4H� ��
N nM�! �%9] [,a b.{�C�
�`H� ���) :�] [,c a b∈FHl :

( 1)

( )

'( ) "( ) ... ( ) 0
( ) 0.

n

n

f c f c f c
f c

− = = = =


≠

1(:�\� c-( )f cJ ���J :�\ :� Wq ��%� r�Sn��k?w .
2(:�/ 
,1n:=2 ��k?w :

( )f c_��/ 
,1 ��%� ���9 ���J ( ) ( ) 0nf c <5
( )f c_��/ 
,1 ��%� r�L� ���J ( ) ( ) 0nf c >.

��
 >%� ") �H;���
 ���H�
 ' �H�4`� �Q/8
 ���[
 :� �-I	

 ���2 :�\2n =.������
 ") ���[
 d@) �L��:

���- �H�I 
 \��] [: ,f a b → ��%9 P��! G�H�DR
 $4H� ��
N ] [,a b.{�C�

N�k? ] [,c a b∈FHl '( ) 0f c =)�`H��
 O�c�k�- (?"( ) 0f c ≠.
1(:�/ 
,1"( ) 0f c <:=2 ( )f c��%� ���9 ���J .
2(:�/ 
,1"( ) 0f c >:=2 ( )f c��%� r�L� ���J .

************************ 
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1.����� 

��������	 ������ ������� � ����� ���� �	��� ���� ���� .� !� "!� 
#�$% �&�'( )�*�#+ ,+ -".�#� �/��+ 0����������1�$ *�"2 ��&�/ ���� 

�&$3 .�	�4 )�5.6 �7 �&�'#�� �*�#��� 8�% .,+ �/"1+ 9�#3 ��3� :�;
��&�/ ���� �1�< ,/ ,=> �/ ?<� �&$3 *�"2 -"=� �	�4 5.6 .@�=��

A��BC( ��'�3D E1'3 F�( GH ����H �	�4 5.6 I	�'% ������ JK7 -� .
L� ?��6 � -"3�"�� M 0�N������� -H �( �!�1�<	 ���� 0( ��	�'

 ��#�$���)�	�4 5.6 (Q���/ �<�#�� -R6	 S1!/ J*�#�+� T�( )U��	
�/	��/(.

'� �=( )���!��� ��VC( �/"1+ �	��� ���� E1'� �16 .WX ,/	 
)�����1�� �#'���( )�Y�1L� Z<"/ ���[	 \�3��4� )���!��� ?�'4 .,/	

�� ���� � ]1���� -� Q"��L� �YS'�� GH I�^� �	� :����`�� �YS'��
��*"� �YSY	� �Y�*� a"�"/ -"=�Y b�� )�*$/ ����"L� .
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2.������ ��	������� ��	���� �
c�$�( ��#����d����� ,/ 5.=�� � e"f�� -	� g�*����� h�(.

(���))�7���/S��(
,=�� :f I → �	:g I → ����0��$�$4 0���/ 0�T�i j�+ 

I⊃�.�&$3 ,=��	0x,/ I.
1(T"$3-Hgf`�� ��7���/M )��1!/ 	�(k� �#'���( f)Q�/� 	�

f(�&$��� *�"20x�lH:
.

0

( )lim 0
( )x x

g x
f x→

=

8�l ,+ �5#�% @�=3 ���4 �0x ∈�:
.00, 0 : ( ) ( )x x g x f xε α α ε∀ > ∃ > − < ⇒ ≤.

	�3"� �/* T�1��Y�(	Landau j�+ g����� �K7 �(��6 ,=>
m���� �=��� :

( )( ) ( )g x f x= �

	� �=��� j�+ :
.( )g f= �

2(-�6 �lH1f =-�6 �lH I� \
0

lim ( ) 0
x x

g x
→

=-H ���< \g�7���/M
T	^� �/��+ f`��xGH 0x.

3(-�6 �lH
0

lim ( )
x x

g x
→

= +∞-H ���< \g�/��+ �=�� �7���/M 
T	^�xGH 0x.
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�*+�, 
1(2( )g x x=:( )g x= �*�"2 0.�K6	g*�"2 �=�� �7���/M 
���nS��)+∞	� −∞.( 

2(2

1( )
1

g x
x

=
+

:gM�k��nS�� *�"2 f`�� �7���/)+∞	� 
−∞.( 

3(( ) ln( 1)g x x= +:g*�"k2 �k=�� �7���/M +∞"k7	 \
T	^� �/��+ f`�� �7���/MxGH 0.

)���( )0���� ^��=%(
�,=�:f I → �	:g I → �T�i j�+ 0���/ 0��$�$4 0���� 

I⊃�.�&$3 ,=��	0x,/ I.
-H T"$3f	g��� *�"2 -��o��=�/ �&$0x�lH :

0

( )lim 1
( )x x

g x
f x→

= .
8�l ,+ �5#�% @�=3 :

.0

( ) ( )
x x

g x f x
→

∼
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����� !�-. /0�-��� 1�0 23	�( 
0

sin
x

x x
→

∼0
arcsin

x
x x

→

∼
0

tan
x

x x
→

∼
0

arctan
x

x x
→

∼
0

sh
x

x x
→

∼
0

argsh
x

x x
→

∼
0

th
x

x x
→

∼
0

argth
x

x x
→

∼
0

ln( 1)
x

x x
→

+ ∼
0

1
x

xe x
→

− ∼
0

argch( 1) 2
x

x x
→

+ ∼
20

21 cos
2

x xx
→

− ∼

20
ch 1

2

x xx
→

− ∼
0

a(1+x) 1
x

ax
→

+∼

��23	���� 4�!� ��5-� 4�! 6�-7 
1.,=��f	g	h�pSp�	��$�$4 T� .������� e�"q� �����:

( ) ( ) ( )f f f+ =� � �

( ) ( ) ( . )f g f g× =� � �

( )( ) ( )f f=� � �

2.-"=% �/��+g-C� ��	�r ( ) ( )g f f× =� �.
3.�<S+ ∼-� :�; ^��=% �<S+ ��3s ���L� :

,
,

,

f f
f g g f
g f f h g h


 ⇒
 ∧ ⇒

∼
∼ ∼
∼ ∼ ∼

.1 1
1 2 1 2

2 2 ,
f g

f f g g
f g


⇒ × ×


∼
∼

∼
,1 1 1 1

2 2 2 2,
f g f g
f g f g


⇒


∼
∼

∼
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"��(8
tu�v m���� Q����YM� -C� *K4�:

1 1
1 2 1 2

2 2,
f g

f f g g
f g


⇒ + +


∼
∼

∼

8�l T�./:S./ Kv2 1f f= −.

