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Fourier Series

12.1PERIODIC FUNCTIONS

If the value of each ordinate f{¢) repeats itself at equal intervals in the abscissa, then f{¢) is
said to be a periodic function.

ff@e)=f+D=f+27) = .... then T'is called the period of the function f ().

For example :

sin x = sin (x + 2m) = sin (x + 4 w) = ... so sin x is a periodic function with the period 2x. This
is also called sinusoidal periodic function.
A f(1)

— ﬁ V—Zt - 0 U 2n t
—1F

<—T:2n—P|

12.2 FOURIER SERIES

Here we will express a non-sinusoidal periodic function into a fundamental and its
harmonics. A series of sines and cosines of an angle and its multiples of the form.

a
7°+a1 COS X+ a, cOS2X + a; COS3X +...+ @, COSNX + ...

+b sinx+b,sin2x+b,sin3x+...+ b, sinnx +...
a, < - .
= 7+Zan cosnx+2bn sin nx.
n=1 n=1

is called the Fourier series, where a,, a,,. ..a,,...b,, b, b,. .b ... are constants.

A periodic function f{x) can be expanded in a Fourier Series. The series consists of the
following:

(i) A constant term a, (called d.c. component in electrical work).

(if) A component at the fundamental frequency determined by the values of a,, b,.

(iii) Components of the harmonics (multiples of the fundamental frequency) determined by
a,,a;..b,,b,.... And a, a,, a,..., b, b,. .. are known as Fourier coefficients or Fourier constants.
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Fourier Series 851
12.3. DIRICHLET’S CONDITIONS FOR A FOURIER SERIES

If the function f{x) for the interval (-, 1)

(1) is single-valued (2) is bounded

(3) has at most a finite number of maxima and minima.

(4) has only a finite number of discontinuous
(5) is f(x + 2m) = f(x) for values of x outside [, 7], then

P P
a, .
S, (x)= 7+Zan cosnx+2bn sin nx

n=1 n=1

converges to f(x) as P — oo at values of x for which f(x) is continuous and to

1
E[f(x +0)+ f(x—0)] at points of discontinuity.

12.4. ADVANTAGES OF FOURIER SERIES

1.

2.

Discontinuous function can be represented by Fourier series. Although derivatives of
the discontinuous functions do not exist. (This is not true for Taylor’s series).

The Fourier series is useful in expanding the periodic functions since outside the closed
interval, there exists a periodic extension of the function.

Expansion of an oscillating function by Fourier series gives all modes of oscillation
(fundamental and all overtones) which is extremely useful in physics.

Fourier series of a discontinuous function is not uniformly convergent at all points.

Term by term integration of a convergent Fourier series is always valid, and it may be
valid if the series is not convergent. However, term by term, differentiation of a Fourier
series is not valid in most cases.

12.5 USEFUL INTEGRALS
The following integrals are useful in Fourier Series.

2n 2n
@) -[o sinnxdx=0 (i) -[o cosnxdx=0
2n 2n
(i) Io sin? nxdx=n @) Io cos’ mxdx =1
2n . . 2n
(v) Io sin nx-sin mx dx =0 (vi) .[o cos nx cos mx dx =0
2n 2n
(vii) Io sin nx-cos mx dx =0 (viii) Io sin nx-cos nx dx =0

(ix) Iuv dx =uv

r n rnr
Uy tutva—utv,

, du d*u
where v, = Ivdx, v, = Ivl dx and soonu' = s F and so on and
X X

(x)sinnmt=0, cosnm=(—1)"wheren € [
12.6 DETERMINATION OF FOURIER COEFFICIENTS (EULER’S FORMULAE)

a
f(x) =7°+a1 COSX+a, COS2X +...4+a, COShx +...

+b sinx+b,sin2x+...+ b, sinnx+... (D)

(i) To find a: Integrate both sides of (1) from x = 0 to x = 2.
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852 Fourier Series

2n dx aO 2nd 2n d 2n 2 d 2n dx
IO f(x) —7L x+a1J.0 cos x x+a2J.0 cos2xdx+...+a IO cosnxdx+...

n
2n 2n 2n
+blj0 smxalx+sz0 sm2abc+...+bnj0 sinnxdx+...

a 2n
= 70‘..0 dx, (other integrals = 0 by formulae (i) and (i7) of Art. 12.5)

[Trear=22m = a0=1j2“f(x)dx
0 2 TcO

..(2)
(7i) To find a_: Multiply each side of (1) by cos nx and integrate from x = 0 to x= 2.
J.znf(X)cosnxdx = @J.zncosnxdx+a J.hcosxcos nxdx+..+a J.zncosz nx dx
. > ), 1), wta,|

2n 2n
+b, IO sinxcosnxdx+b, IO sin2xcosnx dx+...
2n
=a, IO cos’ nxdx=a,n (Other integrals = 0, by formulae on Page 851)

l 2n
a, =—I f(x)cos nxdx
T 0

By taking n = 1, 2 ... we can find the values of g, a,,....

(#ii) To find b : Multiply each side of (1) by sin nx and integrate from x = 0 to x = 2.

J.znf(x)sinnxdx=@‘[hsinnxdx+a J.zncosxsin nxdx+...+a J.hcosnxsinnxdx+
. > ), 1), wta, |
2n . 2n 5
+b1_[ s1nxs1nnxdx+...b,,j sin” nxdx +...
0 0
2n
=b, IO sin® nx dx (All other integrals = 0, Article No. 12.5)
=b,m
b, =~[" fsinnxd
= -y f(x)sinnxdx (4

1
Note : To get similar formula of 4, 3 has been written with a, in Fourier series.

Example 1. Find the Fourier series representing
fx) =x, 0<x<2m

and sketch its graph fromx =—4ntox=4 .

Solution. Let f(x) =a—2°+a1 COSX+a, COS2X+.....+ b sinx+b, sin 2x +... (D
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Fourier Series 853

2n
1 r2n 1 p2n 1] x
a, =— X)dx=—| xdx=—|—| =27
Hence 0 nIU S(x) nIU n{2}

0

1 T 1 T
a, =—J.2 f(x)cosnxabc=—j2 X COS nx dx
o 0

2
1| sinnx coS nx 1| cos2nm 1 1
:_|:x _1'(_ 2 )i| :_|: 2 __2j|:T(1_1):O
b n n , T n n nm

1 p2n . 1o .
bn:;,[o f(x)smnxdx=;jo xsin nx dx

1 x(_cosnx)_l (—sinnx) . _l[—2n00s2nn}__g
T n A T n n

0

Substituting the values of a, a,, b, in (1), we get

. 1. 1.
x:n—2[smx+Esm2x+§sm3x+..} Ans.

f(t)

Example 2. Given that f (x) = x + x° for — n < x <n, find the Fourier expression of f(x).

? 1 1 1
Deduce that % =1 +?+3—2+4—2 +... (UP. 1I Semester; Summer 2003)
Solution. Let x+x* = a—2°+a1 cosx+a,cos2x+...+ b sinx+b,sin2x+... (1)
1= 1 pn 2 .
a, = ;Lf(x) dx = ;L()Hx Ydx (f (x) = x odd function)

szHz_

T 3], ®[3 3
1 m 1 n 2 2 T2

a, =—j f(x)cosnxdxz—j (x+x7)cosnxdx =—j x” cosnxdx
Y™ Ty ™ T 0

(x cos nx is odd function)

2

_ E{xz (sinnx) (2x) (—cosnx) N (2)[_ Sinfxﬂn
n n n

T 0
:g{nz sinnm _2n[—co§nn] . 2[_ s1n3n7‘cﬂ _ 4(—21)
n n n n n

b =1J'“ f(x)SinnxdleJ.ﬂ (x+x7)sin nx dx
nen e
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854 Fourier Series

2 ¢n
= jo xsin nx dx (x? sin nx is an odd function)

:g{(x)[_cosnxj_(l)[—sir;nxﬂn :E{_ @ cos nx +2sin3n7r}
T n n o T n n

2 2
—{—Ecosnn} =-=(-1" _2 (-
Tl n n n

Substituting the values of a, a,, b, in (1) we get
, T 1 1 . 1. 1.
X+x" =—+4| —cosx+-—c0s2x——cos3x+...| +2| sinx——sin2x+—sin3x—... .. (2)
3 2 3 2 3

Put x=min (2),
i’ 1 1 1
n+n2=?+4 1+2—2+?+?+... )
i’ 1 1 1
Put x=-min(2), —TC+TC2=?+4 l+—2+—2+F+... .4
21’ 1 1 1
Adding (3) and (4) 2 == 48|
3 2 3 4
An’ 1 1
2 o0
T 1 1 1
Tt Ch A

Exercise 12.1

1. Find a Fourier series to represent, f(x) = m—x for 0 < x <2m.
. 1. 1. 1.
Ans. 2{smx+zsm2x+§sm3x+ ...t—sinnx+ }
n
2. Find a Fourier series to represent x — x° from x = —x to © and show that

©” 1 1 1 1
L 7y
n’ cosx cos2x cos3x cos4dx sinx sin2x
Ans. _?+4{ 2 + SR +..}+2{ N 5 + 3 a4
3. Find a Fourier series to represent: f (x) = xsinx, for0<x <2m.

sin3x sindx
+...

