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Definition :Field :a set F with two operation (+)& (x) such that

(1)1-for any a,beF,then a+beF (closure)
2- atb=Db+a (commutative)
3- if ceF,then a+( b +c)=(a +b)+c (associative)

4- There is an element O€ F such that if a € F,then a + 0 = a(identity
element)

5-V a € F3 — a € F s.t a+(-a)=0 (inverse)
(2) 1-for any a, beF,then a xb € F (CLOSURE)

2- ax b=bxa (commutative)

3-Ifce F,then aX (b xc)=(axb) X ¢ (associative)

4- there is an element 1 €Fs.tif a € F,thena X 1 = a (identity
element)

5-Va#0 EF3a 'eFs.ta xal=1
(3)Va,b,c € F,thena X(b+c)=aXb+aXc
Definition 2:Field

1- (F,+) is commutative group
2- (F\{0}.X) is commutative group
3- X distribution on +
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Definition : Vectors

The set of all orders n-tuples (x4, x5, ... X)) Where x4, x5, ... x,, are all real
numbers. An n-tuple is called vector and the numbers
X1,X9,.. Xy are called components of the vectors

Examples: x€ R, (x,x3) € R?, ...., (X1, X3, ..., X,) € R"

Definition of addition on the vecters

Let X=(x1,%2,..,%,), Y = (¥1, V1, ., V), then

X+Y=(x1, X2, e Xn) + (Y1, Y20 oo ¥n) = (X1 + Y1, 000, X + V)

Def: Scalar multiplication:

Letr € R, X = (X1, X9, ..., Xp), then r(xq, x5, ..., Xp) = (rX1,7X5, ., TXy)

Def.: equal two vectors

Let X=(x1,%2, 0, X2), Y = (¥, Y2, 0, Vn) then X =Y iff x; =y, x5 =
yZI "'Ixn = yn

Examples :
Let V=(-1,0,2,3,-6),W=(1,0,-2,-3,6),U=(3,7,-6,2,-1)&Z7=(0,0,0,0,0,)

Calculate U+V,V+U,3U,,3U+7V,V+W,0U
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Def.: Zero vector in R™

Is the vector in R™ and is denoted by 0,, =(0,0,...,0)
Def. The negative of X in R™ :

Denoted by —X=(-x1, =X, ..., —X,)

Example:

Let X=(1,2,-3,4) .Find —X and calculate X+(-X)

Theorem: let
X=(x1, X2, e, X ), Y = V1, V2, 0, V)&Z = (24, 25,..,2,) be vectors in R™
& letr,s€ R, then prove that

1-X=Y=Y=X
2-(X+Y)+Z=X+(Y+2)
3-X+0=X
4-X+(-X)=0

5-(r .s)X=r(S x)

6-(r +s)X=r X +s. X
7-r(X+Y)= rX+r.Y
8-1.X=X

Examples 1:LET X=(1,-1,2),Y=(0,3,6),Z=(-5,0,2) ,then satisfy (X+Y)+Z=X+(Y+Z)

Example 2 :let r=3,s=-5, X=(4,-2,6),then satisfy (rs)X=r(SX)

Example 3 find 3(-5,2,3)
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Length of vectors :

Let X=(x , y) by Pythagorean theorem

I X |I=+/x? + y?

If X=(x1,%5, ..., X,) , then || X ||= 1/xlz +xZ 44 x2

3-IF P=(x1, V1), Q = (x5, y,), then the distance between P&Q in R*

I PQ =/ (2 = x1)? + (2 — y1)?
Example
Let P=(2,3),Q=(3,-4) find || PQ ||
Geometric representation of vectors Lawdid domiall (e

o Llg dhadiy Ll dadl A dzgoll ealtine] dakad Al doviel) (gwiigll Jeedl Bya
il oLl 1 pguadl ) Soy09 dzeiall Hldies dasiivual) dalad)l Jobo Jiay

-XJW&"“-’.&AJ‘M@m dglill 9o 1 dsxiadl ol

Examples:

1-letV = (3,4) &W = (—8,7,4)

Ifind v & I WI

2-find the distance a- P, P, for P; = (2,3),P, = (4,6)
b-P, = (8,—4,2) P, = (—6,—1,0)

3-find
Il vi;v=(-125)and the distance between P, = (2,—3,—5),P, =
(5,2,—1)

4-Find the point geometrical
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A=(3I4I-2) IB=(-2I4I-5) C:(-3’_4'2)

Def. scalar multiplication geometrically:

Let
V#0ke
R, then kV is the vector length greatest then 4 by k times and have the same

Direction of V if k> 0.if k<0 have opposite direction.

Dot product (scalar product)(Euclidean inner product)

(o)  Jadid] ol

If u,v are non-zero vectors in R? OR R3 and 8 is the angle between u and
v,then we define (Dot product )as follows.

u.vsllull.lviicos@;0<0<m

if u,v eR" is defined by u.v =u vy + uyv, + :-- + u,v,, ,where
u=(uq, Uz, ..., Uy) &V = (V1,03, ..., V,)

Example :let u=(0,0,1)& v=(0,2,2) find u. v and 6 =45

U.vsllull.ll v Il cosf

lull=yu? +us+ui=0+0+1=-=
Ivi=+v0+4+4=V2

U.v=1.2./2 cos 45=2
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Theorem: if u,v,w are vectors in R? or R3 or R™ and k is scalar then

Lu.usllull?;u.u=u?+us+--+u?