3.���� ����� 
)���()�	��� ����(

,=�� :f I → �T�i j�+ ���/ ��$�$4 ���� I⊃�.,=�k�	
�&$30x,/ I.

1(-H T"$3f�#%�� w4 ��	�r ��3 �#$% n�	�4 5.6 �x	 �lH 
Px*� A�,/ fd� n9�y A�	�'� 	� 

.( )0 0, ( ) ( ) ( )nx I f x P x x x x∀ ∈ = − + −�

2(���4 �0x = +∞)	�0x = −∞(��3C�"$3���� -H Tf�#$%
�#%�� w4 ��	�r ��3n�	�4 5.6 �x	 �lH P,/ fd� �x*��� ,/ 

nA�	�'� 	� \Z�&�'3 9�y�x� ,/ x5#6 \�(��6 
.1 1( ) ( ) nf x P

x x
 = +  
 
�
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8"��( 
1(�	�z� 5.6 I� \��4	 ����P�x	 -H ��4	 "!� .
2(�(��6 KN��+ Z�&�'3 *�"2 ���� 0x:

( )
2

0 1 0 2 0

0 0

, ( ) ( ) ( ) ....

( ) ( )n n
n

x I f x a a x x a x x

a x x x x

∀ ∈ = + − + − +

+ − + −�

@�=� ����� ���nM *�"2 �/�:
.0 1 2 2

1 1 1 1( ) .... n n nf x a a a a
x x x x

 = + + + + +  
 
�

3(\�`�� *�"2 �	��� ���� ,+ 9�#��( T�"4D� @�{� � Q"$3
 Z|3	 5f�1�� S��#% I} -� ��=�	0x x h= +*�"2 ��3 �3�*� �/ �lH 

0x	1h
x

=�3�*� �/ �lH � *�"2 ��3�*�#�+�( \���nSh�`�� GH T	^� .
*"���% ��~�( W6K3��*�"�� ](�'�� �`��� �\�7	 k% �" �k3 �

�	�r��#%�� ,/ n����� ] [: ,f a b → �g�`�� ,/nCjk�+ ] [,a b�lH 
��#< �/( )nf�&$3 ��+ F�$��M� 0x,/ ] [,a b.

!-*�	( ���95)�3"� �<�#(Young (
,=��] [: ,f a b → �g�`�� ,/ ���� nCj�+ ] [,a b9�y ( )nf

�&$3 ��+ F�$��M� �#$%0x,/ ] [,a b.
�&$3 �6 �x� ,/ \KN��+x,/ ] [,a b-C� \:

20 0
0 0 0

( ) ( 1)
1 10 0

0 0 0

'( ) "( )
( ) ( ) ( ) ( ) ...

1! 2!
( ) ( )

( ) ( ) ( ) .
! ( 1)!

n n
n n n

f x f x
f x f x x x x x

f x f x
x x x x x x

n n

+
+ +

= + − + − +

+ − + − + −
+

�
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8"��( 
�#%�� w4 ��	�r ��3 ���� �#$% -� ,=>n��(�< -"=% -� -	� 

�#%�� w4 F�$��S�n.������ S./ T�4 8�l:
3

2
1sin , 0,

( )
0, 0.

x x
f x x

x

 ≠= 
 =

M b�� �=��� j�+ @�=% �!� 8�l  {*	 \�`�� ��+ ��3�p �$��/ �#$% 
)������ -� �4M06�	�4 5.: (

2( ) 0 ( )f x x= + �

�`�� *�"2 ��3�.�� �#%�� ,/ ��&�L� ������ �3 �.> IK��.

6�-7 1�0��� ����� �
1(0�<S��� �3*�$/),����� (�1!��( �$(�&L�	:

( )0 0, ( ) ( ) ( )nx I f x P x x x x∀ ∈ = − + −�

20 0
0 0 0

( )
0

0 0

'( ) "( )
( ) ( ) ( ) ( ) ...

1! 2!
( )

( ) ( ) .
!

n
n n

f x f x
f x f x x x x x

f x
x x x x

n

= + − + − +

+ − + −�

-� 0#� )S/��L�0,...,( )i i na =�	�z� 5.=� P�=��� j�+ @�=% :
.( )

0( ),
!

i

i
f xi n a
i

∀ ≤ =
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 �/���� ���z� � ���� �3  �� g�6 �3 8�K(	 :=�@'� -� ��
 ����"�L� )�$��L�( )

0( )if x�&$��� ��+ 0x�k("�&L� �k#%�� w4 nWX \
�<S��� � �!1�< �"�3:

20 0
0 0 0

( )
0

0 0

'( ) "( )
( ) ( ) ( ) ( ) ...

1! 2!
( )

( ) ( ) .
!

n
n n

f x f x
f x f x x x x x

f x
x x x x

n

= + − + − +

+ − + −�

2(-H)S/��L� \�/���/ �!�6 ��x	� ���� �3 � ������ -� �16 
�/���/ �!�6 ���� ����� ��x	��� )S/��L�.

3(,=��f	g*�"k2 ,��	�kr ,��3 -S#$% 0��$�$4 0���� 
�#%�� w4 �`��n.