+ +
2°-1 3¥-1 4-1
Find a Fourier series to represent the function f{x) = e*, for -t < x < 1 and hence derive a

T 2sinh (1 L cosx+——cos2 L cos3x+ j
. —_— X X — X+..
series for sinhn Ans. T 2 12+1 2% +1 3 +1

. 1 [cost cos3x cosdx }
Ans. —l+msinx——cosx+2
4.

2 3
sinx — sin 2x + sin3x... | and
{1%1 241 3741 }
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Fourier Series 855

5. Obtain the Fourier series for f'(x) = e™ in the interval 0 < x <27 .
l-e*[1 1 1 1 1. 2. .
Ans. —+—C0SX+—C082X +—co0s3x+—sinx+—sin2x + —sin3x +...
b 2 2 5 10

7 & cosnx

2

T — s
6. If f(x):(_xj ,O<x<2TC, show that f(x)=_+ P
2 12 n

n=1

2 o
T cos nx
7. Prove that x2=—3 +4E -1 e ,—TM<X<T

n=1

2

1 = 1 n 1 =
Hence show that (i) Z?:E (ii) Zm=? (iid) 2?:%

3x* —6xm+ 21’
8. Iff(x)is a periodic function defined over a period (0,2 w) f(x)= E 1)627'5 )

X cosnx 2 1
Prove that f(x) = Z 2 and hence show that % = 1+2—2 +3—2 +...
n=1

12.7FUNCTION DEFINED IN TWO OR MORE SUB-RANGES
Example 3. Find the Fourier series of the function

(—1 for m<x<-Z

2

T T

x)=|0 or -—<x<-—
S () Jor -5 P

+1 for §<x<7r

a . .
Solution. Let  f(x) =—>+a,cosx+a, cos2x +...+ b sinx + b, sin2x +... ()

1 m 1 -n 1 " 1 !
a = S = [ b [ o[ e
1 -n/2 1 n _l E_ _E =
_;[—x]ﬂ1 +;[‘x]n/2 - n{2 T 2} 0
a, :lj‘ﬂf(x)cosnx dx
Tc -T

1 p-n2 1 pni2 1 pn
= ;LT (—1)cos nxdx+;]lﬂ/2(0) cos nx dx+;jn/2(l) cos nx dx

. —n/2 . T sin— . . sin—
1| sinnx 1| sinnx 1 2 sinnm| 1|sinnrw )
n. on ], L on . i n n n| n n
1¢en f(x)
b, =—J:ﬂf(x)sinnxdx ]
n —x T
Xe—T—T 53—+ X
1 1 2

1 ¢-n 1 ¢ni2 .
__I /2(—1)sinnxdx+—j (0)sin nx dx
Ty T -n/2

1 = .
+;L/2 (D sin nx dx
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856 Fourier Series

—n/2 T
CcoS nx 1| cosnx
= T[ —_—
n -n T n n/2

1 nm 1 nm 2 nm
=—/| cosS— —CcoSnT |—— cosnn—cosT =— 0057—0051111

nm nm nm
2 2 2
blz_, bzz__, b3:_
s s 3n
Putting the values of a, a,, b, in (1) we get f(x) = 1{2 sinx —2sin2x +§sin 3x+... Ans.
T J
Example 4. Find the Fourier series for the periodic function
1) 0, -r<x<0
x =
X, 0<x<rm
S+ 2m) = f(x)
Solution. Let f(x)=a—;+alcosx+aocos2x+...+v1sinx+bzsin2x+... (D
1 1 12 1=
a, =—IO 0.dx+—J‘ xdx=—| > =—Ln—) =z
meoT Yo n| 2|, m\2 2
1 en 1 i " 1 (cosnm\"
anz—j xcosnxdx =— x.smnx_(l)(_cosznx] = —[ 3 j
w0 T n n o T\ n 0
1| =D" 1 2
= 2~ 2|~ " 2_ whennisodd
n| n n nm
=0, when n is even.
1en 1 i T -1 | (=
bnz—J‘ xsinnxdx =— x[__cosnxj_(l)[_smznxj =— —n—( ) =—( )
Y0 i n n o T n n
Substituting the values of a, @, a, ... b, b,, . .. in (1), we get
f(x)—ﬁ—z cosx+cos3x+0055x N sinx  sin2x sin3»>c+
I I T TR S BT 3 Ans.

DISCONTINUOUS FUNCTIONS
At a point of discontinuity, Fourier series gives the value of f{x) as the arithmetic mean of left

and right limits.
At the point of discontinuity, x = ¢
1
At x=c, f(x)=Z[f(c=0)+ f(c+0)]
-7, -nt<x<0

. . . . ¥) =
Example 5. Find the Fourier serzzesforf(x), if S(x) L, 0<x<n
1 1 1 s

Deduce that 1_2+3_2+5_2+ =g

a
Solution. Let f(x) = 7°+ @, COS X + @, COS2X +...+ @, COSNX +...

+b sinx+b,sin2x+...+ b, sinnx+... .. (1)

l T
a=— [" reodx

Then @ =— UO (—n)dx+jnxdx}=l[—1t(x)(,)n+(x2/2)ﬂ=l(—1t2+n2/2)=—£;
F1o K 0 b b
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Fourier Series 857
1 ¢n
a, = —I f(x)cosnxdx
T

. 0 .
1o n 1 sin nx xsinnx cosnx
a, =— I (—n)cosnxdx+j xcosnx dx |=—| = + +—
mL-w 0 b n o n n 0

1 1 1 1
=—|0+—cosnt—— |= -

=—— [( )" —=1]=—— when n is odd
T n n In

b, =l]‘n f(x)sinnxdx
Ty ™

1 . . . 1 0 . T
b, Z—UO (—ﬂ)smnxdx+J‘ xsin nx dx} :_Kncosnxj +[_xcosnx + smij }
mL-w 0 b n i n n 0

1 1
=— {E(I—cosnn)—ﬁcosnn} =—(1—-2cosnm) =l a-2(-D"
wln n n n

3 .
b, :; when #n is odd

-1
= — whenn is even
n

1) = —E—E[cosx+ cos3x cosSx . j+3sinx— sin2x 3sin3x sin4x N @
4 w 3? 5 3 4 v
Putting x = 0 in (2), we get /(0) = _%_%(1+3i2+5_12+w°°) ) .3
Now f'(x) is discontinuous at x = 0. +
But /(0-0)=-mand /(0 +0)=0
f(0)=%[f(0—0)+f(0+0)]= -n/2
t » X
non o 2[1 1 1 -t O m
From (3), —EZ—Z—;L—Z+3—2+5—2+..} |
o111 7
or ?=1—2+3—2+5—2+... Proved.
Example 6. Find the Fourier series expansion of the periodic function of period 2m-, defined by
X if - Fex<®
f()= : )
n—1 it © <xX<—
2 2

a . .
Solution. Let f(x) =7°+a1 COS X +a, COS 2X +...+ b, sin x + b, sin 2x +...