2. if u, v are non zero vectors ,thenu.v> 0 iff 6 <90
3.u.v< 0iffd >90

4. u.v=90iff 8§ =90

5.u.v=v.u

6. u.(V+twW)=u.v+u.w
7. k(u.v)=(ku).v=u.(kv)
proof: 1- u. u =u u; + UplUy + - U U=UZ + U5 + -+ u?

2-u.v=l[u ll.ll v Il cos 90 =0
6 > 0 in the first and fourth quarterts

Cos 0 < 0 in the second and third quarters
6-u(v+w)=u.v+u.w
Let u .(v+ w)=uy(v; + wy) +u, (v, + wy) + -+ u, (v, + wy,)
=(uqvq + Uy + -+ U vy) + (Ugwy + o+ upWy)=uv+u LW
7- k(u .v)=(k u).v
K(u.v)=k(u vy + uyv, + -+ u,vy,)

=(kuy)vy + (kuy)v, + -+ (kuy)vy=(ku).v
Examples:

1- find (3u+2v).(4u+v)
2- ifu=(1,3,-2,7),v=(0,7,2,2)find [l w I, | v II, d(u, v)
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Cross Product:

If U,V are non-zero vectors in R3,U=(uy, u,,u3),V = (vq,v,,v3),then the
cross product of U &V is the

U Uzl U1 U] Uy
UxV =y ool for vl
(v2

u2 3
v3l' vy v3l'lvg 772|)E R
=(upv3 — U3Vp, — (U V3 — U3V), U V; — U V)
i Ji k
Which mean UXV =|u; u, uz| =i(u,vz—uzv,)—jluvs—
V1 VU U3
uzvy) + k(ugv, —uyvy)

NOTE: the cross product is define only in R3

Theorem :the vector U X V is orthogonal to both U &V
Theorem: if 8 is the angle between U &V then

NTU XVI=IUIIVI sine®

Corollary: the two non-zero vectors U&V are parallel if and only if U
X V=0

Example:

Let U=(1,2,-2), V=(3,0,1)find UX V

v =f Il 7 3

Example
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Find U XV ,where U = (3,—4,1) & V=(5,2,-6), then find the angle a
form U &V.
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Theorem :if u, v &w are vectors in R3 and k is scalar then:

1-UxV =—(V x U)
2-UX(V+W)=UXV+UXW
F-(UtVXW =UXW+V XW
4- k(Ux V) = (kU) x V) =Ux (kV)
-Ux0=0xU=0

6- Ux U =0

PI’OOfel- UX V = (u2U3 - u3v2, _(u1v3 - U3v1), UV, — uzvl)

VX U = (vouz — vzuy, —(viu3z — v3uq), Uy — VUq)

Area the cross product

The length of the cross product Ux VVis equal to the area of the
parallelogram determined by U&V

Area of the parallelogram =]l U X V lI=|L U |lll V || sin 8

Area of the triangle :% lUXVI

Volume of parallelogram =|| A. (B x C) ||

Where A=height ,B=length,c= width

Example

Find the area of the triangle determined by p; =(2,2,0),p, =
(—1,0,2),p; = (0,4,3)

Sol. P,P, = U = (—1,0,2) — (2,2,0) = (=3,-2,2)
PP, =V =(0,43) — (2,2,0) = (=2,2,3)

UxV=(-10,5,,10),Il UV ll= /(—=10)% + 52 + 102=/225=15

1 1
rea > I [ >
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NOTE: 1-U.V is constant

2-UxX V is a vector

3-the vector UX V is perpendicularly to both U&V
4-The vector i=(1,0,0),j=(0,1,0), k=(0,0,1)
EXAMPLE:

Find the volume of the parallelogram that generated by A=(2,1,3), B=(-
113r2)l C=(1111'3)
Sol. V=]l A.(B x C) ||
i j k
BXC=|-1 3 2 |=-11i-j-4k
1 1 -3

A. (-11,-1,-4)=-22-2-12=-36
| A.E lI=Il =36 lI= 36

EXAMPLE
Find the volume of parallelepiped ,where
A=(21113)IB=(1I2 -IO)IC=(3l011)

Definition of Vector space:

A vector space over F is a set V together with two operation

additive and multiplication such that satisfying each of the
following:

1-(addition is closed) u+ve V for allu,v €V
2-(addition is commutative) u+ v=v+uforalluwv eV

3-(addition is associative ) u+(v+ w)=(u+ v)+w for all u,v,w € V.
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4-(additive identity ) there exist an element 0 € V called ZERO VECTOR
such that u+0=0+u=u for allu € U.

5-(additive inverse) for every veE V there exist an element —u €
V,suchthatu+ (—u)=0=-u+u

(V,+) is a commutative group
6-(.isclosure)av €V forallveV,a € F
7- (. Is associative ) (aB)v=a(Bv)forallve V,a,p € F

8- (. Is distribution on +) a(u+v)=au+av forallu,v €
V and aeF

9-(a+p)u=au+ Puforallu €eV,a,p €F

10 - for all u€eV thereexistanelement1l € F,called the
multiplicative identity of u,;1.u=u.1l=u

Example: explain that (R,+)form a vector space over R . HW

2-is (Z,+,.) form a vector space over R

Sol. Let x= % €ER2€ZS0 %.2 & Z ,so (Z,+,.) is not vector space over
R

3-let V={(x1,x5); X1,X, E R, x, = %xl + 1} is (V,+,.)form a vector space

over RZ.

