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Syllabus of Mechanics of Material I – Course No. (50601202): 

Ch1. Stress, Axial Loads 
The concept of the stress, General stresses in a space element , Types of stresses, Riveted (Bolted) Joints, 

Allowable stresses; Factor of Safety,   

Ch2. Strain, Hooke’s Law, Axial Load Problems 
True Stress- strain diagram, Ductile and Brittle Materials, Deflection of Axially Loaded Rods (applied within 

elastic range only), Statically indeterminate members (axially loaded only), Problems Involving Temperature 

Changes (Thermal changes), Poisson’s Ratio, Generalized Hooke’s Law, Shear Strain, Hooke’s Law in Shear,   

Ch3. Axial Force, Shear and Bending moment 
Types of supports, Types of loadings, Classification of beams according to their supporting system, 

Classification of beams according to their analysis procedure, Calculations of beams’ reactions, Internal 

forces and moments in beams, Shear and moment diagrams by equations, Shear and moment diagrams by 

summation approach,    

Ch4. Torsion 
Torsion formula of circular sections, Polar moment of inertia, Hollow circular sections, Statically 

Indeterminate Problems, Torsion of Noncircular Members, Thin-walled members with open cross sections 

Thin-walled members with open cross sections  

Ch5. Pure Bending of Beams 
Curvature of a beam, Bending formula, Elastic section modulus, Beams of Two Materials, Stress Distribution 

in Composite Sections (Method of Transformed section).  
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COURSE OBJECTIVES (Learning Outcomes):   
• Analyze and design structural members subjected to tension, compression, torsion, bending and 

combined stresses using the fundamental concepts of stress, strain and elastic behavior of materials. 

• Utilize appropriate materials in design considering engineering properties, sustainability, cost and weight. 

• Perform engineering work in accordance with ethical and economic constraints related to the design of 

structures and machine parts. 

 

 

INTRODUCTION  
Strength of materials is a branch of applied mechanics that deals with the behavior of solid bodies subjected 

to various types of loading. Other names for this field of study are mechanics of materials and solid 

mechanics. The solid bodies considered in this book include bars with axial loads, shafts in torsion, beams in 

bending, and columns in compression. The principal objective of mechanics of materials is to determine the 

stresses, strains, and displacements in structures and their components due to the loads acting on them. If 

we can find these quantities for all values of the loads up to the loads that cause failure, we will have a 

complete picture of the mechanical behavior of these structures 
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SYMBOLS AND SI UNITS 
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CHAPER ONE – STRESS, AXIAL LOADS 
Static Review: 

Since statics has an important role in both the development and application of mechanics of materials, it is 

very important to have a good grasp of its fundamentals. For this reason we will review some of the main 

principles of statics that will be used throughout the text.  

External Loads: A body is subjected to only two types of external 

loads; namely, surface forces or body forces. 

 

Surface Forces: Surface forces are caused by the direct contact of 

one body with the surface of another. In all cases these forces are 

distributed over the area of contact between the bodies. If this area 

is small in comparison with the total surface area of the body, then 

the surface force can be idealized as a single concentrated force, 

which is applied to a point on the body. If the surface loading is 

applied along a narrow strip of area, the loading can be idealized as 

a linear distributed load, w(s). Here the loading is measured as 

having an intensity of force/length along the strip and is represented 

graphically by a series of arrows along the lines. The resultant force 

of w(s) is equivalent to the area under the distributed loading curve, 

and this resultant acts through the centroid C or geometric center of 

this area. 

 

Body Forces: A body force is developed when one body exerts a 

force on another body without direct physical contact between the 

bodies. Examples include the effects caused by the earth’s 

gravitation or its electromagnetic field. In the case of gravitation, 

this force is called the weight of the body and acts through the 

body’s center of gravity. 
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Support Reactions:  

The general rule is: if the support prevents translation in a given direction, then a force must be 

developed on the member in that direction. Likewise, if rotation is prevented, a couple moment must 

be exerted on the member. For example, the roller support only prevents translation perpendicular or normal 

to the surface. Hence, the roller exerts a normal force F on the member at its point of contact. Since the 

member can freely rotate about the roller, a couple moment cannot be developed on the member. 

6 



Equations of Equilibrium: Equilibrium of a body requires both a balance of forces, to prevent the body 

from translating or having accelerated motion along a straight or curved path, and a balance of moments, to 

prevent the body from rotating.  

Internal Resultant Loadings and free body diagram 

Normal force, N. This force acts perpendicular to the area. It is developed whenever the external loads 

tend to push or pull on the two segments of the body. 

Shear force, V. The shear force lies in the plane of the area and it is developed when the external loads 

tend to cause the two segments of the body to slide over one another. 

Torsional moment or torque, T. This effect is developed when the external loads tend to twist one 

segment of the body with respect to the other about an axis perpendicular to the area. 

Bending moment, M. The bending moment is caused by the external loads that tend to bend the body 

about an axis lying within the plane of the area. 
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Coplanar Loadings:  

If the body is subjected to a coplanar system of forces, then only normal force, shear force, and bending 

moment components will exist at the section. 
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EXAMPLE 1-1 

Determine the resultant internal loadings acting on the cross section at C of the cantilevered beam shown in 

the Figure. 

The negative sign indicates that acts in the opposite direction to that shown on the free-body diagram. 

 

  

H.W. Try solving this problem using segment AC, by first obtaining the support reactions at A. 
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EXAMPLE 1-2 

Determine the resultant internal loadings acting on the cross section at C of the machine shaft shown in the 
Figure. The shaft is supported by support bearings at A and B, which only give vertical forces on the shaft. 
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H.W. Calculate the reaction at B and try to obtain the same results using segment CBD of the shaft. 
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EXAMPLE 1-3 

The 500-kg engine is suspended from the crane boom in the Figure. Determine the resultant internal loadings 

acting on the cross section of the boom at point E. 
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The concept of the stress 

We begin by considering the sectioned area to be subdivided into small areas. A typical finite very small force 

∆F acting on ∆A is shown in Figure. This force, like all the others, will have a unique direction and we will 

replace it by its three components, namely, ∆Fx, ∆Fy, and ∆Fz and which are taken tangent, tangent, and 

normal to the area, respectively. As ∆A approaches zero, so do ∆F and its components; however, the quotient 

of the force and area will, in general, approach a finite limit. This quotient is called stress, and as noted, it 

describes the intensity of the internal force acting on a specific plane (area) passing through a point.  
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Normal Stress: The intensity of the force acting normal to is defined as the normal stress, s(sigma). Since is 

normal to the area then  

A
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A
z
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


 0
lim

Shear Stress: The intensity of force acting tangent to is called the shear stress, τ(tau). Here we have shear 

stress components. 
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Note that in this subscript notation z specifies the orientation of the area ∆A, and x and y indicate the axes 

along which each shear stress acts. 
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General State of Stress: If the body is further sectioned by planes parallel to the x–z plane and the y–z 
plane, we can then “cut out” a cubic volume element of material that represents the state of stress acting 

around a chosen point in the body. This state of stress is then characterized by three components 

acting on each face of the element. 

SI Stress Units: 

 

Pascal =  

 

 

Kilo Pascal = 

 

 

Mega Pascal = 
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N
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N

m

N


In plane, there are 4 components of stresses; 2 normal stresses and 2 
shear stresses, as in the plane element below: 
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Type of Stresses 

 

1- Normal Stress: 

a) Tensile stress 

Where: 

P = axial (passes through the centroid) tensile force 

A = cross-sectional area 

When the applied force is axial and normal, a uniform (equal) 

maximum normal stress can be achieved through the section. 

b) Compressive stress 

c) Bearing stress 

The bearing stress is a normal compressive stress happens between two surfaces. 