/2
1 pni2 1( x? 1 X )2
xdx+— T—X)dx =—| — +—| m——
T2 '[ ( M n(2} n( 2}

Now ay =—
-n/2

__(__n_2 +_(3L_9i_n_2+n_2\_ (3 9 1+1)
“al 2 8 2 8)°F
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858 Fourier Series
1 ¢n/2 37“
a, = ;J‘iﬂ/zxcosnxdx+;jﬁ/2(n—x)cosnxdx
_ N 3
_1 xsinnx_(l)(_cosznxﬂ ? +l{(n_x)sinnx_(_1)(_cos2nxﬂ2
b n n T n n o
. . nm
sin— cos— sin— cos—
T T 2
= E + ) 2
T n n 2 n n
. 3nm 3 . NTm nm
sin— cos—— iIn— cos—
=~ 2 2 *r 2 2
| 2 m n 2 n n’
1| = ( . 3nm . nrcj 1 ( nrcj
=—|-——|sin——+sin— | - —| cos—— —cos—
n| 2n 2 2 2
1] = . nt 2 . nm
=—| ——sinnncos— +—sin—sinan | =0
|l n 2 n 2
1pen2 1 p3n2 . 2 en2 103 .
b, =—I xs1nnxdx+—J. (m—x)sinnx dx =—I xs1nnxdx+—j 2 (n—x)sinnx dx
T -n/2 T /2 T 0 T /2
r . n/2 1 . 37“
CoS nx sin nx CoS nx sin nx
2 ) of ] oo ) o )
L n n 0 T n n /2
i . NT . 3nm . AT
2| peos—- sm7 1| geos—— sin—~— cos—— sm7
=—| - +—=|+—| = S+ +—
nl 2 n n m| 2 n n n n
i . T nw 3nm
cos— 3sin— cos3— sin——
1o N 2 . T 2 2
- 2 2
nl 2 n n 2 n n
1| = nm nm 3 nt 1 3nm
=—|—] cos——-cos— |+—sin——-—
n| 2n 2 n 2 n 2
[ n . nn . 3 . 1 . 3nn 1 . onn . 3nm
=—| ——sin—sinnn +—sin———sin— | = ——| 3sin— —sin——
T n 2 n 2 nm 2 2
Substituting the val ¢ bob 4| sinx sin3x sinSx A
ubstituting the values ot a, a,, a, ... b, b, .... we get f(x); SR + sz ns.

Example 7. Find the Fourier series of the function defined as

f(x)_{

x+r

—X—T

for O0<x<m

—n<x<0

and f(x+2m)=f (x).

Solution. @, =~ f(x)dx==[" fx)dr-=[ f(x)dx
T " T " Y
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Fourier Series 859

2 2
e Eaw =n[l_1)+ﬂ[l+1j=n
m\ 2 Tl 2 2 2
1 ¢n 1 ro 1 ¢n
anz_J. f(x)cosnxdx=—j f(x)cosnxdx+—j f(x)cos nx dx
T TY-m T 0

1o 1 ¢n
:—j (—x—n)cosnxdx+—j (x+ m)cosnxdx
Ty " Y0

_ l{(—x . sinnx 1) {_ coszan0 +l{(x i) sinnx (1){_ coszann
T n n . n n

0
I S § L A T AR OS D L 2
= -——t— = | —— | =
TE|: 7’!2 7’!2 :| TE|: 7’!2 7’!2 I’lzTE

a, =——» Ifnisodd.
n°m

anda, =0 if n is even.

[(=D"-1]

Lem o Lpoo o Lee
b,==|" fosinmxdx=—[" f(sinmedx+—["f(x)sinnxdx
T " Ty oo

1o . 1= )
=—I (—x—n)s1nnxdx+—_[ (x + m)sinnx dx
" Yo

Her-o(-222)-co =] (=)o -]

0

- E LBy B -2y s @p= 20
n n n n

nln| w
4 .
=, if n is odd.
n
=0, if n is even.
Fourier series is f(x)=a—2°+a1cosx+a2cos2x+...+b1sinx+b2sin2x+...
T 4(cosx cos3x ) (sinx sin3x )
X)=——-— + +o A+
f( ) 2 12 32 3 Ans.
Exercise 12.2
1. Find the Fourier series of the function
£ = -1 for —t<x<0
Y= 1 for O<x<m
4(1 . 1. 1. 1 .
where f(x + 21) =1 (x). Ans. — Ismx+§sm3x +gsm5x+7sm7x+...
T
2. Find the Fourier series for the function
—% for —mt<x<0
f(x)= N
— for O<x<m
4
and f(-n)=f(0)=f(m)=0, f(x)=f(x+2m) forallx.
Deduce that T | 1+1 lJr A sinx+sin3x+sin5x+sin7x+
—=]l-—4—-——+4+.. ns, —+—+—+——+.....
cducetiat 47 73757 S 3 5 7

Created with Print2PDF. To remove this line, buy a license at: http://www.software602.com/




860 Fourier Series

3. Find the Fourier series of the function

0 for —w<x<0

f(x)=41 for 0<x<§

0 for Eéxﬁn
2

4. Obtain a Fourier series to represent the following periodic function
fix)y=0when 0<x<m
fx) =1 when mn<x<2n
Ans l—E(sinx+lsin3x+lsin5x+...)
"2 0m 3 5

5. Find the Fourier expansion of the function defined in a single period by the relations.

9= 1 for 0<x<mn
* 2 for n<x<2m
d from it ded thtE—l—l+l 1+
and from it deduce that - 357t
3 2(sinx+1'3+1'5+)
——— —sin3x+—sinS5x+...
Ans. 2 3 5
6. Find a Fourier series to represent the function
0 for —m<x<0
xX) =141
fe —mx for O<x<m
4
111
and hence deduce that — = S+t +..
8 1° 3 5
2 0 n n
T ([(-1)" -1 -1)'n
—+ ————cosnx — sinnx +
Ans. 162l g an )

7. Find the Fourier series for f{x), if
f(x)=-m for-n<x <0
=x for 0<x<m

-7
27 for x=0
1 1 1 2
Deducethat —2+—2+—2+...=n—
- 3 5 8
2 3 5 1 1
Ans.—ﬁ——(cosx+ 0052 al 0052 al +) +3sinx——sin2x+ésin3x——sin4x+...
4 1 3 5 2 3 4

8. Obtain a Fourier series to represent the function

fx)=x| for—n<x<m

111
and hence deduce  — = S+t +..
8 1° 3 5
m_4 cosx + ! 3x+ ! Sx+
——— —5COS3X+—COS5x+...
Ans. 2 1 32 52
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Fourier Series 861
9. Expand as a Fourier series, the function f'(x) defined as

f(x)=mn+x for —7t<x<—g

s s s
=— for ——<x<—
2 2 2
P 3n 2|1 2 1
=n—x for 3<x<7t Ans.?+; Fcosx—?cos2x+3—zcos3x+...
10. Obtain a Fourier series to represent the function
f(x)=|sinx| for -n<x<m Hint f(x)=-sinx for —nt<x<0
=sinx for O<x<m
2 41 1 1
———| =cos2x+—cos4x+—cosbx+...
Ans. T { 15 35 }
11. An alternating current after passing through a rectifier has the form

i=Isin® for0<6<m

=0 forr<0<2n fFO) - <> e
Find the Fourier series of the function. 1 m
I 21 (cos 20 cos40 1 n__2n >

——= +...|+=sin® 0 3t 0
Ans. T 3 15 ) 2
12. Iff(x)=0 for—-n<x<0

=sin x forO<x<m

sinx 2 <& cos2mx
2 _E; 4m? -1
Hence show that L ——+L
1.3 35 57
12.8(a) EVEN FUNCTION

A function f(x) is said to be even (or symmetric) function if, f'( —x) = f{x)

The graph of such a function is symmetric with respect to y-axis [f{x) axis]. Here y-axisisa
mirror for the reflection of the curve.
Af( 4 ()

| e —
‘UO UVX‘I 1 -

v v
The area under such a curve from —= to 7 is double the area from 0 to .

[ fn f(x)dx=2 jo“ £ (x)dx

1
Prove that f(x) = ; +

.oo:%(n—2)

(b) Odd Function f(x) Af(X)
x Lo
h (@] o - 1 1 O | 1 >X
v

Created with Print2PDF. To remove this line, buy a license at: http://www.software602.com/




862 Fourier Series

A function f'(x) is called odd (or skew symmetric) function if

SEX) ==

Here the area under the curve from —x to 7 is zero.

| " fodx=0

Expansion of an even function:

1 ¢n 2rn
a,==[" f()dx==[" f(x)dx
weon i
JRE: 2 ¢
a, =—I f(x)cosnxdxz—J' f (x) cos nx dx
Ty ™ T 0

As f(x) and cos nx are both even functions.

The product of f(x). cos nx is also an even function. page 846
1= )
b,==|" fi) sinnxdx =0
TYn

As sin nx is an odd function so f'(x). sin nx is also an odd function. We need not to calculate b,
It saves our labour a lot.

The series of the even function will contain only cosine terms.