S04. let X=(xq, x3) such that x, = 2x; + 1

Y=(y1,¥2);¥2 =391 + 1
X+Y=(xq,x2) + (¥1,¥2) = (x1 + y1, X2 + ¥2);

Toprove x; +y, =5(x; +y1) +1

1 1 1
x1+y1=5x1+1+5y2+1=5(x1 +y1)+2
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so(V,+,.)IS NOT V.S OVER R?

Example: let C be the set of complex number .Define additionin C
by(@+bi)+(c+di)=(@+c)+i(b+d)foralla b,c,dER

and we define the scalar multiplication by a(a + bi)
= aa + abiforallx € R &vVa,b € R

1- The addition is closed u +v=(a +c)+i(b +d) since a ,b ,c, d are real
numbers

2- The addition is commutative

3- U+V=(a +bi)+c +di=(a +c)+i(b +d)=(c +a)+i(d +b) because addition are
commutative on R

4- =(c +di)+(a+ib)=v+u

5- The addition is associative since +is associative on R (H.W)

6- The additive identity :for all u=a+ib € C we have (a+bi)+(0+i0)=a+ib

7- The additive inverse. For all u=a +bi € C we have (a+ib)+(-a+(-b)i)=0+0i

8- Let u=a +bi,v=c+die C ,a €R

A-au=a(a+bi)=aa+iab€eC

B-a(u+v)=a[(a+ib)+(c+id)=ala+c+Ila(b+d) because
Multiplication distributes over additionin R

Also the right hand

au+av=ala+c)+ia(b+d)
c-l@a+Bu==(a+p)a+bi) = (aa+pa)+i(a+p)b=
aa+iab) + (Ba+iPb) = au + Bu

D-(aB)u = (ap)(a +ib) = a(fa+ipb) = a(fu)

9-the multiplication identity :1.u=u ;u=a+ib

So(C, +,.) is vector space

GO e il BIELY) [ das)




Example:

a b

’ d);a,b,c,d € R}.

Let My, (R) = {(

IS (M, -, +,.) vector space. HW

Standard vectors in R", R"

e; = (1,0) - (1,0,0,..,0)
e, = (0,1) - (0,1,0,...,0)
e; = (0,0,1,0, ...,0)

e, = (0,0,..,1)

Proposition(1) :every vector space has a unique addition identity
Proof: suppose 0,0\ are two additive identity

0+0\ = 0\(since 0 is identity)

0+0\ = 0 (since 0\ is identity )

0=0+0\ = 0\ hence 0 = 0\

Proposition (2):every vE V has a unique additive invers

Proof: suppose that there are two additive invers of v ,let w,w"

V+w=0&v+w\=O,Sow=W+0=W+(v+w\)=(W+v)+w\=
0+w\=w

Proposition (3) :0v=0forallve V

Proof:0.v=(0+0).v=0.v+0.v
0.v-0.v=0.v+0.v)+(-0.v)
0=0.v+(0.v+(-0.v)=0=0.v+0,so0 0=0.v
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Proposition (4) : (-1).v=-v for everyv eV

(-1)V+V=(-1)V+1.V
=(-1+1)V=0.V=0
(-1)V+V=0
(-1)V4+V+(-V)=0+(-V)
(-1)V+(V-V)=-V

(-1)V+0=-V

(-1)V=-V

L\I—/I\V)\ij IF k .u=0,then k-0 or u=0

Proposition (5) forallu,v,w eV
If u+v=u+w , then v=w H.W

Proposition (6) :for all u,v
€ V,the equation u + x = v has a unique solutiox =v—-u €V

S04 u+ x=v

-U+ U+ X=-U +V

(-u+ u)+x=v-u

O+x=v-u implies x=v-u

Suppose there exist another solution x’ s.t u+x\ = v to prove x = x\
X=v-u

=u+x \-u

=x \+u-U

x\+0=x\

the solusion is unique




Proposition (7) :for allu € V,we have— (—u) = u

Set: u+(-u)=0

(-u)+(-(-u))=0

(-u)+(-(-u))=-u +u

u+(-u) +(-(-u))=u +(-u)+u
[u+(-u)]+(-(-u))=u +[-u+u]
0+(-(-u))=u+0

-(-u))=u

Subspace

Let (V,+,.) is a vector space over k

Definition :a non-empty subset U of V is called a subspace of V if
(U,+,.)is a vector space over k

Proposition 2.2:anon-empty subset U of a vector space V over k is a

subspace of V if and only if the following condition are satisfied

1- 0e U
2- 2-forallu,ve U,we haveu+veU
3-Forallue Uand a € K,we have au € U

Remark: Every vector space V has two subspaces, namely V and {0},
which are called trivial subspaces. Any other subspace of V is called a
proper subspace
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Examples:
1- Let U={(xq, x5, x3) € F3;x; + 2x, = 0} is U subspace of F*
SoL:

1- 0=(0,0,0) € U,since 0+2.0=0

2—letx = (x1,%2,%3),y = (Y1, ¥2,¥3) € U; x1 + 2x, = 0&y; + 2y,
= O, then x + y = (xl)xZ)xS) + (y11y21y3)
= (X1 +y1,X2 + Y2, x3 + ¥3)

to prove x; +y; + 2(x, +y,) =0

(x1 +2x) + (y1 +2y,) =0+0=0

X+ye U

3-leta € F,x = (x1,X9,x3) EU;x; +2x, =0

ax = a(xq,x3,x3) = (axy, ax ,ax3);

ax; + 2ax, = a(x; +2x,) =a.0=0,so0ax € U

(U,+,.)is a subspace of F3

2-let W={(a,b,0);a,b€ R} c R3is W subspace of R3

Proposition : let k(—u) = (—=k)u = —ku

Proof : (-k) u+ k u=0 so (-k +k)u=0
(-k) u +k u-k u=0-ku

(-k)u=-k u
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Proposition: if W, &W,are subspace of V,then W, N W,is subspace of V