In this example, we have two bearing stresses. First, between the timber block and the steel base, this 

equals:  

100120

1






WP
b

bb

WWP
b




 21

Second, between the steel 

base and the soil, this equals:  
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2- Shear Stress 

a) Direct Shear stress: 

1- Single Shear 

 
 
 
 
If plates A and B are connected by bolt C, shear will take place in bolt C in plane DD'. The bolt is in single 

shear. Observing that the shear P = F, it can be concluded that the average shearing stress is:  

 

 

 

 

 

2- Double shear 

 

 

 

 

If splice plates H and J are used to connect plates E and G, shear will take place in bolts K and L in each of 

the two planes MM' and NN'. The bolts are in double shear. Observing that the shear P in each of the sections 

is P = F/2, it can be concluded that the average shearing stress is:  
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b) Bunching Shear Stress 

 

 

 

 

 

 

 

 

 

 
c) Torsional Shear Stress 
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EXAMPLE 1-4 

The bar in the Figure has a constant width of 35 mm and a thickness of 10 mm. Determine the maximum 

average normal stress in the bar when it is subjected to the loading shown. 

MPa

A

N

BC

BC
BC

7.85
1035
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











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EXAMPLE 1-5 

The 80-kg lamp is supported by two rods AB and BC as shown in the Figure. If AB has a diameter of 10 mm 

and BC has a diameter of 8 mm, determine the average normal stress in each rod. 
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
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

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EXAMPLE 1-6 

Member AC shown in the Figure. is subjected to a vertical force of 3 kN. Determine the position x of this force 

so that the average compressive stress at the smooth support C is equal to the average tensile stress in the 

tie rod AB. The rod has a cross-sectional area of 400 mm2 and the contact area at C is 650 mm2. 
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
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EXAMPLE 1-7 

A hollow steel tube with an inside diameter of 100 mm must carry a tensile load of 400 kN. Determine the 

outside diameter of the tube if the stress is limited to 120 MN/m2. 
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EXAMPLE 1-8 

A homogeneous 800 kg bar AB is supported at either end by a cable as shown in the Figure. Calculate the 

smallest area of each cable if the stress is not to exceed 90 MPa in bronze and 120 MPa in steel. 

2

2

7.32

1203924

6.43

903924

3924
2
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
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EXAMPLE 1-9 

An aluminum rod is rigidly attached between a steel rod and a bronze rod as shown in the Figure.  Axial loads 

are applied at the positions indicated. Find the maximum value of P that will not exceed a stress in steel of 

140 MPa, in aluminum of 90 MPa, or in bronze of 100 MPa. 
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P
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The safe force is P=10 kN 
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EXAMPLE 1-10 

Find the stresses in members BC, BD, and CF for the truss shown in the Figure. Indicate the tension or 

compression. The cross sectional area of each member is 1600 mm2. 
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
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

For member BD: 

For member CF: 

For member BC: 
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Riveted (Bolted) Joints 

There are four types of stresses occur at riveted joints. Therefore, the failure is possible in four locations as 

follows: 

1- Shearing stress failure in rivets 

2- Tension stress failure in plate. 

3- Bearing stress failure between plate and rivet. 

4- Shearing stress failure in plate. 

Assumption: 

Shearing stress in rivets is equal and uniform. This assumption is approximately true because the shearing 

stresses are actually distributed in a non-uniform way across the area of the cut. 

P 
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 
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1- Shearing stress failure in rivets: 
Case 1: All rivets in the same diameter 
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Case 2: The rivets with different diameters: 
According to the assumption, the shear stress must be equal in the three rivets. Therefore, the shear forces must be 
different. 
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




















2- Tension stress failure in plate. 
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
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

Where: 
t = thickness of plate 

dh= diameter of hole 

dh= d rivet + 3mm 

b 
P 

t 
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2 

1 

1 

dh 

s2-2 > s1-1 
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3- Bearing stress between the plate and rivet 

td

P
b




4- Shearing stress failure in plate 

P 

tL

P
b




Where: 
L = Length of the tearing line 
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EXAMPLE 1-11 

For the lap joint shown in the Figure, calculate the safe axial tensile force (P); if: 

 stensile)allow.=136 MPa 

τrivet)allow.=102 MPa 

sbearing)allow.=330 MPa 

Assume the diameter of hole =25mm. 

Sol. 

Shear force in the rivet (F rivet) = P/4 
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
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


The safe force which does not cause failure neither in shear nor in tensile nor in bearing is Psafe =155kN. 
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EXAMPLE 1-12 

Determine the average shear stress in the 20-mm-diameter pin at A and the 30-mm-diameter pin at B that 

support the beam in Figure. 
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

Double shear 

Single shear 
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EXAMPLE 1-13 

If the wood joint in the Figure has a width of 150 mm, determine the average shear stress developed along 

shear planes a–a and b–b. For each plane, represent the state of stress on an element of the material. 
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A

V
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A

V
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a
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3

030

3

060



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EXAMPLE 1-14 

Find the smallest diameter bolt that can be used in the connector shown in the Figure, if P = 400 kN. The 

shearing strength of the bolt is 300 MPa. If the thickness of plate = 30mm, find the bearing stress. 

MPa
dt

P

mmd

d

d

V
A

A

V

P
V

b 72.457
3013.29

400000

13.29

826.848

3002

400000

4

2

2

2
























The bolt is subjected to double shear  

Plate 

 30mm 
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EXAMPLE 1-15 

Compute the shearing stress in the pin at B for the member supported as shown in the Figure. The pin 

diameter is 20 mm. 

33 

MPa

A

kN
R

V

kNBBR

kNBF

kNB

BM

B

B

B

B
B

yxB

xx

y

yc

02.94

20
4

1000538.29

538.29

538.29
2

076.59

2

076.59156.49766.32

766.3235cos400

156.49

35cos402.035sin4025.025.00

2

2222





































EXAMPLE 1-16 

In the Figure shown, assume that a 20-mm-diameter rivet joins the plates that are each 110 mm wide. The 

allowable stresses are 120 MPa for bearing in the plate material and 60 MPa for shearing of rivet. 

Determine (a) the minimum thickness of each plate; and (b) the largest average tensile stress in the plates. 
(Assume dh=25mm). 

a) From shearing of rivet  

MPa

A

P

mmtt

AP

NAP

bb

rivet

25.28

)25110(85.7

5.18849

85.7201205.18849

5.1884920
4

60 2

























From bearing of plate  

b) Largest average tensile stress in the plate  
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Allowable stresses; Factor of Safety 

To properly design a structural member or mechanical element it is necessary to restrict the stress in the 

material to a level that will be safe. To ensure this safety, it is therefore necessary to choose an allowable stress 

that restricts the applied load to one that is less than the load the member can fully support. One method of 

specifying the allowable load for a member is to use a number called the factor of safety. The factor of safety 

(F.S.) is a ratio of the ultimate load to the allowable load. Here the ultimate load is found from experimental 

testing of the material. The factor of safety must be greater than 1 in order to avoid the potential for failure. the 

F.S. used in the design of aircraft or space vehicle components may be close to 1 in order to reduce the weight 

of the vehicle. Or, in the case of a nuclear power plant, the factor of safety for some of its components may be 

as high as 3 due to uncertainties in loading or material behavior. In design, the area of the member or element 

is the unknown, while the force is known. However, information on the parameter, stress, must be provided. In 

fact, information on the stress of material can be gathered from tests. 