�3f g+-� I� \,����� a"1i "7 :
( )0 0( ) ( ) ( )nf x P x x x x= − + −�

( )0 0( ) ( ) ( )ng x Q x x x x= − + −�

GH I�^�:
( ) ( ) ( )0 0( ) ( ) ( )nf g x P Q x x x x+ = + − + −�

4(�#%* ,/ ��� ���� T"#< n�� ,/ ��3 ��"#< GH I�^� ��<� �#%* 
,/n.-�6 �lH A3� 8�l :�/m n≤	:

20 0
0 0 0

( )
0

0 0

'( ) "( )
( ) ( ) ( ) ( ) ...

1! 2!
( )

( ) ( ) .
!

n
n n

f x f x
f x f x x x x x

f x
x x x x

n

= + − + − +

+ − + −�

-C� 
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20 0
0 0 0

( )
0

0 0

'( ) "( )
( ) ( ) ( ) ( ) ...

1! 2!
( )

( ) ( ) .
!

m
m m

f x f x
f x f x x x x x

f x
x x x x

m

= + − + − +

+ − + −�

5(,��	�r ,��3 ���x j�+ T"`z� ,=>:
,=��f	g�`�� *�"2 ,��	�r ,��3 -S#$% 0��$�$4 0���� 
�#%�� w4n.

�3f g×"7 ���x -� I� \,����� :
( )0 0( ) ( ) ( )nf x P x x x x= − + −�

( )0 0( ) ( ) ( )ng x Q x x x x= − + −�

GH I�^�:
( ) ( )0 0. ( ) ( ) ( )nf g x R x x x x= − + −�

9�4( ).
n

R P Q=�x*��� ,/ �	�4 5.6 n���kx �	�4 �7 J�	�4 
�	�z� I5.6.P Q���x*� �	���% M b�� n.

m���� T�.L� TSv ,/ 8�l E�"3 .-�  ��3:
3

3sin ( )
6
xx x x= − + �	2

3cos 1 ( )
2
xx x= + + �.

]�#&�( x @'� �$(�'�� ��+�$�� ,����� ���2 3

(1 )( )
2 6
x xx+ −\�$� ����	 

,/ fdD� �D� )�l �	�z�(3.�	�z� 5.6 Ko��4 �}3

1
3
x+.

m����(	 :3
3sin cos 1 ( )

3
xx x x× = + + �.8k�l ,/ �6R��� ,=> A3� �4M

 ������ ��(sin cosx x×�n� 9�4 ���#/ ��3 I	�'%1 sin 2
2

x.
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��������� ����� !�-. �:����� 1�;������<� 
21 1 ... ( ) .

1
n nx x x x

x
= + + + + +

−
�

21 1 ... ( 1) ( ) .
1

n n nx x x x
x

= − + + + − +
+

�

3 5 2 1
2 2sin ... ( 1) ( ).

3! 5! (2 1)!

n
n nx x xx x x
n

+
+= − + − + − +

+
�

2 4 2
2 1cos 1 ... ( 1) ( ).

2! 4! (2 )!

n
n nx x xx x
n

+= − + + + − + �

2

1 ... ( ).
1! 2! !

n
x nx x xe x

n
= + + + + + �

2 3
1ln(1 ) ... ( 1) ( ).

2 3

n
n nx x xx x x
n

−+ = − + + + − + �

2 3

ln(1 ) ... ( ).
2 3

n
nx x xx x x

n
− = − − − + − + �

2( 1) ( 1)...( 1)(1 ) 1 ... ( ).
2! !

n nnx x x x x
n

α α α α α αα − − − ++ = + + + + + �

3 5 2 1
2 23 1.3...(2 1)arcsin ... ( ).

6 8 5 2.4...(2 ) 2 1
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�� ����� ����� 
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2(:f →� ���� 2( )

1
xf x
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+
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3(:f →� ���� 2( ) 1f x x x= −.
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�� f�����.� 
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3( )f x x=J��%	 �"�$�� ,)K��$�� 	� (�"I�)�.

!��"��� 6

���
�� 6�% ��?�$)� @�
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�# ��!��� 1

1(����� :�	 
��� ���� ���� ���	3
8

x =.������ ��	 �
���� ����  �!�� "#$%� &' �( .&)* +�#��,3( )

8
f�-./ 0�12 �3-4 .

2(��5�� :
2 2

2 2

2

2 2

( 1) 2'( )
( 1)

1 .
( 1)

x xf x
x
x

x

+ −=
+

−=
+

�6 7#��� 7#��� ���	 &)* 8��1x =1x = −.
�(  �!�� "#$%� 9�:; :
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.2

2

2 ( 3)''( )
( 1)
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x
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+

7#��<� 7#����� =� ���� >? ��@  �!�� "#$%� �AB 8�� :
*��@ 1x =:''(1) 4 0f = − <.�D�@ �-./ E3F@ �3-4 ���	 &GH

1x =�	 1(1)
2

f =.
*��@1x = −:''(1) 4 0f = >.��@ �-./ 0�12 �3-4 ���	 &GH

1x = −I�	1(1)
2

f = −.
3(��5�� :

2

2

3 1     :  1
'( )

3 1  :  1
x x

f x
x x

 − >= − + <

8�' �3.@ =� &' J�KLH >MA��f7#D����� ��@ N��#OP� >K�5 P1x =
1x = −.QR =� <� S����� &' =T-K#5 �D@�3U� � �D��{ }1,1− −��D	 

1
3

x =1
3

x = −.