Expansion of an odd function :

1 ¢n

a=—]  f(dr=0

a, = lj'n f(x)cos nxdx =0 [f(x).cosnx is odd function.]
Ty T

b, =lr f(x)sinnxdx=£rf(x)sin nx dx
T w0

[f(x). sin nx is even function.]
The series of the odd function will contain only sine terms.

f (1)

N N

T T o| T T
2

A

-~V

—21

The function shown below is neither odd nor even so it contains both sine and cosine terms

Example 8. Find the Fourier series expansion of the periodic function of period 2w

f(x)=x*, —-r<x<nm

1 1 1 1
Hence, find the sum of the series 7 +3—2 7 +
Solution. f(x)=x*, —n<x<m

Created with Print2PDF. To remove this line, buy a license at: http://www.software602.com/




Fourier Series 863

This is an even function. -, b,=0

2 ¢ 2 (= 2T 2n?
a, == Y)ydx == x’dx==|—| ="
’ nJ‘Of() nIU R{E»l 3

2 T 2 T
a, =—I f(x)cosnxdxz—j x* cos nx dx
oo o

_ %{xz (sir;nx) —(2x)(— consznx) + (2)(— si:;}nxﬂﬂ

0

n n n n

_ 2| n’sinnm 2mcosnm  2sinnm | 4(-1)"
- ; + 2 N 3 - 2

f(x)

X
(0]
. . . aO
Fourier series is f(x)= Y +a,cosx+a,cos2x+a,cos3x+...+a,cosnx+...
, cosx cos2x cos3x cosdx
X =l 5 +...
3 1 2 3 4

On putting x = 0, we have

1 1 1 1 n’

1—2—?+3—2—4—2...=E Ans.
Example 9. Obtain a Fourier expression for
f(x)=x? for-n<x<nm.
Solution. 1 (x) = x* is an odd function.
a,=0anda,=0
2 n . 2en
b, =;L f(x)sinnx dx =;L X° sin nx dx
qu =uv, —u'v,+u"v, —u"v, +]
2 . . T
_ —{f (cosnx) 32 (_ smznx) . 6x(cos}nx) _6(s1n:1xﬂ
T n n n n 0
3 2
_ g{_ n_cosnm 6ch<)35nrc} —2.(=1y" {_n_+%}
T n n n o n
X =2 _(n_2+£\ sinx+(—n—2+£\ sin2x—(—n—2+£\ sin3x
\777) 72 "%) 7373 Ans.
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12.9 HALF-RANGE SERIES, PERIOD0TO =

The given function is defined in the interval (0, m) and it is immaterial whatever the function

Fourier Series

may be outside the interval (0, ). To get the series of cosines only we assume that f{x) is an
even function in the interval (—n , 7).

a, =£j”f(x) cosnxdx and b, =0
o

To expand f{x) as a sine series we extend the function in the interval (—r , ) as an odd

function.
2 (= .
b, =—I f(x)sinnxdx and a,=0
T 0

Example 10. Represent the following function by a Fourier sine series:

T
L, 0<t£5 Af(D)
f (@)= 1
2’ 2 . 2 . .
- 0O, k. T
. 2 (n . S 2
Solution. b, =—j f(¢)sinnt dt -
TC o - e
2 pn2 2 en )
= —I tsin nt dt+—j Esmntaft
T 0 TC 1'[/22
2[ cosnt sinne\ " 2n[ cosnt]"
=—|t|l-—— |- —— +—=| ——
o n n o T2 no 1.
[ nm . nm nm
2 cos— sin— cos—
2| = 2 . ) _cosnn 2
| 2 n n n n
2[ . 2 2
b =— —E cos=+sin— |+| —cos T +cos— :—[0+1]+[1]:—+1
nl 2 2 2 2] = s
2[ mcosm sinm cos2n cosm| 2| m(=1) 1 1
b, =—|—— +| - + =—|———40|+| ————
. 2 2 2 2 2 nl 2 2 2 2
2[ 1 1
n| 4 2 2
[ 3n . 3m] 3n
2l = cos7 sm? cos 31 cos7
by=—|- +— -
T 2 3 3 3 3
2[ e ] 21
=— —E(O)——}+{—+O =——+—
|l 2 9 3] O 3

2 1) .
——+§) sin3f+... Ans.

on

f@= (%+1) sint—%sin2t+(
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Example 11. Find the Fourier sine series for the function
fx)=e™for0<x<mrm

where a is constant

2% .
Solution. b, = —I e“ sinnx dx
T 0

T

21 " .
=— (asin nm — ncos nx)

| a* +n’ .

ax

Ue‘” sinbxdx = ze [asinbx — bcosbx])
a

b2

21 e* . n

=—| ———(asinan—ncosnm) +———;
Tl a +n a +n
2 n 2n

=— —(-De”" +1|= 1-(-1)"e"
na2+n2[ D J (a2+n2)1t[ D J
2(1+¢€™) 2.2.1(1-¢")

T 2 b, ST
(a +17)n (a*+2°)n
e —E 1+e” sin x + 2(l_em)sin2x+
ol i+ 2+22 Ans.
Exercise 12.3 )
1. Find the Fourier cosine series for the function 1

|
1 for O<x<§ i

1) = :
i

1

0 for E<x<Tc.
2

—T
) 1 1 - o
Ans. —+—|cosx——cos3x+—cos5x—.. 2

2 n 3 5

2. Find a series of cosine of multiples of x which will represent f (x) in (0, w) where

0 for 0<x<E
2

S =
5for E<x<TE
Deduce that lfl‘l’l*l‘l’...oczﬁ Ans. E7c0serlcos3xflcos5x+...
35 7 4 4 5
3. Express f(x) = x as a sine series in 0 <x < 7. Ans. 2{sinx—%sin2x+%sin 3x—..}

4. Find the cosine series for f(x) = n — x in the interval 0 < x < .

4
Ans. §+f(c0s X+

cos3x cosSx
+ +...
b

32 52

0 for 0<x< r
5. Iff(0) = 2

b
7 — x, for E<x<ﬂ
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866 Fourier Series
! 3 ! 5
Show that: (i) f(x)= sin x — 3—2 sin 3x + 5—2 sin 5x —
2(1 1 1
@@) f(x)= E—f(—cos 2x+— cos 6x +— cos 10x+...j
T

12 32 52

1 1
X) = smx——sm3x+—sm5x— )
() S(x)= ( 3 =

(i) f(x)=— —E(lizcosbc+3Lcos6x+slcos10x+ )
6. Obtain the half-range cosine series for f(x) =x?in 0 <x <.
n’ 1 1
Ans. ?—;(cosx —?cos2x+3—zcos3x - )

7. Find (i) sine series and (i) cosine series for the function
fx)y=¢e" for0<x<m

Ans. (i) _Zw: {1 Che n}in”x (i) eﬂn_l—zi%cosnx

n’ TS on+
8. Iff(x) =x+ 1, for 0 <x <m, find its Fourier (7) sine series (if) cosine series. Hence deduce that
1 1 1 T 1
) l-——+———-+.=— () ]l-5+5-——=+.=—
@ 1737577 g DIgrg 7 8
) 1
Ans. (i) =| (nt+2)sinx —Esin2x+—(n +2)sin3x ~Zsindx+...
s 2 3 4
cos 3x cosSx
5t g
9. Find the Fourier series expansion of the function f(x)=cos(sx), —t<x<m
26 26
2 2 + 2 2
0°—n" 0 —-4n
. 1 . N . ~
sin Tx +_Z(sm(srr nm) N sin(sm — nm)

(zz) —+1 4(cosx +

1
where s is a fraction. Hence, show that cos0 = o + +..

Ans. ) cos nx
ns  0n s+n s—n

12.10 CHANGE OF INTERVAL AND FUNCTIONS HAVING ARBITRARY PERIOD
In electrical engineering problems, the period of the function is not always 2 © but 7 or 2c.
This period must be converted to the length 27 . The independent variable x is also to be
changed proportionally.
Let the function f(x) be defined in the interval (— ¢, ¢). Now we want to change the function
to the period of 2 so that we can use the formulae of a,, b, as discussed in article 12.6.
-+ 2 c is the interval for the variable x.

x
. 1 1s the interval for the variable :2—

c
. . . X2nT T|X
.2 mis the interval for the variable = ——=—
2c c
X zc
so put zZ=— Orf xX=—
c T

Thus the function f'(x) of period 2¢ is transformed to the function

cz
S F or the period of F' (z) is 21
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F (2) can be expanded in the Fourier series.