Proof: letw; # 0 & wy, # Dsow; Nw, # 0

a) since w,&w, are subspace of V ,then0 € w,& 0 € w,, hence 0 €
w1 N Wo

b) let uve W; N W,, henu,v,u € W, &u,v € W,,thenu+v € W, &u +v €
W,,thenu+veW, nW,

c)leta € K&u €
W; N W,, then since W, &W, are subspace of V,then au € W, & au €
W,, hence au € W; N W,

Proposition : let
Wi, W,,.. Wiare subspace of vector spaceV over field K ,then

1-WinW,n..NnWyisasubspace

2-W,i+ W, + -+ Wy is asubspace of V

Inner product space:

Definition: an inner product is a vector space with addition structure .More
specifically each pair of vectors is associated with a scalar quantity known
as of the inner product of the vectors .The inner product is denoted as <, >

Def.2 an inner productonVisamap :VXV - F

Remark :the inner product is a generalizes the concept of dot product
Euclidean space
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The inner product is defined by the following axioms

1-linearity in first slot addition :forallu,v, we V

<ut+v,wa2<uw>+H<v,w>

2-homogenous:< au,v >=a < uw,v >

3-positivity:< u,u >> 0 Vu eV

4-Positive definition:< u,u > 0iffu=0

5-conjugate symmetry:< u,v > =<v,u >foralluvevVv

Example: x +iy=u,sou = x — iy
LEMMA:1-theinner product is anty- linear
2-the seconed slot, that is

a-<u,v+w>=<u,v>+<uw?>
b-<u,av >=a<u,v> foralluv,weVvVv
Proof : 1-<u,v+w>=<v+wu>=<vu>+<w,u>=

=<u,v>+<uw?>

I-<uyav>=<av,u>=a<uv>
NOTE: < v,0 >=<0,v>=0

Proof: suppose < v, 0 >=a #0,s0a<v,0>=<v,a.0>
=<v,0> ,sothataa =a
which is a controductionifa +#0,soa=0

Example:if U = (uq,u,),V = (v1,v,), then

< U,V >=3u,v; + 2u,v,.show that < U,V >> is inner product on R?

sol. Let W=(wy,w,), U +V = (uy + v, uy +v,)

<U+V,W =3y +v)wy + 2(uy +vy)w,
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= 3uwy + 3vywy + 2uy,w, + 2v,w,
= 3uywq + 2u,w, + 3v,wy + 2v,w,
=<<UW>+<V,W >
2—< KU,V >=3(kuy)vy + 2(kuy)v, =k <u,v>
3-<u,u>=3uuq + 2uyu, =
= 3uf +2us =0
<uu=3ui+2us=0iffu; =u, =0
5—-<u,v>=3uv1 + 2u,v,
= 3v1Uq + 2v,u, =< v, u >
so < U,V > isinner product

Example:

. U Uz V1 V2
lf U= ( ) V=( ) ,then < U,V = uiv + U,y + U3V3 +

Uz Uy Uz V4
ULV, LS Inner product on M,

Induced by norm

Definition: let V be a vector space over F.a map

I.I: V- R,whichmean .|l : V| VI=V<V,V> VveV
InnormonV , three codition are satisfied

1-positive definition. [u I=0iffu=0

2-positive homogeneity .l au ll=lla ll.lu |l foralla € F,u €V
3-Triangle inequality:| u + v ISl u |l +ll v |l for allu,v €V

Remark:|| u ||= 0

GO e il BIELY) [ das)




Proof: u-u=0,s0 || u — u [[= 0, implies |l ull +Il —u |= 0. thus
lull +llull=0,sothat?2 || ull= 0,therefore l|ul=0

2 —if we take V = R" ,then the norm define by the usual dot product i.e

U=(uy, Uy, ... uy), then || ull= Jus +uz + - u,

Example

Let f(V)=v< V,V >, Is f(V) satisfies the axioms of a norm

Sol: 1-since< V,V >> 0soV<v,v>=>0,<V,V>=0IFFV =0
IT FOLLOW THAT f(V)= 0

2-l aV =l a Il V Il

FlaV) =Vv< aV,aV >=\/a2 <V, V>=llalv<V,V>=lallVI

3-IV+UI=IVI+IUI

FV+tU)=A/<V+UV+U>=A/<V,V>4+2<V,U>+<UU >

<VJ<V,V>+<UU>

<VJ<V, V> +/<U,U>
< F(V) + F(U)

~ F(V)is anorm

example2

(R,I.1Nis a norm
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Orthogonal

Definition: two vectors u,v € V are orthogonal if <u,v>=0
Denoted by ul v
Theorem:

Ifu,veV, withu Ll v ,then |u+vl*=|ul*+| v |?