��@  �!�� "#$%� VH W��#�P� :
6 : 1

"( )
6 : 1
x x

f x
x x

 >= − <

&' X�Y�1 2''( ) 0
3 3 3

f = >1 2''( ) 0
3 3 3

f − = − <.&)* 8-.@ :
1( )
3

f �-./ 0�12 �3-4 1( )
3
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 7#D����� �D�@ N��#OP� >K�_ P ������ &` N��#OP� ab�#� =�1x =

1x = −.0�c' ��5�d e.A� &' �, P +�#��, .
&' P' X�Y�� (1) 0f =I��
[�OH � �F��� =f3( )f x���D�@ 
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[�OH E.@ X*�i 
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.] [0, ,      ( ) 0 (1)x f x f∀ ∈ +∞ ≥ =

&GH(1)f�-./ 0�12 �3-4 .
l]�,=T-K#5 ��5���� &':

.] [,0 ,      ( ) 0 ( 1)x f x f∀ ∈ −∞ ≤ = −

&)* ���( 1)f −�-./ E3F@ �3-4 .
���	 &H W���� �2Yc4&�-3F@ &��LH I�-./ 0�:4 m-4 )&�?[�_

 ��@1
3
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1
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[�OHfT-1#_ [��o �0&' �3.@ (0) 0f =.&)* e���fP_�D3-4 �[�
 ���<� ������ ��@ 0�:40x =�D����� �D�@ p�f�5  �!�� "#$%� &' ^� 

���<�.
2(Tf%� ������ �c�D, �*4( )f x x=.�D�@ 0�1D2 �3-4 �q &H
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.(0) '(0) "(0) 0f f f= = =

3(D, �*�f%� ������ �c4( )f x x= −.�D�@ ED3F@ �3-4 �q &H
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3
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.)2)(()()()()( 22 babaff +−=−+−=− γαβαβαβαβ

&' �.t#A� 8��
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�-�:(1) (0) (1 0). '( )f f f c− = −Iy'0 . '( )f c=.p�f�5 "#$%� &' �f� 
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2
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������ &�-, VH �F���, >�*' >g$, e�G �[�� &' =gkfP �-� 
>2��]�� [�� �5���� �	��@ ��3%� &�g5 ���� 8-* �()���\' >g$�� �F��I
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.( ) ( ) ( )( ) ( ) ( ) '( )f g x f g y x y f g c− − − = − − 
&H >b���� r�]�� =� �-]#A� ����@'( ) '( ) 0f c g c− ≤>? >�' =� c I∈

H&0x y− ≥��)* ��,�A�� 
��A%� =� a#�#A� �:
,( ) ( ) ( )( ) ( ) ( ) ( ) ( ) '( ) ( ) 0f x f y g x g y x y f c g c− − − = − − ≤

y'( ) ( ) ( ) ( )f x f y g x g y− ≤ −.��.�%� �	.
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��\�f%� &' y'0)1( 2 =− −nznn7].#� 7.� >K�_ )�61z2z.( ��D	
 �-s2 �n)Q?�_ &' �n=� �?' 3.( 

�# ��!��� 10
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�}5 8��:
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&`0)()( ≤− agaf0≤− ax0)(')(' ≤− cgcf.
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 W�U� �[ ]1,04Yf�� &)* �10 << nuVH y\�_ 0coscos1cos << nu.
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−
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xfyf
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n
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0�c' �M� =�I&' mD.f� ( ) 01sinlim =n

n
&` 11sin <.��D�
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&'0)(lim =−αnn
uy' Iα=nn

ulim.
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��f .

\�f��α������ &�-, W`� |:�%� ^d��_ ���� �.2�* �	 ��.�%� 
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P.y\�5 �5�F��� ��	 "-K�_ &' e�G�M� =� \�@ \�� VH c

"�� :)3,2()0()1( 2ccff =−�� ^� &' m.f)0,1()0()1( =− ff.=�
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4

3 5

3
4

0 0. 0 ( )
2 12( )

1 ( ).
2 12

x xx x x
f x

x
x x

+ − + − +
=

= − − +

�

�

2(l�� � �� (�!�5�! � AB+� 
1

( ) (cos )xh x x=�" :
1 ln cos

( )( ) (cos )
x

f xx xh x x e e= = = 
e�f�! ]	, d)�� (�6c! (�!��! �f� ��� �_�:

2 3 4
41 ( )

2 6 4!
x x x xe x x= + + + + + �

�'�:
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2 3 4
( ) 4

23 3
4 4

3 43 3
4 4

43
4

( ) ( ) ( )1 ( ) ( ( ) )
2 6 4!

1 ( ) ( )
2 12 2 12

( ) ( )
2 12 2 12

( )
2 12

f x f x f x f xe f x f x

x x x xx x

x x x xx x

x x x

= + + + + +

 
= − − + + − − + 

 

   
+ − − + + − − +   
   
  
 + − − +    

�

� �

� �

� �

 

�� a�! IJ��)_! ����� u�
J e� 9
 �	o)����VT14( )x�G$
�0 �<X� �� 
�B!�4( )x��f��! �;� �.�$r��! ]	, 40�H�! �f��! (0�)� 9�Y ����,
 /�)�! :

23 3
( )

3 43 3
4

1
2 12 2 12

( ),
2 12 2 12

f x x x x xe

x x x x x

 
= − − + − − 

 

   
+ − − + − − +   
   

�

�� 0 %�>U�s ��B e� 9
 �	o)�!� %��D)�! (�	3, .�� ���� 5 n≤�
nx)q! S�" eO
 �c �<	� U��H� V��4( )x�(�enr� ]	, :

3 2 4 3 4
( ) 41 ( ).

2 12 8 24 48 384
f x x x x x x xe x= − − + + − + + �

^!J�n);@! p 50 F�R����� (R0�H�! (*+ �! �b�	Q_! �f��! #�"� :
.( )

2 3 41
45 17( ) ln cos 1 ( )

2 8 48 384
x

x x x xh x x x= = − + − + + �
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! �c (H
��! (5���! kB F�R_!� �H5�! �f�� h���� F�R_xJ!�$M 
�|�� �Dn�!:

3 5
5

2 3 4 5
5

sin ( ),
3! 5!

ln(1 ) ( ).
2 3 4 5

x xx x x

x x x xx x x

= − + +

+ = − + − + +

�

�

/�)��0�:

3 5
5

2 3 4 5
5

2 4
4

2 3 4
4

sin( )
ln(1 )

( )
3! 5!
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2 3 4 5

1 ( )
3! 5! .