 

                                          

 

   

Or 

 

 

 

 

 

 

 

 

Practically, the stress reaches its maximum value and the corresponding stress (at point D for an example of 

structural steel in tension) is called ultimate stress. However, the stress value used in design is set 

significantly lower than the ultimate stress and known as allowable stress by use of factors of safety. 

allowable

failure

F

F
SF .

allowable

ultimate

Stress

Stress
SF .

allowable

ultimate

F

F
SF .
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EXAMPLE 1-17 

The rigid bar AB shown in the Figure is supported by a steel rod AC having a diameter of 20 mm and an 

aluminum block having a cross sectional area of 1800 mm2. The 18-mm-diameter pins at A and C are 

subjected to single shear. If the failure stress for the steel and aluminum is 680 MPa and 70 MPa respectively, 

and the failure shear stress for each pin is 900 MPa, determine the largest load P that can be applied to the 

bar. Apply a factor of safety of F.S=2. 

kNP

kNAVF

kNP

kNAF

kNP

kNAF

FPM

FPM

MPa
SF

MPa
SF

MPa
SF

allowAC

BallowalB

ACallowstAC

BA

ACB

failure

allow

failureal

allowal

failurest

allowst

183
25.1

25.114

5.114910450

168
75.0

263

6318001035)(

171
25.1

28.106

8.1061010340)(

275.00

225.10

450
2

900

.

35
2

70

.

)(
)(

340
2

680

.

)(
)(

23

3

23

























































Rod AC:  

Block B: 

Pin A or C, due to single shear:  

By comparison, as P reaches its smallest value (168 kN), the allowable normal stress will first be developed in the 

aluminum block. Hence, P = 168 kN. 
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H.W. 

The suspender rod is supported at its end by a fixed-connected circular disk as shown in Figure. If the rod 

passes through a 40-mm-diameter hole, determine the minimum required diameter of the rod and the 

minimum thickness of the disk needed to support the 20-kN load. The allowable normal stress for the rod is 

60 MPa and the allowable shear stress for the disk is 35 MPa. 
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Class Work 

The two solid cylindrical steel rods AB and BC are welded together at B and loaded as shown in the figure. 

Knowing that the normal stress must not exceed 175MPa in rod AB and 150MPa in rod BC determine the 

smallest allowable values of d1 and d2. 
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CHAPER TWO – STRAIN, HOOK’S LAW, AXIAL LOAD PROBLEMS 

Introduction: 

In engineering the deformation of a body is specified using the 

concepts of normal and shear strain. Whenever a force is applied to 

a body, it will tend to change the body’s shape. These changes are 

referred to as deformation, and they may be highly visible or 

practically unnoticeable. Deformation of a body can also occur 

when the temperature of the body is changed. The figure shows the 

before and after positions of three different line segments on this 

rubber membrane which is subjected to tension. The vertical line is 

lengthened, the horizontal line is shortened, and the inclined line 

changes its length and rotates. 

Normal Strain (Axial Strain): 

If an axial load P is applied to the bar in the Figure, it will change the 

bar’s length Lo to a length L. We will define the average normal strain 
e (epsilon) of the bar as the change in its length d (delta) = L - Lo 

divided by its original length, that is:  

 

                           (dimensionless quantity) 
 
 

 

oo L

L

L

LL 
  




dL 
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Ductile and Brittle Materials 

Engineering materials are commonly classified as either 

ductile or brittle materials. A ductile material lies one 

having a relatively large tensile strain up to the point of 

rupture (for example, structural steel or aluminum) 

whereas a brittle material has a relatively small strain up 

to this same point. Cast iron and concrete are 

examples of brittle materials. 

Very  

Ductile 

Moderately 

Ductile 
Brittle 

Large Moderate Small 

Ductile: 

 warning before fracture 

Brittle: 

 No warning 
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Hooke’s Law 

From the origin O to the point called proportional limit, the stress-strain curve is a straight line. This linear 

relation between elongation and the axial force causing was first noticed by Sir Robert Hooke in 1678 and is 

called Hooke's law that within the proportional limit, the stress is directly proportional to strain.  

 

 

Where: E denotes the slope of the straight-line portion OA. 

The quantity E is equal to the slope of the stress-strain diagram from O to A it is called the modulus of 

elasticity of the material in tension, or, as it is often called, Young’s modulus of elasticity. 

 E
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EXAMPLE 2-2 

When force P is applied to the rigid lever arm ABC shown in the Figure, the arm rotates counterclockwise 

about pin A through an angle of 0.05 °. Determine the normal strain in wire BD. 

mm
L

LL

mmL

mmBB

BB

DB

DBBD
BD

BD

/00116.0
300

300349.300

349.300349.0300

349.0)05.0tan(400

400
)05.0tan(























EXAMPLE 2-1 

Determine the average normal strains in the two wires in the Figure shown if the ring at A moves to A′. 

The original length of each wire is 

mm
L

LL

mm
L

LL

mL

mL

mLL

AC

ACCA
AC

AB

ABBA
AB

CA

BA

ACAB

/104.4
5

5022.5

/1001.2
5

501004.5

022.5)02.04()01.03(

01004.5)02.04()01.03(

543

3

3

22

22

22



































The final lengths are: 

The normal strains: 
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Deflection of Axially Loaded Rods 

Using Hooke’s law and the definitions of stress and strain, 

we will now develop an equation that can be used to 

determine the elastic displacement of a member subjected to 

axial loads. The free-body diagram of the axially loaded 

element is shown in Figure. The resultant internal axial force 

will be a function of x since the external distributed loading 

will cause it to vary along the length of the bar. 

Px Px 









L

xx

xx

xx

xx
x

x

x

x

x

EA

dP

EA

dP
d

dx

d
E

A

P

dx

d

A

P

0

)(











Provided the stress does not exceed the proportional 

limit, we can apply Hooke’s law 

If the structural member has some segments with different 

load, area, and E in each segment, the total deflection equals 
the sum of the deflection of each segment.  

AE

PL



AE

PL


For constant load Px, cross-sectional area Ax and Modulus of elasticity Ex, the above equation becomes: 
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EXAMPLE 2-3 

The uniform steel bar shown in the Figure has a diameter of 50 

mm and is subjected to the loading shown. Determine the 

displacement at D. Assume E=200 GPa. 

Px (kN) 

mm

AE

PL

D

D

D

0891.0

20000025

2000100050

20000025

1000100030

20000025

1500100070
222



























This negative result indicates that point D moves to the left. 

EXAMPLE 2-4 
A member is made of a material that has a specific weight of γ = 6 kN/m3 and modulus of elasticity of E=9 

GPa. Determine how far of the cone’s end is displaced due to gravity when it is suspended in the vertical 

position. 