1 p2n 1 p2n cz
=—| F(2)dz=— (—)d
where % nJ-O (2)dz TE“-O A )%

1 p2c 1 ¢2¢
=—| f(x)d[ﬂ)z—j f(x)dx {Put z:ﬂ}
0 c c?0 c
a 1J-MF( )cosnzdz 1J-2nf[cz)cos nzdz
= — Z = — _
oo w0 i
1 ¢ 1 2c
=—J-2 f(x)cosmd(ﬂ) =—J- f(x)cosﬂdx {Put z :E}
o c c c? c c
12 . nmx
Similarly, b, == fix)sin—— dx.
c’0 c
Cor. Half range series [Interval (0, ¢)]
Cosine series:
2
f(x)= Dy a, cos =+ a, COS T 4+ a, cos 4.
2 c c c
2 ¢ 2 e nmx
where a, =—I f(x)dx, a, = —I f(x)cos—dx
c’0 c0 c
2 .
Sine series: f(x) = b1 sinE+b2 sinﬂ+...+b,, Slnﬂ+...
c c c
22 . nmx
where b, = —j f(x)sin—dx.
c’e c
Example 12. 4 periodic function of period 4 is defined as
S =|x|, 2<x<2 fx)
Find its Fourier series expansion.
Solution.  f(x) = |x| —2<x<2 2
fx)=x 0<x <2
=—x 2<x<0
e 12 1 o o’ WX
a, :zj‘icf(x)dx :Ejo xdx+5'|:2(—x)dx < 0| A
2 P 270
- 1 1
S (2.0 O e SN WL WA G
202, 20 2], 4 4

1 ¢e nmx 12 nmx 1o nmx
a =— x)cos—dx=—| xcos—dx+— —x)cos——dx
" C'L'f( ) c 2'[0 2 2'[-2( ) 2
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1

4 471 4
:E{(annz D _nznz}Lz{O_nznz n’n i C 1)}

1 4 4
=———[(-)"-1-1+(-1)"]=—=—=[(-D" -1
e (G B R G R (S VRS
8 .
= A if n is odd.
=0

if n is even
b, =0 as f{x) is even function.
Fourier series is

2mnx X 2mx
f(x) ——+ a, cos— +c2 cos——+...+ b, sin—+ b, sin— +..
2 c c c

T 3mx
I3 0087 COST COST
f(x)= 1—? e + 3 + = Ans.

Example 13. Find Fourier half-range even expansion of the function,

f)= [—+1j 0<x<I

2 ¢t 2 el X
Solution. @ = 7fo S (x)dx = 7j0(—7+ 1) dx

2 ! 2
:2 i :2 —l—+1 :2—1{—l+1}:1
[ 2 o L 2 l 2
2! nTx nw

)
A o]

2 / 2 l
=7[0—n cosnm + 2112:|: e 2[1 -1"]
4 .
= 72 when n is odd.
n
=0 when n is even.

2 12 13 ! 5

Ans.
Example 14. Find the Fourier half-range cosine series of the function

1 4711 1 1 5
f(x)——+—{—c s ¢ s3ﬂ+— STnx}

f(H =21 0<t<1
=202-1, 1<t<2
Solution. £ =2t 0<t<1

=2Q2-1), 1<t<2
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869
it 2t 3nt
Let f(t)——+alcos +a, cos—+a, cos—+...
2 c c
. Tt . 2nt . 3mt
+b1s1nn—+b2s1ni+b3s1ni+... e (D
c c c
Hence c¢ =2, because it is half range series.
2 re 2 el 22
Here 4, =;j0 f(t)dt=EI02tdt+EL 22-t)dt
2
1 ( 12\
=[12]O+{2L21—5)} —1+[(4 - =1+(8-4-4+1)=2
1
=—I f(®)co =—I 2tcosn—mdt+zI22(2—t)cosn—mdt
20 2
1
2 t 4 t
2I(—Sll’lﬂ) (2)(—?cosﬂ)
nm 2 nm 27,
t 4 t
(4 2t)(—s1n—)—(—2)(— 5 2cosﬂ)
nm 27
4 8 nm 8 8 i
=|—sin—+ cos — — +10- cos nmw—— sin — + cos —
nmn 2 n2n2 2 nZTCZ n2n2 nmn 2 nZTCZ 2
= cosM——— 8 COSNT = 8 [2cosﬂ—l—cosnn}
n’n? 2 Pt Pt n’n? 2
8 & 1 b nmt
f@=1+ —zzzl—z {2cos7—l cosnn} COST AnS.

Example 15. Obtain the Fourier cosine series expansion of the periodic function defined by

f(t)=sin(n7t), 0<t<l
. T
Solution. Sf(#) =sin (7) , 0<t<l

!
a =2Ilsin(n—t) dtzz(—icosn—t) =—z(cosrc—cos())=—z(—l—l)zi
AL ) ) n n n
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870 Fourier Series

- %J.;sin(n+l)n7tdt—%J.Olsin(n—l)nTtdt

1 Cos(n+l)7tt l_l ! cos(n_l)nt !
Il (n+Dr ) , ll(mn-Dn / .
-1
= (i Dm [cos(n+1)m —cos0]+ (- Dr [cos(n—1)m—cos0]
1 n-1_ 1 1yl
BT
n+1|: 1 1 :| 1 1
=(-D - + + _
(n+hn (n-Dn| (n+Dhmn (n-Dn
n+l 2 _ 2 _ 2 PN
IR e =
4
D when n is even
=0 when 7 is odd.

The above formula for finding the value of g, is not applicable.

2 1 2
a, = —Ilsinn—tcosn—tdt =—Ilsinitdt
[70 ) ) [Jo )

1
——cos—) = —L(cos2n—cos0) = L(l—l) =0
2n [ ) 2l 2n

a, it 2nt 3nt 4t
f@= 7+ a, cos7+ a, COST+ a, cosT+ a, COST+

—COS——+—C0S——+——Ccos——+...
3 [ 15 [ 35 [

Example 16. Find the Fourier series expansion of the periodic function of period 1

2 4|1 2nt 1 At 1 6t
Ans.

1 1
x)=—+tx, ——<x<0
Jx) 2 2

1 1
=——X, 0<x<—
2 2

. a, X 21 x
Solution. Let  f(x)= Y +a, cos—+a, cos——+...
c c

. TX . A TX . 3mx
+b, sin—+ b, sin2——+ by sin——+... .. (D)
C Cc C

1
Here2c=1or CZE

e 1 o 1 1 cv2(1
a, :;“-*Cf(X)dle/_Z 1/2(E+x)dx+1/—2 o (——x)dx

27 277 T 11 T 1] 1
=2 £+x_ + E_X_ =2 ——— 4| == =—
2 2] 2 2, 4 8| 14 8| 2
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a, =1J'c f (%) cos 222 gy
cd-e ¢

1 o (1 nTx 1 21 nTx
=— —+ x| cos dx+—J- ——Xx|cos dx
1/27-12\2 1/2 1/290 \2 1/2

0 1 2 1
:ZJ- —+x cos2n7txdx+2j- ——x|cos2nmxdx
0 \2

-12\ 2

. 0
5 (l+x) sin2nmx _(1)(_ cos%n;tx)
2 2nm 4n°m i
1 . 2 2 1/2
» (——xj sin nnx_(_l)( cos2 nznx)
2 2nm 4n°m 0

1 =" 1" 1 {1 (D"
=2|0+——-— +2|0- t— =] ==
{ 4n*r? 4n2n2} { 4n*n®  4n’n? | n? n’

= e if n is odd
=0 if n is even
1 e .
b, =—I f(x)smnnxdx
¢ c

1 ¢o (1 ) . nmx 1 1/2(1 ) . nmX
=— —+x|sin dx+—— ——x|sin dx
1/27-12\2 1/2 1/270 \2 1/2

0 1 . 2 1 X
:ZI —+x sm2nnxdx+2j- ——Xx|sin2nmx dx
0 \2

-12\ 2

—2 K% + x) (%2;”) e (_ST;T’;?) :|01/2

+2Kl_x) (_ cos2nn x) _(_1)(_sin2—nnxﬂ:2

2 2nm 4n*n’

A

Substituting the values of a, a,, a,, a,, ... b, b,, b;...in (1) we have

f(x)—l+i cos27tx+cos61rx+005107tx+
4 x? 12 32 52 Ans.
Example 17. Prove that i—x -1 isin 2n7rx’ 0<x<lI
T T'n

1
Solution. f(x)= 3 X

1 ¢ 20(1 o[
T los =[5 e 1{2 21

a4y
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2 v
1 4}12112

nnx 2¢1(1 2nmx
J'f( )sin 1z :TJ'O[E—xjsm—dx

1 —
(—cos2nn+1)=——(-1+1)=0 ) o
2n*n?

b “1/2%

1
1 1 2nmx 1> . 2nmx
——X || ———cos —(=D)| ———=—sin
2 2nm 1 dn"m 1 0

>—‘|l\)

1]
>—A|l\)
1

|

(@}

(]

w

[\

S

a

|

|
‘H

~~

N
L 1

|
(S
1
‘_.
[\
L 1

|
|_.