1 ( )
2 3 4 5

xf x
x
x xx x

x x x xx x

x x x

x x x x x

=
+

− + +
=

− + − + +

− + +
=

− + − + +

�

�

�

�

V��$B xO� ]	, V��B xO�� (���	*L! (3HR�! T1 �|	� %�> � 0
b�	Q_! �f��! ]	, enr��#�"� :

2 4
4

2 3 4
4

2 3 4
4
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3! 5!( )
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2 3 4 5

1 ( ).
2 4 24 240

x x x
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x x x x x

x x x x x
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=
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�

�
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	+�� '"��0��'!) 
I!��H_! d)��sin( )

ln(1 )
xf x
x

=
+

e�f�! ]	, :

( ).ln(1 ) sinf x x x+ =

($5���! kB T�c! (5���! 9
 ?)�!V `!�= ��R)K@ G)��5�� J�)6V e3 )H��
d���)�! ]	, ���� (H
��!:

( ) ( )( ).ln(1 ) ' '( ).ln(1 ) cos ,
1
f xf x x f x x x
x

+ = + + =
+

( ) 2

2 '( ) ( )( ).ln(1 ) " "( ).ln(1 ) sin ,
1 (1 )
f x f xf x x f x x x
x x

+ = + + − = −
+ +

( ) 2 3

3 ''( ) 3 '( ) 2 ( )( ).ln(1 ) '" "'( ).ln(1 )
1 (1 ) (1 )

cos ,

f x f x f xf x x f x x
x x x

x

+ = + + − +
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= −

( )(4) (4)
2

3 4

4 '''( ) 6 ''( )( ).ln(1 ) ( ).ln(1 )
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8 '( ) 6 ( )
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sin ,

f x f xf x x f x x
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f x f x
x x

x
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+ +
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=
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(4)

(5) (5)
2

3 4 5

5 ( ) 10 '''( )( ).ln(1 ) ( ).ln(1 )
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4 ''( ) 30 '( ) 24 ( )
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cos .

f x f xf x x f x x
x x

f x f x f x
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=

^�R)f
 ��* (R0�H�! (H3�! J�QH�! � p�� )��0 �[! dHif

/!�$)�! ]	, J�QH�! %	� 9
 ���� �Dn�! ��, :(0) 1f =#1'(0)
2

f =#



�����5:���� �����)�����(206

1"(0)
2

f = −#1"'(0)
4

f = −#(4) 1(0)
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f = −.9
 b�	Q_! �f��! ��� �_�
 e�f�!:

2 3 (4) 4
4'(0) ''(0) '"(0) (0)( ) (0) ( )

1 2! 3! 4!
f x f x f x f xf x f x= + + + + + �

^�R)f
 p�� � �'�f�<3�R0 �f��! !�" ��b�	Q_! �f��! I�K�5
 �Q #
�"�:

2 3 4
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2 4 24 240
x x x xf x x= + − − − + �

T�c! (R��Q�! 9, 8)� a�! �f��! 40�Q� .�� AB@.
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f x f xf x f
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∼
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 a<= 9
 bJ�R
 �; \�c! ln�_! �� ��� AB+�+∞�−∞.
&�, (�!��! ��* p 0 b�HB� ^�
�	 _! S�" ��� I�,!��p$ 0 

�N��0 �6J ����Y ��R��!:
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p
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+
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 ��< ����� 7�=��n>? @�A� ∞+	B
�,�� 	����%�� C)D/) E�p�%�F� (

	���%%�� 	��G 2! �H� IJ���� K�� �LM)( nuN��,) 
!

1
p
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�� �������2

1(	��1���lim
e x

x e

x e
x e→

−
−

:O�P��� ;��) �QR 	��1��� S=H J�,T
@�%�
�� .���U� /V��� W��+%X� �QR �Y� .�F� EZ-y x e= −[9�\ :
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0

1

0

0

( ) .lim lim

. .(1 ) ( )lim

( )lim

0.

e x e e y

x e y

e e e

y
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x e e y e e
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e e e y e y y
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−
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→
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−
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=
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�
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x

x x
→+∞
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lim
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0.

x

x
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→+∞
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=

=

=
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2 21 1 cosarctan arctan
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sin
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t

− −=

=
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2
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2 sin1arctan arctan
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x
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=
=
=
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2����� Ee��� �=H fe�� $�%��:
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2
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2�Q� �����[ ]0,2x π∈2c\ [ ]0,t π∈.&' ��� 2c\ :
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2
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2
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π
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 − ∈   
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1(O`�����sin arccos x:2! k��-arccos x@�a� C �1Y�� =09) 
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3(O`�����sin arctan x:EZ- sin arctany x=�cosarctanz x=I
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1
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)12( π+=+ nzy�H� 0=n.2c\ 7�=�� :

.
2

cotarctan π=+=+ zyxarcx

J���� �H�.

�� ������� 8
x�) 	������ 29
 d%Q- 2! b]Q�:
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2 2

2 2

cos(arccos )
3cos 2arccos
4

3 3cos arccos 1 cosarccos
4 4

3 31 .
4 4

x x=

 =  
 

    = − −         

   = − +   
   

 

�H J���� �T� 2! [9� ����1
8

x =.