Proof: suppose ul v,sincellu+vi=+v<u+v,u+v>
lu+vi?P=<u+vu+v>
=<uut+v>+<v,ut+v>
=<uu>+<uv>+<v,u> +<v,v>
So<u,v><wvu>=0since ulv
=< u,u>+<v,v> =l ull?+lv |

Theorem: caushy —schwarz inequality)

Given any u,vé V,we have < w,v >I<|ull.ll v

Or<u,v>2<<uu><vv>

Example :hold the caushy —schwarz inequality if u=(2,1),
v=(1,-3),then < u,v = 6uU V1 + 2U, v,
<uv=>6(12.1)+2(1.(-3)=6
<uu>=6.4+2.1=26
<v,v>=6+2.9=24

6% <26.24,5036 < 624
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Theorem (Triangle inequality)

Forallu,ve V,then [u+vi<llul +ll vl

Proof: By a straight forward ,calculation, we obtain
lu+vi?=<u+vut+v>=<uu>+<uv>+<vu>+
<vv>

=< uu> +t<v,v> +<uv>+<u,v>

=l u 1>+l v I?°+ 2R < u,v > since Re< u,v ><|[<u,v >| by using the
caushy —shuarz we have

lu+viP<lul*+lviI*+20ul.lvl
< (hwll +iv 2
Taking the square root of both sides, we obtain the triangle inquality

3-Linear combinations and span:

Definition ::we say that the vector x is linear combination of vectors
X1,X2, ..., X, Lf we can write x as the form

X=c1xq + C3xy + -+ Cpxy;€1,€C2,..,C, ER

Example :let x; =(1,2,1,—-1),x, = (1,0,2,—-3),x3 = (1,1,0,—2)in R*
.show that x=(2,1,0,-2) is a linear combination of x4, x5, X3

Sol. let3cq,¢y,c3 €E R; X = c1xq + Cox5 + C3X5
(2,1,5,-5)=¢1(1,2,1,-1) + c2(1,0,2,-3) + ¢c3(1,1,0,—-2)

c1+cy+c3 =2 (1)

2ci +c3=1 (2)

ci+2c,=5 (3)

—cy — 3¢, —2¢c3=-5 (4)
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from (1)and (4) we have — 2¢c, —c3 = —3,50
c3 =3—2c, (5) ifwecompensate (5) in(2) we have
2c¢y — 2¢c, = —2 (6) and by addition(6)with (3) we have ¢; = 1

Compensate to obtain c; = —1,c, =2, so X is a linear combination of
X1, X9, X3

Example (2):let u=(1,2,-1),v=(6,4,2) in R3,show that w=(9,2,7) is a linear
combination of u &v and w\ is not linear combination of u&v

Theorem: let \/ be vector space and
X1,X2, on) €

V,let W be set of all linear combination of xq,x5,...,x,,i.e W =
{c1x1 + c2x3 + -+ € X, €1, €32, ... €, € R}, then Wis a subspace of V

Proof 1:0=0.x; + 0.x, + -+ 0.x,,50 0e W # @

2- Letue W,3c¢q, ...,c, ER s.tu = cix1 + Coxy + -+ + Xy,
Letve W;3d,,d,,...,d, ERs.t v=dx; +dyx, +--+d, x,

U+tv=(c; +dy)x; + (c; +dy)x, + -+ (¢, + dp)xp,s. t
e, =ci+d;i=12,..,nsout+veWw

3- let u €W,3cy,cp ., ERS.TU= X +CXp + -+ Xy let a €
R;au = (acy)x; + (acy)x, + -+ (acy)x,

=kix1 + kox, + -+ kyx,

soau € W - W is subspace of V
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Spanned(generate):Let S ={x{, x,, ..., X, } be a set of vector space ,then we
say that S spans V or S generates V ,if every vector space V can be written as

a linear combination of vectors of which mean Vx € V; X = ¢1x1 + C2x5 +
ot CpXn

Example: let V=R3,S = {v{,v,,v3}s.tv; = (1,2,1),v, = (1,0,2),v3 =
(1,1,0),is S span R3

Sol. Let (a,b, c)€ R3
(a, b, c)=c1v1 + V5 + c3V3
=¢;(1,2,1) + ¢,(1,0,2) + ¢3(1,1,0)
a=cq + ¢y + ¢3 1
b=2¢; + ;3 2
c=cq + 2¢, 3
so by solve the equations we have

—-2a+2b+c a—b+c 4a—b-2c

C.= C,= Cs=
1 3 ) 2 3 3 3

so S span R3
Example 2:explain that 5={(1,0,0),(0,1,0),(0,0,1)}span R*

Remarks [A]=0,then the vectors does not span the vector(A transaction
matrix <boleo)! ddgéiao
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Linearly independence and linearly dependent:

Definition _:let V be a vector over a field K .Asubset
{v1,v3,....,v,}inVis linearly depent over K if there exist scalar

ai, Ay, ..., 0, € K. (not all zero )such that
a,v1 + avy + -+ a,v, =0

Definition :let Vbe a vector space over a field K .A subset
{v1,v2, ..., v} inV is linearly indepent over K if

av, + avy, + -+ a,v, =0, thena; =a, =--=a, =0

Example: let x; =(1,0,1,2),x, =(0,1,1,2),x3=(1,1,1,3) S R" .is S
linearly independent or not .