Fourier series is

f(x)—&+a cos22Y 4 g cosznnx+a cos3n—+
2 T2 T 2

. nmX . 2nmx . 3nmx
+b; sin——+b, sSin——+b; sin———+...
1/2 1/2 1/2

1 1 . 2nx 1 . 4nx 1 . 67X
——x=—sin——+—sin——+ —sin
2 T 1 2 1 3n

B . 2nmx
——z— Prove
T n

Example 18. Find the Fourier series corresponding to the function f (x) defined in (-2, 2)

as follows f(x)
2 in —-2<x< 0 — 12
f(x)_{x in 0<x<2
Solution. Here the interval is (-2, 2) and ¢ = 2
X X
1 ¢e 1[0 0
a, = ZLC f(x)dx = 5“4 2dx+ Lz x dx} 0 o o

[[2 ]ZJ{X—Z} ]:1[4+2]

:—J- f(x)cos [ncxj X =%U022.cos%dx+jozxcosn—?dx}

1 4( . nrnx\’ 2 . nmx 4 nmx )’
=—|—|sin——] +|x—sin——+——cos——
2| nm 2 /. nm 2 nm 2/,

2
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1 4 4 2
=—| ——cosnn——— |=——[(-D" -1
{ nznz} nznz[( )=

=— when 7 is odd

n
=0 when #n is even.
nmx

xdx=%j —dx+ I xsmnn

1 2 nmx o 2 nmx . nmX ’
=—| 2| ———cos +—| x| ——cos—— | +(1)—; 2sm—
2 nm 2 nm 2,

al dx

2 nn L, 2

1{ 4 4 } 1{ 4 4 } 1{ 4} 2
=—|-——+—cosnn |[+—| ———cosnn+——sinnm -_— =

2] nm  nm 2| nm n’n’ 2| nm nm

a, TX 2n x TX
f(x)=—+a,cos— +a, coOS—— + a, COS——+..
c c c

X 2mx X
+b, sin—+b, sin——+ b, sin——+..
c c c

1’ 2 3 2

211 . nx 1

4 {1 nx 1 3nx }
=———{—=C0S—+—CoS—+...
- —sin—+—sin—2nx+lsin—3nx+
5 5 5 Ans.

1
Example 19. Expand f (x) = e* in a cosine series over (0, 1).
Solution. fx)=¢€" and c=1

a, = zJ.Cf(x)abc =2J.1e“dx =2(e-1)

nnx 21 nmx
=— X)cos =—| e" cos—dx
N e

1

2,2

nn+1

e’ .
=2 (cosnmx+nmsinnmwx)
0

%1[(—1)%—1]

a
f(x) =7°+a1 COSTUX + @, COS 27X + @, COS3TMX +.....

e =e—-1+2 _e_lcosnx+e;0052nx+ el cos3mx+
o+ A +1 on’ +1 Ans.
Exercise 12.4

1. Find the Fourier series to represent f{x), where

f(x)=—a —<x<0

= 4a| . 1.3 1.5
a 0<x<c Ans. 2150 L L
s c 3 c 5 c
2. Findthe half-range sine series for the function
fx)=2x-1 0<x<l.

2 . 1 . 1.
Ans. ——{smnx+—sm4rcx+—sm61rx+..}
T 2 3
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3. Express f(x) = x as a cosine, half range series in 0 <x <2.

Ans. 1 —%{%COSE+ —(:053—7UC +Lcoss—m + }
4. Find the Fourier series of the function w L > 2
-2 for —4d<x<-2
f(x)=| x for -2<x<2
2 for 2<x<4

—+£sinﬂ—£sin—2nx+(i— 8 )singmx 2 si 4m x
Ans.n n’ 4 x 4 3t ¥n

5. Find the Fourier series to represent
fx)=x>-2 from 2<x<2.

_21e cosE—lcosmﬁlcos%—x
Ans. 32 22 9 7
6. If f(x)=e*—c <x<c, show that
| ( 1 TX 1 2nx j
x)=(e—e)y—-c COS— —————COS—— +...
J@=( ){20 c+n’ c c+4an’ c

1 . TX 1 . 2mx
-n| 55— sSin— —-———sin——+...
c+m c ¢ +4n c

7. A sinusodial voltage E sin o is passed through a half wave rectifier which clips the negative portion
of the wave. Develop the resulting portion of the function

T
u()=0 when —5<t<0
T 2n
= Esinot when O<t<— (T:—)
2 ()
E E . 2E| 1 1 1
Ans. — T —sSin®f ——| —cos 20t + — cos4mt +——cos bt +...
T 2 w13 3.5 5.7
8. A nperiodic square wave has a period 4. The function generating the square is
f(@® =0 for 2<t<-1
=k for -1 <t<1
=0 for 1<t<2
k 2k nt 1 3mt
Find the Fourier series of the function. Ans. f(1) = 3 + . 0057 _50057 to
9. Find a Fourier series to represent x? in the interval (-, /).
I ar cosmx cos3mx
Ans ST
12.11. PARSEVAL’S FORMULA
ol s &2 e
I [f(X)dx=c an +Z(an +b, )
n=1
a = nmXx . AMX
Solution. We know that f(x) = 7°+ Z(an cos— b, smT) (D)
n=1

Multiplying (1) by f{x), we get
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[f(OF = a—2°f(x) + 2anf(X) cos’“;—x+ Zi;bnf(X) sin@ @

Integrating term by term from —c to ¢, we have

[ r@Par= “—20 [* reodx +Zw; a,[" 1) cosﬂcx

+Zi;bn [* resin ”’Zx dx - 3)

We have the following results

ay =% [ ; £ (x)dx = jf Fx)dx =ca,

1 ¢c
a, :_J' f(x)=cos T2 ix = j f(x)cos dx—ca,,
¢ c

1 c . c
by==[" f(x)sin = dx S| f(x)sinnnxdx:cbn
cJ-c c -

On putting these integrals in (3), we get

I Lf(x)] dx—c—+an +Zcb2—c{ Zw:(af+bf)}

=1
This is the Parseval’s formula

Note. 1. 10 <x <2, then |, L/ () dx = {—+Z(a§+b2)

2 o
e cla
2.If 0 <x < ¢ (Half range cosine series), _[0 [f@) = 5{ -+ Z af}

b 5
[treora|’
4 RMS.=y——F—
b-a
Example 20. By using the sine series for fix) = 1 in 0 <x < m show that
n 11 1
=l+tZ+—5+—+.
8 ¥ 57

Solution. sine series is f(x) =2 b, sinnx

b, =3j“f(x)sinnxdx
™ 0

=£In(l)sinnxdx :E[—cosnxj =_—2[cosn1r—1] =_—2[(—1)” -1]
w0 T 0 nmn

n nm
2
=— if n is odd.
nm
=0 if nis even
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Then, the sine series is

1=isinx+isin3x+isin5x+isin7x+ .....
T 3n 5m T

fora=3| (2 (&) (&) () +]
L =(2)(2 i

n—E(E){1+L+i+L+ }
2\n? 3 s o7

i3 1+ ! + ! + ! + P d
—_— = —_— —_— T T e roved.
8 3 57
E le21. If f(x) X , 0<x<lI
xample 21. =
P * T(2-x), I1<x<2
ing half . . h tht1+1+1+ ot
using half range cosine series, show that — +—+—+..... =—
& & ; T 96
Solution. Half range cosine series is
f(x)=&+2ancosnnx
2 c
2 pe 2T et 2
where a, =;J.O f(x)dx =5U0nxdx+jl n(2—x)dx}
() 2\? 1
=an—) +nL2x—x—J =Lin (4—2)—(2——)
2/, 2), 2 2
=7
2 e
a, =—IO f(x)cos ~ i
20 1 2
=— Inxcosmdx+j n(2—x)cosmdx
2170 2 1 2
roo. 1 2
sin 7mx nmx . ATX nm X
x 5 —Ccos—— sin 5 —CcosS——
=7 i e +m|(2-c) i -(-D e
2 4 0 2 4 1
[ 2 . nn 4 nm 4 2 . nm 4 nm
=T|—SMN——+—55C08S————5 7 |+T O—ﬁcosnn——sm—+ﬁcos—
| nm 2 nrm 2 nm nm nm 2 nm 2
=7 8 cosﬂ—i—icosnn _ 4 2cosﬂ—1—cosnn
| n’m’ 2 n'n* n'r n’n 2
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877
- -4
a=0,a0=—,0a,=0,a,=0,a,=0, a, =—
i 9n
2
L[f(x)z %{%O+af+a§+a§+ }
1 R 2, ) 2| n* 16 16
nx)de+| TTR2-x)dx==|—+—+
L( ) L =0 2{2 n’ 8ln’
o] L[e-0 ] 16 16
3], 3] 2 o 8t
2 2
n——nz(O—l) =n—+¥ TR
3 3 2 =z 81
2’ 16 11
3 —7=? 1+3—4+5—4+ .....
© l6[ 1 1
?——21 3—4+5—4+ .....
4
n—=l+L4+—4+ ..... Ans.
96 375
Example 22. Prove that for 0 <x <m
7’ [cosx  cosd4x  cos6x
(a) x(n—x)f?— 7 + e + 7 +....