�� ������� 9
�""#��$1)	�
�,PP4 : (�PP ! �PP� ��PP�?�PP4	PP������ 

arctan 2 arctan
2

x x π+ =EZ- tanx y=�2 tanx z=.����
2

y z π+ =

�tan 2 tanz y=.$�%��
�:
cos sintan 2 tan 2
sin 2 cos
y yy y
y y

π = − = = 
 

 
�=��:

2 2cos 2sin 0.y y− =

[9� �=QH�:
2

2

2

2cos ,
3
1sin ,
3
1tan .
2

y

y

y

 =

 =

 =

����:1 0.70711
2

x = ≈.
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�#��$2)	�-��
 (:	����� 2��
 kX/- 2! b]Q� 
( ) arctan 2 arctan

2
f x x x π= + −

�y��]�� `�� E� 2����� E��B) 	B- 	�y�\ 2�Q� ��X J���� �T��.
! 2����� C 34�- $��4 ��\ bH E��B%�� 	B- 	�y�\ S�-�0.7:

�#��$3)	�-��
 (:s/P
 ��P���� �T� K�� @�LT� �Z�! ���QR
 �%���PP�� ��PP�
 kPPX/
 �FPP� I./PP0!( ) arctan 2g x x=�

( ) arctan
2

h x xπ= −.�y�\ �H �T� 2�Q�X�	����� E��B) 	B- �-)/z-�
S�-�! �QV�� (:
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�� ������� 10
�#��$1)	�
�,4 (:2! 34�-0�8? �P-!� O���� 	����Y�� �4 

2��x2c\ �4 x−�4 �Z�! ../P0! 	P1  �P��I	P����� ����P� 
2cos arcsin 1y y= −�� � ! �� [ ]1,1y ∈ − �P1��� 2�PH��� � ��� 
)��/Y%��5(.�QV�� >? O���� 	������ ���p%� 	����� S=H ��%,�X:

( ) ( )sin arcsin 2 arcsin 3 sin arcsinx x x− =

�4�� 2n C 2�Q� 2! bZ%B) 	������ 2! �Y��:
1 2 1,

1 3 1.

x

x

− ≤ ≤

− ≤ ≤

���� 2! x�� �=H� @�a� C 	������ �4 �� "p�- 2! �1 1,
2 2

 −  
.

�\�Q) 	������\ �=QH�:
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.( ) ( )2 cos arcsin 3 3 cos arcsin 2x x x x x− =

$�%��
�:
.2 22 1 3 3 1 4x x x x x− − − =

2! �-/�8 ���0�4 	B
�,�� 	������ C �z4�- �� 7�8� I.xF%,-
�\ �T� �=H P
 `�L%05� ���QYx.	B
�,�� 	������ f�L) �=QH�:

.2 22 1 3 3 1 4 1x x− − − =

2�Q�\ �\/�� Eq
/-:
.( )2 2 26 1 4 4 3 1 3 1 4x x x− = − − 

&' ��� �%��4 *�+%,- :
*>�o� 	PP��T� :21 4 0x− =N! I1

2
x = ±2�PP%Y�B�� 2�PP)�H�

&�4 2�F} @�1jY��	����Y�� �.
*	�-�F�� 	��T� :21 4 0x− ≠	P������ C `�L%05� �QR =����� I

�QV�� K�� f�L) ��� 	B
�,��:
.2 23 1 4 2 1 3x x− = −

[9� �\/�� E�
/) .��� :
.2 23 12 4 12x x− = −

fe�� �=H����B�� �=H �� �4 ��B) 5 	������ 2! .
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O���� 	����Y�� 2? @�B�� 	y�03@��4 IbPH :0I1
2
I1

2
−

)@�a� >? bY%�) @��T� S=H 2! 3451 1,
2 2

 −  
P�\ �M 2! b���� N=�� �

	������(.
	������ C ����%�� 29
 ��
�,4 ��9%�� �QR� 

arcsin 2 arcsin 3 arcsinx x x− =

b����� 0:
arcsin 0 arcsin 0 arcsin 0− =

N! :0 0 0− =.
�b����� 1

2
:

3 1arcsin1 arcsin arcsin
2 2

− =

!N:
2 3 6
π π π
− =.

�b����� 1
2

−:
3 1arcsin( 1) arcsin( ) arcsin( )

2 2
− − − = −

N! :( )
2 3 6
π π π

− − − = −.
�#��$2)	�-��
 : (�FP� EZP-( ) arcsin 2 arcsin 3f x x x= −

�( ) arcsing x x=.�%����� �)�H ���
 kX/- '.345 2�P%��/\ �PYG! 
������%/]L�� ��� 2� .2c\ $�%��
�0�4 .	������ @��4 O�P��� bPH 

�-����� E��B) ��B- �y��\ .k���� ~]- C �-����� 7��? :
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�-�P���� E��PB) ��B- �y��\ �QV�� C 345.�PG? :0x =I
1
2

x =I1
2

x = −.	j�%��� 	py ��A� �� �=H� 	PB�/��
 �P1��� �LU� 
	�
�,T�.

�#��$3)	�-��
 : (	����� 2��
 kX` �QR 
.( ) arcsin 2 arcsin 3 arcsinh x x x x= − − 

EP� 2����� �=H E��B) ��B- �y��\ 	��T� S=H C 	������ @��4 2�Q%X�
�y��]�� `�� .345 $���� �QV�� C �]V%Q- �� 7�8 2! :
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�� ������� 11
�#��$1)	�
�,4:(�� 34�- 0�1�4 2! 	������ @�)����4 �! (

�� ��! d �� �Ro� �1\/� 2o ���} d ��P�P� �)`�Plc\ ��F�� �/
 O`�l?x2�Q� 2! d � 7�=�� x�� ��.

./0! 	1  ��I2! k��- 7
12 4 3
π π π= +.&' ��� J�,4 E�%,- :

.7tan tan (2 3)
12 4 3
π π π = + = − + 

 
 

	����� ��%,- �Y�	\�/��� 
tan tantan( )

1 tan .tan
y zy z
y z
++ =

−

*�+%,�\:

( )
2

7(2 3) tan
12

tan arctan arctan 3

3 .
1 3

x x

x x
x

π
− + =

= +

+=
−



�	
��7:������ ������)����(228

�1BB� ��� 	������ m%�%,- ����x:
.2(3 2 3) (1 3) (2 3) 0x x+ − + − + =

&�# 	������ S=H )P� 	�,���
 	�-�F�� 	 `��� ��x(�<3
3

x = −

�1x =.&��� 2�� K�� O���� 	����Y�� ��4��� �T�\ �� �� 2�Q� 2! �T�
 �H1x =.