Sol. c1x1 + €c3x5 + €3Xx3=0
c1(1,0,1,2) + ¢,(0,1,1,2) + ¢c3(1,1,1,3) = (0,0,0,0)
C1 + C3 = 0

c,+c3=0

1
2
ci1t+cy+c3=0 3
4

2¢1+2c3+3c3=0
By multiply 3 by (2)and subtraction to 4 ,we have
C3=0,we compensate her to 1,we have
C:=0, and we compensate her to 2, we have
C,=0. So C;=c2=c3 =0, implies x4, x5, X3 is linearly indepent.
Example:
x1=(1,2,-1), x5= (1,-2-,1) , X3=(-3,2,1), x4=(2,0,0) is linearly indepent or

not. ‘;:7. HW
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Theorem :let S be a set of vectors in vector space V ,then S is linearly

dependent if and only if the vectors of S is linear combination of the other
vectors of S.

Example :let f(x)=x?%, g(x) = x, h(x) = 1 and j(x) = (x + 1)?,explain that
S={f,g,h,j} is linearly indepent

Sol. By theorem 3c¢4,Cc;,¢c3 ER

J(x)=c1f(x) + c29(x) + c3h(x)

(x +1)% = ;2% + c3x + ¢35
x*2+2x+1=cyx*+cx+c3
c1=1¢c,=2,c3=1

{f, g, h ,j} is linearly dependent

Remark: if |A|=0 < Uvectors linearly dependent
If |A|# 0,the vectoers linearly indepent
Basis :

we say that a set of vectors S={xq,x;,...
vector spaceV is a basis for this vector space

if the following condition hold

1-Sis spanV

2-S is linearly independent

Examples:1-let S; = {(1,0),(1,1)}
2-5; ={(=2,1),(2,3)}

Explain that S; and S, form a basis for R*

1-let X=(a,b) € R?,3c4,c; € R; X = c1x1 + €3X5
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(a,b)=C1(1, O) + CZ(]-; 1)

(Cl; O) + (CZ' cZ)

1

C1X1+C;X,+0

(c1,0) + (c1,¢2) = (0,0)
c1+¢c; =0

c, =0

~ €4 =€y = 0,508 is linearly independent

S, is basis for R?

Standard basis (unit vector) or natural basis :

1-S={e; = (1,0),e, = (0,1)} basis for R?
2-S={i=(1,0,0),j=(0,1,0),k=(0,0,1)} basis for R3

35={e; = (1,0,0, ...,0), e, = (0,1,0, ...,0), ..., e, = (0,0, ...,1)} basis for R"

3-{E; = ((1) 8),E2 = (8 é) ,E; = ((1) 8) E, = (8 (1))} basis for M,y

4-S={1,t,t?}is stander basis for P, ; P,(t) = ay + a;t + a,t?
5-S={1,t,t2, ..., t"} is stander basis for P,
Theorem

If S ={X,, X5, ..., Xy} is a basis for vector space V ,then every vector space in
V can be write in only one form as a linear combination of vectors in S.
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Proof: since S is basis of V ,then S is span V,SO for each x € V 3¢y, ¢,,.., ¢, €
R; X=c1x1 + Coxp + -+ Cpxpy o o1

Suppose that 3d,,d,, ...,d, ER; X =dix; +dyx, + -+ dyxy,
By subtract 2 from 1 we obtain
0=(cy —dy)xy + -+ (¢, — dp)xy ,s0 S is linearly indepeandent
c1—dy=0->c¢ =dy
c;—d,=0-c¢,=d,
ch—d,=0-c¢c,=d,
Every vector in V can be written in only one form as a linear combination of S.
Theorem:if S={x{, x5, ..., X, }form abasis for vector space V and
T={y1,¥2, ..., Ym}form a set is linealy indepented ,then n > m

Proposition:|f

S={x1, X2, ..., X} and T =
{y1,¥2, ..., Ym}form basis for vector spaceV ,thenn =m

Proof: since T is basis ,so T is linearly independent
&S is basis then by theorem n>m
And S is linearly independent & T is basis by theorem m>n

From 1&2 we have n=m

Theorem :if S={v,, v,, ..., v,,} is basis for V ,then any set contain (n) vectors
is linearly dependent.

Example :is S basis of R?; 5={(1,1),(1,2),(0,1)}€ R?
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Dimension:

The number of vectors in a basis for V is called the dimension of V, denoted
by Dim(V) or dim(V).

Example : 1- dim R=1 since natural basis ,S={1}
2-dimR? =2 ,,since $={(1,0),(0,1)}

3-dim R3=3,since S={l, j, k}

4-dim (C)=2, since C =a+ib

5-dimR™ n, since S={eq, €,, ..., €,}
6-dmM,,, =nXxXn

7-dim P, = 3,since S = {1,t,t%}

8-dimP,., =n+ 1,sinceS = {1,t,t?, .., t"}

Theorem: let V be a finite dim.v.s. with dim(V)=n, then

1-If UC V is subspace of V,then dim(U) < dim(V)

2-If V=span {V,V,, ...,V,},then {V, ...,V,} basis forV

3-1fV4,...,V, }is linearly independent inV ,then {V4, ...,V,} is basis
of Vv

H.W: find dim of S={(1,2),(2,3)}€ R?

EX: let W={(a, b, c, d);c=a-b, d=a+ b}

Show that W is a subspace of R* ? find dim(W)?
To find the basis of W?

Let a=1,b=0,c=1,d=1,then X; = (1,0,1,1)

Let a=0,b=1,c=-1,d=1,then X, = (0,1,—-1,1)

S={X{, X,},let (a,b,c,d)e W3cq,c2 € R;(a,b,c,d) = c1 X1 + c2X5
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=(c1,0,¢1,¢1) + (0,¢2,—€3,€3) = (€1,€2,€1 — €3,€1 + C32)
c1=ac¢,=b,cqy—c¢c,=ccy+c; =d,soSspanW
letcy,c, €R;(0,0,0,0,) =c1 X1 + X5
=(cq1,€2,€1 — €2,€1 + C2)
c1=¢c,=0

So S is linearly independent ,dim(S)=2
Row rank ,vertical rank and the relationship between them.