 

m

yydy
y

dyy

AE

Pdy

yxA

yyPFy

VW

y
yy

yxVolyx
y

x

L

y

y

6

3

0

2
6

3

0

9
3

0 92

3

0

22

33

3
2

2

101

2

102.222
102.222

10903142.0

83.62

03142.0

83.6201047.0100060

01047.0
3

)1.0(

3

1
.1.0

3

3.0








































Py  

very small amount 
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EXAMPLE 2-5 

A bronze bar is fastened between a steel bar and an aluminum bar as shown in the Figure. Axial loads are 

applied at the positions indicated. Find the largest value of P that will not exceed an overall deformation of 3.0 

mm, or the following stresses: 140 MPa in the steel, 120 MPa in the bronze, and 80 MPa in the aluminum. Use 

Est = 200 GPa, Eal = 70 GPa, and Ebr = 83 GPa. 

NP

P

PPP

NPAP

NPAP

NAP

albrost

alalalal

brobrobrobro

ststst

84611

26560

3

11375

1

96000

1
3

83000480

15002

70000650

20002

200000480

1000
3

12800320802

390006501202

67200480140












































Use the smallest P=12800 N 

+2P 

-2P 

P 
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EXAMPLE 2-6 

Rigid beam AB rests on the two short posts shown in Figure.. AC is made of steel and has a diameter of 20 

mm, and BD is made of aluminum and has a diameter of 40 mm. Determine the displacement of point F on AB 

if a vertical load of 90 kN is applied over this point. Take Est = 200 GPa, Eal = 70 GPa. 



















mm

mmmm

EA

LP

mmmm

EA

LP

F

B

alBD

BDBD
B

A

stAC

ACAC
A

225.0
600

400
184.0102.0

102.0102.0
7000020

300100030

286.0286.0
20000010

300100060

2

2












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EXAMPLE 2-7 

A uniform concrete slab of total weight W is to be attached, as shown in the Figure, to two rods whose lower 

ends are on the same level. Determine the ratio of the areas of the rods so that the slab will remain level. Take 

Est = 200 GPa, Eal = 70 GPa. 

809.3
6

8

70

200

370

8

200

2

70

4
3

2

200

6
3

)()(

3

2

460

3

260

































st

al

alst

alst

alst

alst

al

alst

st

stal

A

A

A

W

A

W

A

W

A

W

AE

PL

AE

PL

W
P

WPM

W
P

WPM


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EXAMPLE 2-8 

The horizontal rigid beam ABCD is supported by vertical bars BE and CF and is loaded by vertical forces 

P1=400 kN and P2=360 kN acting at points A and D, respectively. Bars BE and CF are made of steel (E=200 

GPa) and have cross-sectional areas ABE=11,100 mm2 and ACF=9,280 mm2. The distances between various 

points on the bars are shown in the figure. Determine the vertical displacements of points A and D. 

mm

mm

m
EA

LF

m
EA

LF

BECFD

BECFCFD

CFBEA

BECFABE

CF

CFCF
CF

BE

BEBE
BE

88.04.0
5

7
6.0

5

12

5

7

5

12

)(
5.1

1.2

2.06.04.022

6.0
2009280

4.2464

4.0
20011100

3296

































Shortening of bar BE: 

Shortening of bar CF: 

kNF

FM

kNF

FM

BE

BEC

CF

CFB

296

1.23605.134000

464

6.33605.15.14000













From displacement diagram: 
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EXAMPLE 2-9 

For the composite column shown: 

1. Determine the maximum load P if the total deflection ∆=0.25mm. 

2. Draw the vertical deflection diagram. 

mm

mm

kNP

PP

PP

AE

PL

AE

PL

st

al

alsttotal

114.0
5050200

3008.190

136.0
10010070

5008.190

8.190

00071.00006.025.0

10010070

500

5050200

300
25.0

)()(


































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Statically indeterminate members (axially loaded only 

When the reactive forces or the internal resisting forces over a cross section 

exceed the number of independent equations of equilibrium, the structure is 

called statically indeterminate. These cases require the use of additional 

relations that depend on the elastic deformations in the members. 

Consider the bar shown in Figure, which is fixed supported at both of its ends. 

From its free-body diagram, there are two unknown support reactions. 

Equilibrium requires: 

 

 

 

This type of problem is called statically indeterminate, since the equilibrium 

equation is not sufficient to determine both reactions on the bar. An additional 

equation needed for solution called compatibility equation that specifies the 

conditions for displacement. In this case, the displacement of end A of the bar 

with respect to end B to equal zero, since the end supports are fixed. Realizing 

that the internal force in segment AC is (+FA), and in segment CB it is (-FB), 

then the compatibility equation can be written as 

05000  AB FFFy

NF

NF

FF
AE

F

AE

F

B

A

BA
BA

200

300

5.10
32










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EXAMPLE 2-10 

The steel rod shown in Figure, has a diameter of 10 mm. It is fixed to the wall at A, and before it is loaded, 

there is a gap of 0.2 mm between the wall at B and the rod. Determine the reactions on the rod if it is subjected 

to an axial force of P = 20 kN. (Neglect the size of the collar at C). Take Est = 200 GPa. 

 

kNNF

kNNFFF

FF

FF

FF

AEFF

AE

F

AE

F

AE

LF

AE

LF

FF

F

A

BBB

BA

BA

BA

BA

BA

CBBACA

BA

x

951.1533.15951785467.40482

048.467.40482000078542

)2(78542

6.31418.04.0

10200005.00002.08.04.0

0002.08.04.0

0002.0
8.04.0

0002.0

)1(20000

0

92































We will assume that force P is large enough to cause the rod’s 

end B to contact the wall at B′. When this occurs, the problem 

becomes statically indeterminate since there are two unknowns 

and only one equation of equilibrium. 

NOTE: 

Since the answer for FB is positive, indeed end B contacts the wall at B as originally assumed. If FB were a negative 

quantity, the problem would be statically determinate, so that FB = 0 and FA = 20 kN. 
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EXAMPLE 2-11 

The three steel bars shown in the Figure, are pin connected to a rigid member. If the applied load on the 

member is 15 kN, determine the force developed in each bar. Bars AB and EF each have a cross-sectional 

area of 50 mm2, and bar CD has a cross-sectional area of 30 mm2. 

kNF

kNFFF

FFF

kNFFF

FFFF

FFF

FFF

E

LF

E

LF

E

LF

FF

FFM

FFFF

A

EEE

EEA

CCC

EECC

ECA

EAC
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E

st

A

st

C

EAC

ECEA
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EAC

ECAy

52.902.246.315

02.24.03)538.11(4.0

538.1146.315

46.33.05.4

3.0)15(3.0

15

)3(3.03.0

50250230

2

1

2

1

4.08.0

)2(4.034.0

4.02.0154.00

)1(150










































Solving Eqs. 1–3 simultaneously yields: 
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EXAMPLE 2-12 

A reinforced concrete column 200 mm in diameter is designed to carry an axial compressive load of 300 kN. 

Determine the required area of the reinforcing steel if the allowable stresses are 6 MPa and 120 MPa for the 

concrete and steel, respectively. Use Eco = 14 GPa and Est = 200 GPa. 

2

2

9.1398

3000006000071.79

1000300)100(671.85
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3000

71.85
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761006
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(
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stcon
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H.W 

A circular steel bar ABC (E = 200 GPa) has cross sectional area A1 from A to B and cross-sectional area A2 

from B to C. The bar is supported rigidly at end A and is subjected to a load P equal to 40 kN at end C. A 

circular steel collar BD having cross-sectional area A3 supports the bar at B. The collar fits snugly at B and D 

when there is no load. Determine the elongation AC of the bar due to the load P.  