_8|sinx  sin3x  sin3x
(b) X(r—x)= 72 + 7 + 5 +...
Deduce from (a) and (b) respectzvely that

= 1 7r4 = 1 T
() —pt 9 Z; 5945

Solution. Half range cosine series

Y (VS | | R
©ondo nl2 3| w2 3] 3

2rn
a, = —I x(T — x) cos nxdx
TC 0

=%|:(7tx—x) X (-2 )( Cos”x)Jr( 2)( S;nnxﬂn

:2|:0_L21)n+0_£2:| :E(ﬂz) [_(_Dn _1]
T n n mT\n

7 when # is even

=0 when 7 is odd

2 2

7'c cos2x cosdx T cos2x cos4x }
H — = —t—+... x(n=x)=—-4| ——+——+....
ence, x (m—Xx) p [ 2 " } = x( ) p [ 52 e
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By Parseval’s formula

27, 2 ag 2
= x*(n—x)'dx=—"+2a
“[, ¥ -nidv="21 2]

207 5 s 1(n*) 11 1
il 2nx +x )dx=—| — | +16| —+—F+—+....
TE'[O (m"x e +x")dx ZL 9J CORTR
20y 2wt ¥ o {1 1 1 }
- —_——t | =4 | —+—+—+.....
n| 3 4 5] 18 [1* 2¢ 3
2|7 2 X ot J1 1 1
o= +—|=—+ —4+—4+—4+ .....
| 3 4 5 18 20 3
| © 1 nt
= —+4 _— - =
15 18 ;n“ = ;n“ 90

(b) Half range sine series

b, =£J.ﬂx(1t—x)sinnxdx
T 0

= %{(nx - xz)(yj —(n- 2)()( —sin nx) + (—2)(:0:#]1

2
n 0
2 -n" 2 4
TE|: n nJ w’ [ D J
8 .

=— when 7 is odd

nm
=0 when 7 is even.

x(n—x)—§ sinx+sin3x+sin5x+
ol P 3 N

By Parseval’s formula

2 ¢x

=[x (n—x)dx = 28]

TC 0
“_Z_ﬁ[i+L+i+ }
15 o [1° 3 50 7
LA SR N
960 1° 3° 5

1111(111)(111)
Let S=—Ft+—_++—c+.=|+c+—+... ettt

_16 26 36 46 16 36 56 26 46 66
nt 1 1 1 ' 111 1 1
S= + _(7+_(7+_(7+"' = +—(7 _(7+_(7+_(7+ .....
960 \2° 4> 6 960 2| 1" 2° 3
4
§=" +£
960 64
s 635 _ nt

§S-=>=T_ or =
64 960 64 960
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64 =

=X — =
960 63 945
1
F = % Proved.
n=1

Exercise 12.5
1. Provethat0<x<g,

¢ 4 mx 1 3mx 1 Smx
———5| COS—+—5CoS—— +—Ccos— +.....
2 x c c 5

c
and deduce that

() i_f_i_;’_i_f_ _TC_4 ()_ i_}.i_f_i_f_ _TC_4
Vot T g M T Ty 90

12.12. FOURIER SERIES IN COMPLEX FORM
Fourier series of a function f{x) of period 2/ is

2nx nmx
f(x)——+a1 cos =~ +a2 coS——+...+a, cos +....
2 / /
. X 2nx nmXx
+b, sin— ; +b, sin— ; +...+b,sin +o (D)
ix —ix ix —ix
e +e . e" —e
We know that cosx =————and sinx = -
2 2i
On putting the values of cos x and sin x in (1), we get
imx —imx 2imx —2imx imx imx 2imx —2imx
a, el +e! el +e! el —e! el —e!
f(x)=—+q +a, +....+h ——+b, - +
2 2 2 2i 2i

inx 2imx —inx —2imx

=%°+(a1—ib1)eT+(a2—ib2)e’ bt (@, +ib)e | +(a,+ib)e | ..

inx 2imx —imx 2imx

— ! ! ! !
=c,+ce! +ce! +..4+ce! +c,e! +.

—inmx

LVITDL
— e 1
=c,+ Z c.e +Z c_.e

6 =3, ~ib), ¢, =20, +ib)
_ay 1lpu
where C, —7—5?].0 f(x)dx

—inmx

c j f(x)e ! dx

inmx

- I f(x)e ! dx
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Example 23. Obtain the complex form of the Fourier series of the function

F) = 0 -nt<x<0
el 0<x<m
Soluti ! d

. Chn = — X =—
olution 0 =54 5

1 n —inx
¢ =2—nLTf(x)e dx

1 —inx T inx 1 ¢n 1 —inx ™
:Z[J‘i().e dx+I01.e dx}:gj‘oe dx:%{e; 1

S .[e""’“—lJzzl [( 1y -1]

,[cosnn—isinnn—l] =

2nTi nmi 2nmi
1 .
—, nisodd
=sinm
0, n iseven
ix 3ix Six —ix —3ix —5ix
f(x)=l+i LA +i SR S S
2 im| 1 3 5 it| -1 =3 -5
1 1 ix —ix 1 3ix —3ix Six —5ix :|
=——— —e")+—|e +—le e+
o A e Al I (A e B
Exercise 12.6
Find the complex form of the Fourier series
- ( 1) (1 l”lTC) inmx
1. f(x)=e", -1<x<1 Ans. Z o Sinhle

n=-ow

E_z eZit +e—2it . e4it +e—4it . e6it +e—6it .
2. f)=e”, -1<x<l Ans. T T3 35 57

( 1)" inx
3. fix)=cosax,—-nm<x<m Ans. —smanz PR
12.13 PRACTICAL HARMONIC ANALYSIS
Sometimes the function is not given by a formula, but by a graph or by a table of cor-
responding values. The process of finding the Fourier series for a function given by such
values of the function and independent variable is known as Harmonic Analysis. The Fourier

constants are evaluated by the following formulae :

l 2n
() a =, f(x)dx
l 2n 1 b
=2 — jo £ (x)dx {Mean - j f(x)dx}
or a, =2 [mean value of f{x) in (0, 2, )]
2 a, = %J.Ozn f(x)cos nx dx = Zﬁﬁﬂ f(x)cosnxdx

b, =2 [mean value of f(x) cos nx in (0, 2m)]
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3 b lj“f( )sin mx di = 2— [ (xsinnxd
=— X nx ax = 4——— X nxax
) S A 2m—070

b, =2 [mean value of f{x) sin nx in (0, 2 )]
Fundamental of first harmonic. The term (q, cos x + b, sinx) in Fourier series is called the
fundamental or first harmonic.
Second harmonic. The term (a, cos 2 x + b, sin 2 x) in Fourier series is called the second
harmonic and so on.
Example 24. Find the Fourier series as far as the second harmonic to represent the func-
tion given by table below :
X 0° 30° | 60° | 90° | 120° | 150° | 180° | 210°| 240°| 270° | 300° | 330°
f(x)| 234]3.01 | 3.69| 4.15] 3.69 |2.20 | 0.83 | 0.51 | 0.88 | 1.09 | 1.19 | 1.64