Bgdaoll § Was diwal| SIgdall sus(ddiall ddyall)AIgdia0 Lol S : Cdspnd

ks dldiwall Stac)) dde (p: D) gor)| didisall

Rank of A) )ddsbsaall 4yt dogar)l ddsall= &bl dipall:dls>Mo
(Bgdsaall 4y Sl dudiS

&SIy B gauall Cildas pluseiusl Byvall diuall 3 48 gimaall auas -1

(o 3l e C3E131)Adsaunall § Doyiuall ae Bgasall sus =45y -2

A Bgaacll Bgaall slaiy Bsisall lgario o Ladall G50 sbadll o -4
4 gasnoll Bl clady Buasl Wigamio (o Lidedl 3320l sLadll ousw -5

2 1 0
3 -1 4
Sol. The row vectors :ry = (2,1,0),7r, = (3,—1,4)

Example :let A=( )find row vectors and column vectors

The column vectors :e; = [g],ez = [_11] €3 = [2]

Theorem :the simple operations on rows do not change the row space of a

matrix

Theorem: the non-zero row vectors in the characteristic row image of
matrix form the basis of the row space of the matrix.
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Example :find the basis of the row space of the vectors

V1=(1,-2,0,0,3),V2=(2,-5,-3,-2,6),V3=(0, 5, 15, 10, 0),
V4= (2, 6,18,8, 6)

By charac teristic row we have W; = (1,-2,0,0,3),
w,=1(0,1,3,2,0),W; =(0,0,1,1,0) be basis of row space
remark:column space of A=row space of A”so

basis of column space of A = basis of row space of AT

Theorem: If A is a matrix, then the row space and column space have the
same dimension

Definition: dimension of row space and column space of A is called rank (A).

Gram Schmidt algorithm or (Gram — Schmidt orthogonalization procedure)

Definition let
Vi, Vy, .., V, formabasis for subspaceV is inner product

Space V ,then to convert this basis to orthonormal basis to V ,apply the
following steps:

Put W1 = V1

. <V, Wi1>
2wz
. <V3 Wi> . <V3 Wo>

wqz w2 2

w2z 1 w2 - nl

then {
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{(W{,W,,...,W,}is called orthogonal basis

Examples:
S={V1 == (1, 1, 1), VZ == (0, 1, 1), V3 ==
(0,0,1)} is a basis for R3 convert this basis to

orthonormal basis

SOL Let Wl - Vl

W2=V2_—

- QLD —IALD AR LD = (&

SV Wi>r,  <V3Wp>

W, =V, —
3 3 A AR

= 00D -5 =3(533) = G509

The orthogonal basis is {W{, W,, W3}

The orthonormal basis |s{

||W1 I’ ||W2 I’ w3 ||}

H.W: convert this basis s={V,=(01,1,1,1),V, =(1,2,4,5),V; =
(1,—3,—4,—2)}of R* to orthonormal basis

Definition :orthogonal set

A subset S={v.,v,,..., v,} of a vector space V form an orthogonal set if all
vectors in S are orthogonal to each other (u;. u; = 0 for i + jIn addition if
all vectors is an orthogonal set ,if S has length one i. e || v; [|= 1,then S is
called an orthonormal set.

Example :letP,, which is orthonormal set

1——X + —Xz Xz is not orthonormal ,since
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2 2 1y2 2, 1y _ 2y2

02 2 (2. () + 3D o

so S is orthonormal

=(L —1 = (2 3 —
HW ) letX=(+, —%), Y = (5, 5;) - Show that § {X{,X5}be
orthogonal if the inner product

< U,V = 3u,vq1 + 2u,v, and is not exist if Euclidean inner product.

Linear transformation on vector space:

Definition :let V and W are two vector spaces over field K .A linear
transformation T from V into W is a mapping

T:V-W; 1- T(u+v)=T(u)+T(V)
2-T (auw)=aT(u) for all u,veV anda eK
fT.V - V
,then we say that T is a linear transformation onV

Example: show that T:R? - R? defined by
T(ay, az,a3) = (ay + az, a; — az)
Is a linear transformation
Set:u=(aq,a,,as3),v = (by, by, b3) € R3

Then u+v=(a; + by,a, + b,, a3 + b3)
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T(u+ v)=T(a; + bq,a; + by, a3 + b3)
=(ay + by + a; + by, a, + b, —az — b3)
=(a; + az,a; — a3) + (by + by, b; — b3)
=T(u)+T(v)
2-let x € K, then au = (axaq, aa,, aasz)
T(au) = (aaq + aa,, aa; — aasz)
=a(a, + az a; — az)
=aT (u)
So T is a linear transformation
Exercise :1-Let M € M,,,,.,,(K)&N € M,,,,.,,(K)
Define T:M,,,,,(K) - M,,«,(K)byT(A) =M .A.N

Forall AS M,,,..,,(K), show that T is a linear transformation.

2-let T:R? - R%T(x,y) = (y,x + 2y, 2x — y),is T linear transformation.