(Assume L1=2L3=250 mm, L2=225 mm, A1=2A3=960 mm2, and A2=300 mm2.) 
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Problems Involving Temperature Changes 

A change in temperature can cause a body to change its dimensions. Generally, if the temperature increases, 

the body will expand, whereas if the temperature decreases, it will contract. If the material is homogeneous 

and isotropic, it has been found from experiment that the displacement of the end of a member having a length 

(L) can be calculated using the formula:  

 

 

 

Where: 
a = Linear coefficient of thermal expansion 1/C°.  
∆T = Algebraic change in temperature of the member (Tfinal-T initial). 
   L = Original length of the member 
dT = Algebraic change in the length of the member  
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The effect of temperature changing is only important in statically 

indeterminate members. This means, temperature change causes stresses 

and strains only in indeterminate elements, while determinate elements 

elongate and shrink freely without any stress and strain. 
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EXAMPLE 2-13 

A plastic bar ACB having two different solid circular cross sections is held between rigid supports as shown in 

the figure. The diameters in the left and right parts are 50 mm and 75 mm, respectively. The corresponding 

lengths are 225 mm and 300 mm. Also, the modulus of elasticity E is 6.0 GPa, and the coefficient of thermal 

expansion is 100 x10-6/C°. The bar is subjected to a uniform temperature increase of 30°C.Calculate the 

following quantities: 

(a) the compressive force P in the bar. 
(b) the maximum compressive stress sc. 

(c) the displacement of point C. 
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EXAMPLE 2-14 

The rigid beam shown in the Figure is fixed to the top of the three posts made of steel and aluminum. The 

posts each have a length of 250 mm when no load is applied to the beam, and the temperature is T1=20C. 

Determine the force supported by each post if the bar is subjected to a uniform distributed load of 150 kN/m 

and the temperature is raised to T2 = 80C. (Est = 200 Gpa and Eal = 73.1 GPa.). 

The negative value for Fst indicates that this force acts opposite to that 

shown in the Figure. In other words, the steel posts are in tension and 

the aluminum post is in compression. 
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EXAMPLE 2-15 

The rigid bar ABC in Figure is pinned at B and attached to the two vertical rods. Initially, the bar is horizontal 

and the vertical rods are stress-free. Determine the stress in the aluminum rod if the temperature of the steel 

rod is decreased by 40°C. Neglect the weight of bar ABC. 
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H.W 

As shown in Figure, there is a gap between the aluminum bar and the rigid slab that is supported by two 
copper bars. At 10°C, d = 0.18 mm. Neglecting the mass of the slab, calculate the stress in each rod when the 

temperature in the assembly is increased to 95°C. For each copper bar, A= 500 mm2, E = 120 GPa, and α = 

16.8 µm/(m·°C). For the aluminum bar, A = 400 mm2, E = 70 GPa, and α = 23.1 µm/(m·°C). 
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EXAMPLE 2-16 

A steel rod of diameter 15 mm is held (without any initial stresses) between rigid walls by the arrangement 

shown in the Figure. Calculate the temperature drop ∆T (degrees Celsius) at which the average shear stress in 
the 12-mm diameter bolt becomes 45 MPa. (For the steel rod, use a=12x10-6/°C and E=200 GPa.) 
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Generalized Hook’s Law 

Consider an element of an isotropic material in the shape of a cube subjected to a triaxial tensile stress, as 

shown in the figure. By using the principal of superposition, the general Hooke’s law can be written as: 
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Poisson’s Ratio 

When a deformable body is subjected to a tensile force (or a compressive force), not only does it elongate but 

it also contracts laterally. In the early 1800s, the French scientist S. Poisson realized that within the elastic 

range the ratio of the strain in the lateral or radial direction to the strain in the longitudinal or axial direction is a 

constant. This ratio is referred to as Poisson’s ratio. 
Poisson’s ratio is a dimensionless quantity with maximum possible value is 0.5, so that 0n0.5. For most 

solids, it has a value that is generally between 0.25 and 0.355.  

 
n= 0.1- 0.16 (concrete). 

n= 0.25 (steel). 

n= 0.333 (aluminum). 

n= 0.5 (rubber). 

 

Poisson’s Ratio= Absolute (Lateral Strain / Axial Strain) 



EXAMPLE 2-17 

A bar made of steel has the dimensions shown in the Figure. If an axial force of P = 80 kN is applied to the bar, 

determine the change in its length and the change in the dimensions of its cross section. The material 
behaves elastically. (Assume Est=200 GPa, n of steel=0.32). 
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The lateral contraction strains in both the x and y directions are equal 

EXAMPLE 2-18 

What material should be used in order to produce a cube has no change in its volume when it is subjected to a 

uniform pressure? 
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EXAMPLE 2-19 

A piece of a steel plate of (250 x 50 x 10)mm dimensions is subjected to a biaxial force system in x and y 
directions, as shown in the figure. Knowing that E=200000 MPa and n =0.25: 

a) What is the change in the thickness. 

b) To cause the same change in thickness as in (a) by Px alone, what must be its magnitude? 
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EXAMPLE 2-20 
Knowing that Poisson’s ratio n=0.25, determine the magnitude of a single force acting only in the y-direction 

that would cause the same deformation in the y-direction as the initial forces. 
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Shear Strain 

Shearing forces cause shearing deformation. An element subject to shear does not change in length but 

undergoes a change in shape. The change in angle at the corner of an original rectangular element is called 
the shear strain. This angle is denoted by γ (gamma) and is always measured in radians (rad). For instance, 

the angles at the points q and s, which were π/2 before deformation, are reduced to π/2-γ. At the same time, 

the angles at points p and rare increased to π /2+ γ.  

The shear strain is expressed as:  
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The ratio of the shear stress τ and the shear 

strain γ is called the modulus of rigidity or 

shear modulus of elasticity and is denoted 
as G, in MPa. the following equation for 

Hooke’s law in shear. 

 
 

 
The relationship between the shearing deformation and the applied 

shearing force is: 

The modulus of elasticity in tension and modulus of rigidity in shear 

are related by the following equation: 

where V is the shearing force acting over an area Ash. 
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EXAMPLE 2-21 

The right side CD of the plate shown in the Figure deforms by a uniform horizontal displacement of 2 mm. 

Determine: 

 (a) the average normal strain along the diagonal AC. 

 (b) the shear strain at E relative to the x, y axes. 
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EXAMPLE 2-22 

A joint between two concrete slabs A and B is filled with a flexible epoxy that bonds to the concrete as shown in 

the Figure. The height of the joint is h=100 mm, its length is L=1000 mm, and its thickness is t=12.5 mm. Under 

the action of shear forces V, the slabs displace vertically through the distance d=0.05 mm relative to each 

other. 

(a) What is the average shear strain in the epoxy? 

(b) What is the magnitude of the forces V if the shear modulus of elasticity G for the epoxy is 965 MPa? 
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CHAPER THREE – AXIAL FORCE, SHEAR AND BENDING MOMENT 

Introduction: 

Structural members are usually classified according to the types of loads 

that they support. For instance, an axially loaded bar supports forces along 

the axis of the bar, and a bar in torsion supports torques along the axis. 

Members that are slender and support loadings that are applied 

perpendicular to their longitudinal axis are called beams.  

Types of Beams, Load, and Reactions: 

Beams are usually described by the manner in which they are supported. 