�#��$2)	P�-��
(:�%���P�� ��P�
 kPX/-( ) arctanf x x=�
7( ) arctan 3
12

g x xπ= −.2�Q� &' ��� 	PB- 	�Py�\ �H J���� �T� 
bH� I�-����� E��B)1x =S�-�! �QV�� �q��� �Y� :

�#��$3)	�-��
 (:kX/-	����� 2��
 
7( ) arctan arctan 3
12

h x x x π= + −
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�y��]�� `�� E� 2����� �=H E��B) 	B- �H J���� �T� 2�Q�\ .34�-
;
�,�� �p�� ����9) $���� �QV�� C ��\I�H� 1x =.

�� ������� 12
1(���ui����%�� �%

] [
2

1,0 arcsin
1
xx x
x

∀ ∈ − >
−

] [
2

0,1 arcsin
1
xx x
x

∀ ∈ <
−

	����� �%�-
2

( ) arcsin
1
xf x x
x

= −
−

.	����� S=H O`�l? ���t 2! 34��\

2�^\�Q) �%����%�� 2! 8? @�A,�� �� 	
� i�
 fY,�I$��%�� K�� :
] [1,0 ( ) 0x f x∀ ∈ − >

] [0,1 ( ) 0.x f x∀ ∈ <

;%V� J�,#f�2! fZ%:
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.2

3
2 2

'( )
(1 )

xf x
x

= −
−

=���� �q��%�� ;%V�� 2! d��X @�a� C] [1,1−.	P�����\ �����f

2! �Y�� @�a� �=H C 	L���%�(0) 0f =.@�4 ������ S=HfN�AP) 
J���� >? O/l���.

2��
 �FR N=�� $���� �QV�� 2! �Y�f	j�%��� ��A� :

2(���uibH� I	F��F�� 	����%�� :
] [ 21,1 arcsin

1
xx x
x

∀ ∈ − >
+

	P����� O`�l? {`�- 2! �QR2( ) arcsin
1
xg x x
x

= −
+

@�Pa� C] [1,1−.
�H �1B%V� 2! 34��\:
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2

2 22

2 2 2 2

2 2 2

2 2 2 2 2

2 2 2

1 1'( )
(1 )1

(1 ) ( 1) 1
1 (1 )

(1 ) 1 1 .
1 (1 )

xg x
xx

x x x
x x

x x x x
x x

−= +
+−

+ + − −=
− +

+ − − + −=
− +

\ $�%��
�;%V�� C �,P��� 7�=P�� d �� W�B�� 2�Q� d �� 
�0o� O`�����)2! 3452 2 2(1 ) 1x x+ − −� ! �� d �� ] [1,1x∈ − .(
 	�����\ �=��g�Y�� O���(%� 2!(0) 0g =.\ �����b1@�a� C 	���X ] [1,0−

@�a� C 	� ���] [0,1.��/�� @�A,�� �� d�� �=H� .
2��
 fe�� N=�� $�%�� �QV�� 2! �Y�g	j�%��� S=H ��A� .

�� ������� 13
1(	����� 2! 34�-cosh2�PQ� 2! bP���� $�P%��
� 	P� �g 

(cosh( )) (arccos )x xe f x f x e− = − = =.2�Q) �4 $�%��
�f�P
 5 	��� 



�	
��7:������ ������)����(232

2�Q� 2!x xe e− =�� � ! �� x∈�.f�py �� �=H� .8?�P �) 5 2
J���� ;Bt 	���.

2(EZPP-xt e=[9PP�\ 21cosh
2
tx
t

+=2! �PPY�� x∈�xPP�� 

] [0,t∈ +∞.d%Q) ����( ) coshxf e x=�QV�� K�� 21( )
2
tf t
t

+=�P� 
�� � !] [0,t∈ +∞.J���� ;Bt ��� O��4��� 	����� bH� .
3(	B
�,�� 	��T� C �Y� EZ-xt e=[9�\ 21cosh

2
tx
t

+=2! �Y�� 
x∈�x�� ] [0,t∈ +∞.dP%Q) ����( ) coshxf e x=�QVP�� KP�� 

21( )
2
tf t
t

+=�� � ! �� ] [0,t∈ +∞.�q/P�� �=H�f@�Pa� KP�� 
] [0,+∞� I��� �1\q/�� 5 ��Q0.q��� �]�/�) ����� �/]� �� D��H ~��� �P�
����� ��� 	0.P� 	Y�� 	�! b�- 2! ���QR 7�=��f��� 0.*�+%,P-

 	����� ��`��%05� �� �%�� �� ���� D��H 2!fI@�a� K�� 	B
�%� �1��� 
��%]��] [0,+∞��� :�%�� 0.

�� ������� 14
�< /l���� J�,T�
:

( ) ( )3 3 3lim cosh sinh lim 3

.

x x

x x
x x e e−

→+∞ →+∞
− = +

= +∞

	����� 2��
 �H��A� 	j�%��� S=HIP
 	\/��� 3 3cosh sinhx x−IS�-�! :
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	�-�F�� 	��1��� *� �� C�I����� :
( )

2

2
2

2

2

1lim ln cosh lim ln
2

1lim ln (1 ) ln 2

1lim 2 ln(1 ) ln 2

1lim ln 2 ln(1 )

ln 2.

x

xx x

x x
xx

xx

xx

ex x x
e

x e e
e

x x x
e

e

→+∞ →+∞

→+∞

→+∞

→+∞

 +
− = − 

 
 = − + + 
 
 = − − + + + 
 
 = − + 
 

=

	����� 2��
 �H��A� 	j�%��� S=HIPP
 	\/��� ln coshx x−IS�P-�! 
k�B%,�� ��B� N=��ln 2y =`��� J`�B� k�B%,Y� +∞:
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�� ������� 15
1(�����:

argch , cosh y,
1. 0.