Solution
x° sin x sin 2x | cosx cos 2x | f(x) f(x) f(x) f(x) f(x)
sinx sin2x | cosx cos2x
0° 0 0 1 1 2.34 0 0 2.340 | 2.340
30° 0.50 0.87 0.87 0.50 3.01 1.505 | 2.619| 2.619 | 1.505
60° 0.87 0.87 0.50 -0.50 | 3.69 3.210 | 3.210| 1.845 | —1.845
90° 1.00 0 0 -1.00 | 4.15 4.150 | 0 0 —4.150
120° 0.87 -0.87 | -0.50 | —-0.50 | 3.69 3.210 | -3.21Q0 -1.845| —1.845
150° 0.50 -0.87 | -0.87 | 0.50 2.20 1.100 | -1.914 -1.914| 1.100
180° 0 0 -1 1.00 0.83 0 0 —0.830| 0.830

210° -0.50 | 0.87 -0.87 | 0.50 0.51 —0.255| 0.444| -0.444| 0.255
240° -0.87 | 0.87 -0.50 | —0.50 | 0.88 -0.766| 0.766 | —0.440{ —0.440
270° -1.00 | O 0 -1.00 | 1.09 -1.090| 0 0 —-1.090
300° -0.87 | —0.87| 0.50 -0.50 | 1.19 —-1.035| -1.03§ 0.595 | —0.595
330° -0.50 | —0.87 | 0.87 0.50 1.64 —0.820| —-1.427 1.427 | 0.820
2522 9.209 | —0.547 3.353 | -3.115

25.22
a, = 2xMean of f(x)=2><51—2=4.203

3.353

a, =2xMean of f(x)cosx=2x =0.559

-3.115

a, =2xMean of f(x)cos2x=2x =-0.519

9.209=1'535

b, =2xMean of f(x)sinx=2x

. —0.54
b, = 2x Mean of f(x)sin2x =2 x % = 0.091
Fourier series is

a . .
f(x) =?°+a1 cosx+a,cos2x+...+bsinx+b,sin2x+....

=2.1015+0.559 cos x —0.519 cos 2x + .... + 1.535 sin x — 0.091 sin 2x + ... Ans.

Created with Print2PDF. To remove this line, buy a license at: http://www.software602.com/




882

Fourier
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Example 31. 4 machine completes its cycle of operations every time as certain pulley completes
a revolution. The displacement f(x) of a point on a certain portion of the machine is given in the table
given below for twelve positions of the pulley, x being the angle in degree turned through by the pulley.
Find a Fourier series to represent f (x) for all values of x.

X 30° | 60° | 90° | 120°| 150°| 180° | 210°| 240° | 270°| 300° | 330° | 360°
f(x)[7.976] 8.026 | 7.204 |5.676 | 3.674| 1.764| 0.552| 0.262| 0.904| 2.492|4.736 | 6.824
Solution.
X |sinx sin | sin|cosx | cos |cos| f(x) |f(x) x|f(x)x|fx)x|fx)x |[f(x)x |fx x
2x 3x 2x | 3x sin x | sin 2x | sin 3x | cos x |cos 2x | cos 3x
30°| 050 | 087 | 1| 087| 050 0| 7.976| 3.988| 6.939| 7.976 | 6.939| 3.988| 0
60°| 087 | 087 | 0| 050|-0.50 —1| 8.026| 6.983 | 6.983 0| 4.013| 4.013|-8.026
90° | 1.00 0 | -1 0| -1 | 0] 7204 7.204 0 |- 7.204 0] -7204| 0
120°| 0.87 | -087| 0|-050|-050 1 | 5.676| 4.938 |- 4.939 0 [ —2.838 | -2838] 5.676
150°| 050 [-087| 1|-087| 050| 0| 3.674| 1.837|-3.196 |-3.196 | —3.196 | 1.837| 0
180° 0 0 0 -1 1 [ -1 1.764 0 0|-1.764 | — 1.764 | 1.764 |- 1.764
210° [-0.50 | 0.87 | —1|/-087| 050| 0 | 0.552|-0.276| 0480 | 0.480 | —0.480 | 0276| 0
240° [-0.87 | 0.87 | 0]|-050|-050 1 | 0262|-0.228| 0.228 [-0.131 | —0.131 | 0.131| 0.262
270° | - 1.00 0 1 0| -1.00[ 0| 0.904|-0.904 0 0 0]-0904| 0
300° |- 0.87 | -087| 0| 050| —050 —1| 2.492 |-2.168 |-2.168 | 1.246 | 1.246 | —1.296 |- 2.492
330° [-0.50 | —0.87| —1| 0.87| 050| 0 | 4736|2368 |—4.120 | 4.120 | 4.120 | 2368| 0
360° 0 0 0 1 1 1| 6.824 0 0 0| 6824| 6824]| 6824
¥ | 50.09|19.206 | 0.207 | 0.062 [ 14.733 | 0.721| 0.460
50.09
a, =2 x Mean value of f'(x) = 2XT =8.34
14.733
a, =2 x Mean value of f'(x) cos x = 2><T =245
0.721
a, =2 x Mean value of f (x) cos 2x = 2x =0.12
0.460
a, =2 x Mean value of f (x) cos 3x = 2x =0.08
. 9.206
b, =2 x Mean value of f (x) sinx = 2x T =3.16
i 0.207
b, =2 x Mean value of f (x) sin 2x = 2 X =0.03
) 0.062
b, =2 x Mean value of f (x) sin 3x = 2 X =0.01
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Fourier series is

a . . .
fx) = 70+a1 COSX+d, cos2Xx+ a3 cos3x+...+ b sinx+b,sin2x+bysin3x+ ...

=4.17+2.45cos x+0.12cos 2 x+0.08 cos 3 x + ...
+3.16 sinx +0.03 sin 2 x + 0.01sin 3 x + ... Ans.

Example 32. Obtain the constant terms and the coefficients of the first sine and cosine terms
in the Fourier series of f (x) as given in the following table.

X 0 1 2 3 4 5
fx) 9 18 24 28 26 20
Solution.
XT . MX TX . MX X
- sin — cos — X) sin — X) cos —
X 3 3 3 f(x) f(x) 3 S(x) 3
0 0 0 1.0 9 0 9
b
1 E 0.87 0.5 18 15.66 9
2n
2 ? 0.87 -0.5 24 20.88 -12
3n
3 ? 0 -1.0 28 0 - 28
4n
4 ? —-0.87 -0.5 26 —22.62 - 13
5w
5 ? —-0.87 0.5 20 - 174 10
> =125 > =-3.468 X =25

) 125
a,= 2 Mean value of f'(x) = X? =41.67

a, =2 Mean value of f (x) cos % = 2x =-8.33

-3.48
6

b1:2Meanvalueoff(x)sin%: 2 x =-1.16

Fourier series is

a, X . MX
= —+a COS— + ...+ b sin— + ...
)=+ a oS Tt by sin =

= 20.84 — 8.33 cos%+...—l.l6 sin%+... Ans.
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Exercise 12.7

1. In a machine the displacement f(x) of a given point is given for a certain angle x° as follows:

x° | 0° 30° | 60° | 90° 120°| 150° | 180°| 210°| 240°| 270° | 300° | 330°
f(x)[7.9] 8.0 7.2 5.6 3.6 1.7 0.5 0.2 0.9 2.5 4.7 6.8
Find the coefficient of sin 2 x in the Fourier series representing the above variations.
Ans. —0.072

2. The displacement f (x) of a part of a machine is tabulated with corresponding angular
moment ‘x’ of the crank. Express f{x) as a Fourier series upto third harmonic.

x° |0° |30° | 60° | 90° 120°| 150° | 180°| 210°| 240° | 270° | 300° | 330°
f(x)|1.80{1.10| 0.30| 0.16 | 0.50 | 1.30 | 2.16 | 1.25 | 1.30 | 1.52 | 1.76 | 2.00
Ans. f(x) =1.26+0.04 cosx +0.53 cos 2x — 0.01 cos 3x + ....

—0.63 sin x — 0.23 sin 2x + 0.085 sin 3x +...
3. The following values of y give the displacement in cms of a certain machine part of the
rotation x of the flywheel. Expand f{x) in the form of a Fourier series.

0 b3 2n 3n 4n 5m
o 6 6 6 6 6
) 0 9.2 14.4 17.8 17.3 11.7

Ans. f(x)=11.733-7.733 cos 2x—2.833 cos 4 x +
—1.566 sin2 x —0.116 sin4x +...
4. Analyse harmonically the data given below and express y in Fourier series upto the second

harmonic.
s | = | = W=
X 3 3 T 3 i
y 1.0 1.4 1.9 1.7 1.5 1.2 1.0
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