 

1- Simply supported beam: 

A beam with a pin support at one end and a roller support at the other 

called a simply supported beam or a simple beam. The essential 

feature of a pin support is that it prevents translation at the end of a beam 

but does not prevent rotation. Thus, end A of the beam cannot move 

horizontally or vertically but the axis of the beam can rotate in the plane of 

the figure. Consequently, a pin support is capable of developing a force 

reaction with both horizontal and vertical components (HA and RA), but it 

cannot develop a moment reaction. At end B of the beam, the roller 

support prevents translation in the vertical direction but not in the 

horizontal direction; hence this support can resist a vertical force (RB) but 

not a horizontal force. The axis of the beam is free to rotate at B just as it 

is at A. 
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2- Cantilever beam : 

The beam is fixed at one end and free at the other, is called a 

cantilever beam. At the fixed support (or clamped support) the 

beam can neither translate nor rotate, whereas at the free end it 

may do both. Consequently, both force and moment reactions may 

exist at the fixed support. 

 

 

 

3- Over hanged beam: 

This beam is simply supported at points A and B but it also projects 

beyond the support at B. The overhanging segment BC is similar to 
a cantilever beam except that the beam axis may rotate at point B. 
 
 
 
4- Fixed ended beam (clamped beam) 

The beam is a statically indeterminate beam 

 

 

 

5- Continuous beam 

The beam is a statically indeterminate beam 
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Types of Loads: 

1- Concentrated load: 

When a load is applied over a very small area it may be idealized as a concentrated load, which is a single 

force. Also a concentrated moment M1 acting on the overhanging beam as a single moment. 

2- Distributed load: 

When a load is spread along the axis of a beam, it is represented as a distributed load, such as the load q. 

3- Linearly Varying Load: 

A varying load has an intensity that changes with distance along the axis. 

4- Couple: 

The couple of moment M1 acting on the overhanging beam. 

Sign convention: 

Axial force (P) 

Tensile (+) 

Compressive (-) 

Shear force (V) 

At the right-hand side of the segment, downward (+) 

At the right-hand side of the segment, upward (-) 

Bending moment (M) 

If the moment causes concave, that moment should be considered (+) 

If the moment causes convex, that moment should be considered (-) 

Internal Forces: There are three types of internal forces in the plane as follows: 

• Axial force (P), which algebraically equals the summation of all the axial forces exist on one side of the 

section. 

• Shear force (V), which equals the algebraic summation of all the forces that exist perpendicularly on one 

side of the section. 

• Bending moment (M), which equals the algebraic summation of the moments caused by all the 

perpendicular forces affect one side of the section. 
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EXAMPLE 3-1 

Determine the shear force V and bending moment M at the midpoint C of the simple beam AB shown in the 

figure. 
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EXAMPLE 3-2 

Calculate the shear force V and bending moment M at a cross section located 0.5 m from the fixed support of 

the cantilever beam AB shown in the figure. 
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EXAMPLE 3-3 

Determine the shear force V and bending moment M at the midpoint of the beam with overhangs. Note that 

one load acts downward and the other upward. 
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EXAMPLE 3-4 

Calculate the reactions on the supports A and B  
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EXAMPLE 3-5 

Calculate the reactions on the supports A and B  
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EXAMPLE 3-6 

Calculate the reactions on the supports A and B 

 

The internal hinge always adds additional equilibrium 

equation to the three original equilibrium equations 

that is: 
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Shear and Moment Diagrams by Equations: 

 

EXAMPLE 3-7 

Draw the shear and moment diagrams for the beam shown in the figure. 

Shear and moments diagrams: The shear and moment diagrams are 

obtained by plotting Equations 1 and 2. The point of zero shear can be 

found from Equation 1.  
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EXAMPLE 3-8 

Draw the shear and moment diagrams for the beam shown in the figure. 
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EXAMPLE 3-9 

Draw the shear and moment diagrams for the beam shown in the figure. 
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Shear and Moment Diagrams by Graphical Method: 
Method based on two differential relations, one that exists between the distributed load and shear, and the other 
between the shear and moment is a simpler method for constructing the shear and moment diagrams. For region of 
distributed load: 
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Dividing by  x and taking the limit as  ∆x → 0, the above two equations become: 
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EXAMPLE 3-10 

Draw the shear and moment diagrams for the beams shown in the figures. 
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EXAMPLE 3-11 

Draw the shear and moment diagrams for the beams shown in the figures and find the position of max. bending 

moment.. 
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EXAMPLE 3-12 

Draw the shear and moment diagrams for the beams shown in the figures and find the position of max. bending 

moment.. 
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EXAMPLE 3-13 

Draw the shear and moment diagrams for the beam shown in the figure and find the position of max. bending 

moment.. 
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EXAMPLE 3-14 

Draw the shear and moment diagrams for the beam shown in the figure and find the position of max. bending 

moment.. 
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CHAPER FOUR – TORSION 

Introduction: 
Torsion refers to the twisting of a straight bar when it is loaded by moments 

(or torques) that tend to produce rotation about the longitudinal axis of the 
bar. Its effect is of primary concern in the design of drive shafts used in vehicles and 
machinery, and for this reason it is important to be able to determine the stress and 
the deformation that occur in a shaft when it is subjected to torsional loads. 
 
For instance, when you turn a screwdriver as shown in the figure, your hand 

applies a torque T to the handle and twists the rod of the screwdriver. 

 

An idealized case of torsional loading is pictured in the figure which shows a 

straight bar supported at one end and loaded by two pairs of equal and 

opposite forces. The first pair consists of the forces P1 acting near the 

midpoint of the bar and the second pair consists of the forces P2 acting at the 

end. Each pair of forces forms a couple that tends to twist the bar about its 

longitudinal axis. The moment of a couple is equal to the product of one of 

the forces and the perpendicular distance between the lines of action of the 

forces; thus, the first couple has a moment T1=P1d1 and the second has a 

moment T2=P2d2. The SI unit for moment is the newton meter (N.m).  
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When the torque is applied, the longitudinal grid lines originally marked on the shaft tend to distort into a 

helix, that intersects the circles at equal angles. Also, all the cross sections of the shaft will remain flat and 

they do not warp or bulge in or out. The radial lines remain straight and rotate during this deformation. 

Provided the angle of twist is small, then the length of the shaft and its radius will remain practically 

unchanged. 
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Torsion Formula of Circular Sections 

Assumptions: 

1. A plane section before twist remains plane after twist. 
2. The distribution of shear strain (γ) through the 

section is linear. 

3. The material of the body is linear elastic. 

 

Arc length 

And 

 

 

And  

 

Torque= stress x area x arm 

                                          , 

 

 

 

 

 

 

4

4

0

3

maxmax

max

2

4
22

..2..2

2

rGT

r
GdGT

dGdT

L

ddA

L

r
GG

L

r

Lab

rab

r

areaarea












































For a bar in pure torsion, the total angle of twist φ, equal to the rate of twist times the length of the bar that is: 



)( r



89 

Polar Moment of Inertia 
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EXAMPLE 4-1 

A plastic bar of diameter d=50 mm is to be twisted by torques T as shown in the figure until the angle of rotation 

between the ends of the bar is 5.0°.If the allowable shear strain in the plastic is 0.012 rad, what is the minimum 

permissible length of the bar? 
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EXAMPLE 4-2 

Determine the maximum shearing stress occurs in the circular shaft AC. 
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EXAMPLE 4-3 

A circular hollow shaft with an outside diameter of 20mm and inside diameter of 16mm is subjected to a 

torque of 40Nm. Determine the torsional shear stress at the outside surface and inside surface of the shaft. 
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EXAMPLE 4-4 

The pipe shown in the figure has an inner radius of 40 mm and an outer radius of 50 mm. If its end is 

tightened against the support at A using the torque wrench, determine the shear stress developed in the 
material at the inner and outer walls along the central portion of the pipe. 
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EXAMPLE 4-5 

The steel shaft shown below is subjected to two concentrated torques at B and C. If the shear modulus of 

the steel material G is 80GPa, determine: 

1. The angle of twist at the free end (total angle of twist). 

2. The maximum shear strain in the shaft. 

Check the shear stress at BC: 
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EXAMPLE 4-6 

The two solid steel shafts shown in figure are coupled together using the meshed gears. Determine the 

angle of twist of end A of shaft AB when the torque T = 45 N.m is applied. Shaft DC is fixed at D. Each shaft 

has a diameter of 20 mm and G = 80 GPa. 