Properties of linear transformation

Let T:V— W be linear transformation;
1-T(0)=0;0€e V

2-T(-v)=-T(v) Vv eV
3-T(v-w)=T(v)-T(w) Vo, w €V

Proof:

1-T(0)=T(0.v)=0 T(v)=0
2-T(-v)=T(-1.v)=-T(v)

3-T(v+(-v))=T(v+(-1)w)=T(v)-T(w)
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Definition :composition of linear transformation

LetT,:V —» U &T,: U » W be linear transformation so
Ty,oT:V->W;T,oT{(v) =T,(T{(v);veEV
Theorem :the composition transformation is linear transformation.
Proof :suppose T;:V — U, T,: U - W be linear transformation ,then
1-TyoTy(v+u) =T, [T,(v+uw] =
T[Ty (v) + Ty (W] =T, o Ty (v) + T o Ty (w)
2 =Ty o Ty(kv) = T, (T1(kv) = T (kTy(v)

=kT2(T1(v) = kT, o T1(v)
T, o T; is linear transformation

Kernel and Rang of linear transformation

Definition :let T:V—> W be linear transformation
Ker (T)={ve V;T(v) = 0}
Definition rang of linear transformation :is the set ofimag by T

Example: if T:V— W be zero transformation,so

T:V> 0 ,50 ker T={V} ,rang T={6}

Example :let S={v{,v,, v3} € R3;v,=(1,1,1),v, = (1,1,0),v3 = (1,0, 1)
Let T:R3 — R? be linear transformation ;T(v,) = (1, 2)
T(vy) = (3,—-1),T(v3) = (—1,5)find T(2,-3,1)
Sol.:(2,-3,1)=k; (1,1, 1) + k(1,1,0) + k3(1,0,1)
Ky +ky + ks = 2
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ki +k;=1
sok; =1,k, =—-2,k; =3
Remark: rank T=rank A
2-ker T=solution of AX=0
Theorem :let A be mXn matrix ,so dimension of solution of

AX=0=n-rank A; n=number of column.

Matrices of linear transformation:

L:,h:dl ezl A3 gh4a0

Let e4, €5, ..., €, be standard basis ,let A be mXx n matrix where it column
T(eq),T(ez),...T(e,)

x-
.p2 2. 1 _
IfT:R“- > R 'T[xz_ —l

X1+ szl
X1 — X2

Tien) = T[] = [

Tley) =T|q| = [_21] ‘A=[i —21]

ai aj; A1n
In general :T(e;) = |A21|,T(ey) = |A22],..T(e,) = |A2n

ani An2 Ann

Examples: Let the matrix A ;find linear transformation of A,where

T:R3 - R* where A = [1 —2 1]

1 4 6

1
1o =[5 L e e | =[3)
0 3x1 +4x, + 6x3 3
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Wap-[Z > wop-[3

2- Matrices of linear transformation to the basis B,B\

Let V be space dim is n and basis B={u4, u,, ..., u, }

Let W be space dim is m and basis B\ = {v,,v5, ..., V,,}

Letxe V- [x], € R"&[T(x)]g matrix ,the matrix of linear transformation is
vector in R™ for each [x]p in R"has image in [T(x)]g in R™

This transformation is linear transformation by the matrix A;A[x]|p_[T (x)p,
11 Q12 Qg

where A=(Q21 A32 ClZn]
Ap1 Quz Qpp

So the matrix of linear transformation is

A=[T(u1)B, T(uz)B, very T(un)B]

Example :let T:P, — P,be linear transformation ;

T(P(x))=x%2P(x),find matrix transformation T to
B={p1' P2, p3}r B\ - {p}: p;; p;}: where
pr=1+x%p, =1+ 2x+3x%p3 =4+ 5x + x*

py = 1,p; = x,p; = X%, py = x*

sol.T(py) = x*(1 + x*) = x? + x*

T(py) = x*(1 + 2x + 3x%) = x% + 2x3 + 3x*

T(p3) = x*(4 + 5x + x?) = 4x% + 5x3 + x*
OLIII=Y1 dd ghuan (9SS Eldug

T(p1) , T(p2). T(p3)
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Chapter 3

Eigen values and Eigen vectors

Definition :let A be an nX n matrix ,if there is a scalar A € C ,if there exists a
nonzero vector x ;A x=Ax,then we say that A is an eigenvalue for A ,and x is
called an eigen vector for A with eigenvalue 4

Remark

the characteristic equation of a square matrix A is the equation
|A—2AI| =0

Theorem: the eigenvalue of a square matrix A are the solution of the
characteristic equation |[A— AI| =0

Examples : find the eigenvalue and the eigenvectors of the matrix
2 3

A'[g —6]

We have to find A-AI

war=(5 -2 1)=05"
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Now to find the solution of characteristic equation
|A—AIl =0,S02—-A)(-6—-—4)—9=0
22+42-21=0
(A+7)(A—-3)=0,s0A=—-70rA=3

To fined the eigenvector x if A = —7 ,to solve the following system (A-
AD)x =0

G ) -4 DG)=6)

(757 6 )G =)

3 VG)=6)

By multiply the first row 1 we have (; i)

Multiply the first row (-3) and addition to the second row

1
We have ((1) g),now we can solve

(2 3)G-©)

1 1
X1+ 3X2 = 0,s0xq = —3X2

1 1
] i’y -
assume x; = Ccq, gives x = (3 1) =Cq <3> ;€1 ER
C1 1

Similarly ,we show that the eigenvector of 1, = 3 is

X=c, (i) ;€2 ER

H.W find the eigenvalue and the eigenvectors of the matrix A=(i g)
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