y x x
x y

= = 
⇔ ≥ ≥ 

 
����I�O���/| 2�� ye���� d �� :

( )

y

2y

2

2

arg ch coshy
e

2
e 1
2

1

ln 1 .

y

y

y

y x x
ex

x
e

e x x

y x x

−

= ⇔ =

+
⇔ =

+
⇔ =

⇔ = + −

⇔ = + −

7�=�:( )2argch ln 1x x x= + −.
2(����� 
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argsh sinh y
. .

y x x
x y

= = 
⇔ ∈ ∈ � �

����I�2�� O���/|ye���� d �� :

( )

y

2y

2

2

argsh sinhy
e

2
e 1
2

1

ln 1 .

y

y

y

y x x
ex

x
e

e x x

y x x

−

= ⇔ =

−
⇔ =

−
⇔ =

⇔ = + +

⇔ = + +

7�=�:( )2argsh ln 1x x x= + +.
3(����� :

argth , tanh y,
1 1. .
y x x

x y
= = 

⇔ − < < ∈  �

����:

y

y

2y

2

2

argth tanh y
e
e
e 1

1
1
1

1 1ln .
2 1

y

y

y

y

y x x
ex
e

x
e
xe
x
xy
x

−

−

= ⇔ =

−
⇔ =

+
−

⇔ =
+
+

⇔ =
−

+ ⇔ =  − 

2! N!:1 1argth ln
2 1

xx
x

+=
−

.
*********************** 
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Français English ���� 
Sine hyperbolique 
(sinh)  

Hyperbolic sine ������� �	
� 
Argument sinus 
hyperbolique  
(argsh / 1sinh− )

Inverse hyperbolic 
sine ����� ������� �	
�

Tangente 
hyperbolique (tanh)  

Hyperbolic tangent ������� ���� 
Argument tangente 
hyperbolique  
(argth / 1tanh− )

Inverse hyperbolic 
tangent ����� ������� ���� 

Tangente (tan) 
 

Tangent ����� ����� 
Logarithme népérien Neperian logarithm ������ ���������� 
Droite réelle  Real line � 	 !� �	 ���� 
Fonction  Function "��# � $%�& 
Fonction 
exponentielle 

Exponential function �'( $%�& 
Diverger  Diverge )�*��& 
Divergence Divergence +�*��& 
Récurrence Induction  $,�-&)/���&(
Accumulation  Accumulation  �1�-& 
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Converger  Converge )2�� & 
Convergence  Convergence +2�� & 
Prolongement  Continuation #���3� � ���4 
Fonctions 
équivalentes 

Equivalent functions "56��3 $%��& 
Constante  Constant "�%�7 
Partie entière Integer part 8	9: ;�, 
Voisinage Neighborhood ���, 
Cosinus 
hyperbolique (cosh) 

Hyperbolic cosine ������� <����� �	, 
Argument cosinus 
hyperbolique (argch 
/ 1cosh− )

Inverse hyperbolic 
cosine  ������� <����� �	,

����� 
Borne inférieure Lower bound =#( �> 
Borne supérieure  Upper bound ?�*( �> 
Corps  Field � > 
Réel  Real � 	 > 
Formule de Taylor Taylor formula �����& ���'# 
Période Period @�A# 
Périodique Periodic  "��A# 
Monotone  Monotone �	&� 
Notation de Landau 
 

Landau notation A�B�� �3� 
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Cotangente 
hyperbolique (coth) 

Hyperbolic 
cotangent ������ <����� �C�

Argument 
cotangente 
hyperbolique 
(argcoth / 1coth− )

Inverse hyperbolic 
cotangent  ������� <����� �C

����� 
Nombre irrationnel  Irrational number �:( #�* 
Entier relatif Integer 8	9: #�* 
Nombre naturel  Natural number ��	�D #�* 
Nombre rationnel Rational number ED�B #�* 
Numérique  Numerical "�#�* 
Complexe Complex �1-3 � ��F +*
Elément  Element  -G�* 
Dérivable Differentiable H� �IJ� �%�K 
Règle de l’Hôpital  
 

L'Hôpital's Rule L��	%�� @�*�K 
Arc sinus (arcsin) 
 

Arc sine  +��K
��	
Arc tangente 
(arctan) 
 

Arc tangente ���� +��K 

Arc cosinus (arccos) Arc cosine <����� �	, +��K 
Arc cotangente  
(arccot) 
 

Arc cotangent  <����� �C +��K 

Minimum Minimum M-N: "�	K 
Maximum Maximum ?��* "�	K 
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Extremum  Extremum M�GK "�	K 
Valeur absolue  Absolute value " �O3 "�	K 
Dense Dense P	Q1 
Principe 
d’Archimède  

Axiom of 
Archimedes ��	R�( (��3 

Suites adjacentes Adjacent sequences @�A�S�3 T�	����3 
Suite  Sequence "	����3 
Sous suite  subsequence "	��, "	����3 
Suite de Cauchy  Cauchy sequence ��3 "	I�1 "	�� 
Suite extraite subsequence  ",-U��3 "	����3 
Croissant Increasing �����3 
Variable  Variable �N�3 
Discontinue  Discontinuous $O �3 
Décroissant Decreasing VK���3 
Intervalle  Interval L�W 
Intervalles emboîtés  Nested intervals X���3 TY�W"�
Borné Bounded #A�Z 
Continu  Continuous -���3 
Axiome Axiom "�[�)�+3
Fermé Closed E�N3 
Ouvert  Open \��]3 
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Uniforme Uniform ����3 
Théorème des 
accroissements finis 
 

Mean value theorem  T�������� "�-�B
^'���� "�-�B �"	_����

Théorème de Rolle  
 

Rolle theorem LA� "�-�B 
Point fixe  Fixed point @�3�: "O B 
Limite  Limit "��` 

********************************* 