Summing moments along the axis of shaft AB yields the 

tangential reaction between the gears:  
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EXAMPLE 4-7 

If the 40-mm-diameter rod is subjected to a uniform distributed torque of tₒ =1.5 kN.m/m, determine the 

shear stress developed at point C. 
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EXAMPLE 4-8 

If the rod in Ex. 4-7 is subjected to a uniform distributed torque of tₒ =1.5 kN.m/m, determine the rod’s 
minimum required diameter d if the material has an allowable shear stress of τallow = 75 MPa. 
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EXAMPLE 4-9 
If the 40-mm-diameter rod is made from a material having an allowable shear stress of τallow = 75 MPa, determine 
the maximum allowable intensity of the uniform distributed torque. 
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EXAMPLE 4-10 

An aluminum shaft with a constant diameter of 50 mm is loaded by torques applied to gears attached to it as 

shown in figure. Using G = 28 GPa, determine the relative angle of twist of gear D relative to gear A. 
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EXAMPLE 4-11 

A compound shaft consisting of a steel segment and an aluminum segment is acted upon by two torques as 
shown in the figure. Determine the maximum permissible value of T subject to the following conditions: τst= 

83 MPa, τal= 55 MPa, and the angle of rotation of the free end is limited to 6°. For steel, G = 83 GPa and for 

aluminum, G = 28 GPa. 

Based on the maximum shearing stress: 

Based on the maximum angle of twist: 
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EXAMPLE 4-12 

A solid steel shaft is loaded as shown in figure. Using G = 83 GPa, determine the required diameter of the 

shaft if the shearing stress is limited to 60 MPa and the angle of rotation at the free end is not to exceed 4 

deg. 

Based on the maximum allowable shearing stress: 

Based on the maximum angle of twist: 
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EXAMPLE 4-13 

The contour of the surface of the shaft is defined by the equation  y = eax, where a is a constant. If the shaft is 

subjected to a torque T at its ends, determine the angle of twist of end A with respect to end B. The shear 

modulus is G. 
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EXAMPLE 4-14 

The rod has a diameter of 25mm and a weight of 15 N/m. Determine the maximum torsional stress in the rod 

at a section located at B due to the rod’s weight 
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EXAMPLE 4-15 

The shaft shown in figure is made from a steel tube, which is bonded to a brass core. If a torque of T = 340 

N.m is applied at its end, plot the shear-stress distribution along a radial line on its cross section. Take Gst = 

78600 MPa and Gbr =35850. 
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EXAMPLE 4-16 

A shaft composed of segments AC, CD, and DB is fastened to rigid supports and loaded as shown in figure. 

For bronze, G = 35 GPa; aluminum, G = 28 GPa, and for steel, G = 83 GPa. Determine the maximum shearing 

stress developed in each segment. 
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EXAMPLE 4-17 

The two shafts are made of steel. Each has a diameter of 25 mm and they are connected using the gears fixed 

to their ends. If a torque of is applied to the gear at E as shown, determine the reactions at A and B and the 

angle of twist at point E. (G=75GPa)  
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H.W: A stepped solid circular steel shaft has the shape shown in the figure below and is having 

G=80*103MPa. The region AC is having D=75mm region CD having D=50mm, and region BD having 

D=25mm. Determine the maximum shearing stress occurs in the shaft as well as the angle of twist at C where 

a torsional load of 100N m is applied. Ends A and B are rigidly clamped. 

H.W: The shaft shown in the figure has a diameter of 40 mm, and is fixed at its ends A and B. If it is subjected 

to the torque, determine the maximum shear stress in regions AC and CB. 
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It was demonstrated  that when a torque is applied to a shaft having a circular cross section the shear strains 

vary linearly from zero at its center to a maximum at its outer surface. Furthermore, due to uniformity, the cross 

sections do not deform, but rather remain plane after the shaft has twisted. Shafts that have a noncircular cross 

section  will bulge or warp when the shaft is twisted. Evidence of this can be seen from the way grid lines 

deform on a shaft having a square cross section. Because the shear-stress distributions along two radial lines 

of the shaft are different, the shear strains they create will warp the cross section. The corner points of the shaft 

must be subjected to zero shear stress and therefore zero shear strain. The reason for this can be shown by 

considering an element of material located at one of these corner points. 

Torsion of Noncircular Members 

Denoting by L the length of the bar, by (a) and (b), 

respectively, the wider and narrower side of its cross 

section, the maximum shearing stress occurs along the 

center line of the wider face of the bar and is equal to: 

 

                                  and 
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The coefficients α and β depend only upon the ratio a/b and are given in the table shown below for a number of 
values of that ratio. 

For very thin sections (a/b>>10), α = β = 1/3. 

Therefore, the maximum shearing stress of the 

rectangular bar is written as: 

 

 

                                 and 

Using the theory of elasticity, the table below provides the results of 

the analysis for square cross sections, along with those for shafts 

having triangular and elliptical cross sections and gives the formulas 

for the angle of twist of each shaft. In all cases, the maximum shear 

stress occurs at a point on the edge of the cross section that is 

closest to the center axis of the shaft.. By extending these 

results, it can be shown that the most efficient shaft has a circular 

cross section, since it is subjected to both a smaller maximum shear 

stress and a smaller angle of twist than one having the same cross-

sectional area, but not circular, and subjected to the same torque. 
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EXAMPLE 4-18 

Compare the angle of twist and maximum shear stress for three members of length (L) having a square 

section, a rectangular section and a circular section of same area. All members are subjected to same torque 

(T). The circular section is of 100mm diameter, and the rectangular section is 25mm wide. 

circlesquarerec
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Thin-walled members with open cross sections: 

EXAMPLE 4-19 

If the shaft is subjected to the torque of determine the maximum shear stress developed in the shaft. Also, 

find the angle of twist of end B. The shaft is made from A-36 steel. Set a = 50 mm. 
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EXAMPLE 4-20 

For the thin-walled square shaft with a longitudinal slot shown in the figure below, determine the angle of twist 

at section 1-1 and section 2-2. Take G=84 kN/mm2 
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CHAPER FIVE – PURE BENDING OF BEAMS 

Introduction: 
Consider the undeformed bar shown in the figure, which has a square cross section and is marked with 

horizontal and vertical grid lines. When a bending moment is applied, it tends to distort these lines. Here the 

horizontal lines become curved, while the vertical lines remain straight but undergo a rotation. The bending 

moment causes the material within the bottom portion of the bar to stretch and the material within the top 

portion to compress. Consequently, between these two regions there must be a surface, called the neutral 

surface, in which horizontal fibers of the material will not undergo a change in length. As noted, we will refer to 

the z axis that lies along the neutral surface as the neutral axis. 
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Pure bending refers to flexure of a beam under a constant bending moment. Therefore, pure bending occurs 

only in regions of a beam where the shear force is zero. However, nonuniform bending refers to flexure in 

the presence of shear forces, which means that the bending moment changes as we move along the axis of 

the beam. 
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Curvature of a Beam 

When loads are applied to a beam, its longitudinal axis is deformed into a curve. The resulting strains and 

stresses in the beam are directly related to the curvature of the deflection curve. Curvature is a measure of 

how a beam is curved (bent). If the load on a beam is small, the beam will be nearly straight, the radius of 

curvature will be very large, and the curvature will be very small. If the load is increased, the amount of 

bending will increase and the radius of curvature will become smaller, and the curvature will become larger. 

