Maan A. Rasheed Numerical Methods 2020

Gaussian Quadrature Methods

Since Newton-Cotes formulas of order n give exact results, where f is of order less than or
equal n, we need to study another type of methods such as Gauss Quadrature method that
give the exact results where f is of degree less than or equal 2n — 1.

The quadrature form for a function f can be given as follows
n
Q) = ) wif (x0),
i=1

where {w;}/-, are called the weights,
{x;}7=, are the roots of a certain polynomial.
Gauss-Legendre Method

Suppose that, we need to find the integral

f f(x)dx, and let {x;}-, are the roots of Gauss-Legendre polynomial, which takes the
general form

F(x) = ( ) (2—1)" -1<x<1

2nn!
S0, P,(x) =x, Py(x) =5(3x* —1), Ps(x) =-(5x*> —3x) andsoon

The problem becomes

j_llﬂx)dx = Q(f) = Zwif(xo.

with error of order 2nth derivative of the function f
Therefore, our aim is to find the weights {w;}i-,

For n=2, the problem is

[ redx= Y wireo = wirGn) + wof G

where x,, x, are the roots of P,(x) = %(sz -1)=0.
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Thus x1=—71§, x2=\/—1§

So,
I f@d= w F(~) +waf ()
. AN/ AN

Since the truncation error equal zero where f is of order 2n — 1 = 3,

for f={1,x,x2% x3},

1
f ldx =2 =w; +w,,
-1

jl dx =0 + e e
xdx=0=wyx; +wyx, = ——+—,
. 141 2'2 \/g \/g
1 2 Wy w,
Zd = - = 2 2=— -
le X=3=win + wax; 3 + 3
jl 34 0 3 4 3 wWq n w»
x3dx =0=wyx WoX,3 = — ,
. 141 242 (\/5)3 (\/5)3

From these equations, we get w; =w, =1

Thus, the problem becomes

j_llf(x)dx = f(— %) + f(\/—lg) e (1)

For n=3, by using similar way, we can show that

1 5 3 8 5 3

where, —\E , 0, \E are the roots of Legendre polynomial of order 3.

Coordinate transformation from [a,b] to [-1,1]

b+a b—a

Set t =22% 4 2% gp P22 gy
2 2 2
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x=-1 - t=a |,
x=1-> t=b

Thus

Lbf(t)dt _ fllf(b;ax_l_b-zl-a) (b;a) dx

Example:-

Find the following integral, using the 2 points Gauss-Legendre formula
4

[ = f te?tdt = 5216.9
0

b—a b+a
t= > x + > =2x+2, dt=2dx

4 1 1
lzf tethtzf (4x + 4) e4x+4dx=f f(x)
0 -1 -1

Use equation (1), we get

o)

If we use 3 point Gauss- Legendre formula (2), we get much more accurate results

[ =5197.5