To illustrate the idea of curvature, the two points (m1 and m2) are located on the deflection curve. Point m1 is 

chosen at an arbitrary distance x from the y axis and point m2 is located at small distance ds further along the 

curve. At each of these points, a line normal to the tangent to the deflection curve is drawn. These normals 

intersect at point O’, which is the center of curvature of the deflection curve.The distance (O’m1) from the 

center of curvature to the curve is called the radius of curvature ρ (Greek letter rho), and the curvature κ 

(Greek letter kappa) is defined as the reciprocal of the radius of curvature. Therefore, 
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Bending Formula 

Basic assumptions: 

1. A plane section before bending remains plane after bending. 

2. The material is linear elastic (i.e. follows Hooke’s law). 

3. The modulus of elasticity (E) is same in both tension and compression. 

Since the material is linear elastic: 

 

 

 

 

The normal bending stress is 

varying linearly from zero at NA to 

a maximum value at extreme fibers 
(mp and nq). 



114 

For symmetrical sections about x-axis: 

For unsymmetrical sections about x-axis: 
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Elastic Section Modulus 
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EXAMPLE 5-1 
The cantilever beam, shown in the figure below, has 2.0m span and carries a uniformly distributed load of magnitude 
2kN/m and a concentrated vertical load of 10kN. Determine the bending stress distribution at the critical section. 

Solution: a critical section is the 

section where the maximum bending 

moment and consequently the 

maximum bending stress occurs. 

In order to find the location of N-A: 
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EXAMPLE 5-2 

The simply supported beam has the cross-sectional area as shown in the figure. Determine the absolute 

maximum bending stress in the beam and draw the stress distribution over the cross section at this location. 

Also, what is the stress at point B? 
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EXAMPLE 5-3 

Determine the maximum tensile and compressive bending stresses developed in the overhanging beam 

shown below. 

Solution: from the bending moment diagram, there appear two critical sections because there are a maximum 

positive moment and a maximum negative moment. In order to find the location of NA, y1: 
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EXAMPLE 5-4 

When two concentrated forces were applied at a W460 x 82 steel beam as shown in the figure, an elongation 

of 0.12mm was observed between the gauge points A and B. What was the magnitude of the applied forces? 

Take E=200GPa and I= 371x106 mm4. 
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EXAMPLE 5-5 

A gray cast iron channel member as shown in the figure below acts as a horizontal beam. When vertical 

forces are applied to this beam the distance AB increases by 0.02mm and the distance CD decreases by 

0.18mm. What the maximum normal stresses occur in the extreme fibers, and what is the sense of the 

moment? E=100GPa. 
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EXAMPLE 5-6 

If the overhanging beam is made of wood having the allowable tensile stress (𝜎𝑎𝑙𝑙𝑜𝑤)𝑡=4 MPa and allowable 

compressive stress (𝜎𝑎𝑙𝑙𝑜𝑤)𝑐=5 MPa. Determine the maximum concentrated force P that can applied at the 

free end. 
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EXAMPLE 5-7 

A cantilever beam with a rectangular cross section has a longitudinal hole drilled throughout its length 

as shown in the figure. Find the bending stresses at the top of the beam, at the top of the hole, and at the 

bottom of the beam. 
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EXAMPLE 5-8 

A steel beam ABC is simply supported at A and B and has an overhang BC of length L=150 mm as shown in 

the figure. The beam supports a uniform load of intensity q=4.0 kN/m over its entire span AB and 1.5q over 

BC. The allowable bending stress in the steel is 𝜎allow=60 MPa, and its weight density is 𝛾=77.0 kN/m3. 

Calculate the required width b. 
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Beams of Two Materials (Composite Beams): 

Beams constructed of two or more different materials 

are referred to as composite beams. Since the flexure 

formula was developed only for beams made of 

homogeneous material, this formula cannot be applied 

to directly determine the normal stress in a composite 

beam. It must be develop a method for modifying or 

“transforming” a composite beam’s cross section into 

one made of a single material.  

Stress Distribution in Composite Sections (Method of Transformed section): 
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EXAMPLE 5-9 

A composite beam is constructed from a wood beam (150mm x 250mm) and a steel reinforcing plate, as 

shown in the figure. If the beam is subjected to a positive bending moment of 30kN.m around its horizontal 

axis, determine the maximum stresses developed in steel and wood. Take Es=200GPa and Ew=10GPa 
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EXAMPLE 5-10 

Determine the maximum stress in concrete and steel for the reinforced concrete beam of the section shown 

below. The section is subjected to a positive bending moment of 70kN.m. Assume the modular ratio n=15. 

Compare the maximum stresses with the allowable stresses in both concrete and steel. 

Solution: As the concrete under tension stresses is very weak, it will crack below the neutral surface (for the 

positive moment) and the steel rods will carry the entire tensile load, while the upper part of the concrete 

beam will carry the compressive load. That is to say, we consider the concrete area in the tension zone is 

negligible.  

 

 

 

 

 
To find the location of the NA: 
The first moment of the compression area around the NA = the first moment of the tension area around the NA. 
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EXAMPLE 5-11 

A hollow rectangular reinforced concrete section is cast as shown in the figure below. The modular ratio n=10, 

and the maximum compressive stress in the concrete caused by positive bending moment is 7MPa. 

Determine the stress in the steel and the bending moment applied to the section. 

Solution: We need first to transform the actual composite section to a concrete transformed section. 

Now, we need to find the location of the neutral axis for the transformed section: 
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EXAMPLE 5-12 

The reinforced concrete section of the T-shape shown in figure is subjected to a positive bending moment of 

150kN.m.If the modular ratio n=10, determine the maximum compressive stress in the concrete and the 

stress in the steel. 

After making the transformed section (as shown in the figure above), obtain the position of N.A. 

First moment of compression area about N.A = First moment of tension area about N.A. 
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EXAMPLE 5-13 

The composite beam shown in the figure is made of wood and reinforced with a steel plate located on its 

bottom side. If the beam is subjected to a bending moment of M = 2 kN.m, determine the normal stress at 

points B and C. Take Ew = 12 GPa and Est = 200 GPa. 

Solution: Although the choice is arbitrary, here we will transform the section into 

one made entirely of steel. Since steel has a greater stiffness than wood (Est 

<Ew), the width of the wood is reduced to an equivalent width for steel. For this 

to be the case, n = Ew /Est, so that: 
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EXAMPLE 5-13 

Find the maximum stress in the points 1,2,3,4,5, and 6 if the section subjected to positive bending moment of 

20 kN.m. Take Eal = 70 GPa, Est = 210 GPa  and Eco = 140 GPa. 
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