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Definition of the Natural Logarithm Function

The natural logarithm of a positive number x, written asIn x, is defined as an integral.
1
Inx = f —dt, x>0
. t
From the Zero Width Interval Rule for definite integrals, we also have:

11
ln1=f —dt=0
. t
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The Derivative of y = Inx

dl B djxldt_l
dxmx_dx1 -

For every positive value of x, we have:

d Iy — 1
dx nx= x
If uisadifferentiable function of x whose values are positive, so that In u is defined,then

applying the Chain Rule we obtain:

du

l _1
nu_u'dx

dx
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Example 1: Find derivatives of the following functions:
a 1 1
a) aanx = ;(2) =
Notice from Example 2athat the function y = In 2x hasthe same derivative as the function

y = Inx.

d
b) —In(x? +3) = ——(2x) = =

d
C) alnlxl, x+0

Notice that the derivative of |x| =1 = —

||

Algebraic Properties of the Natural Logarithm
For any numbersb > 0 and x > 0, the natural logarithm satisfies the following rules:
1. ProductRRule: Inbx = Inb + Inx

2. Quotient Rule: lng =Inb— Inx

3. Reciproca Rule: ln% =—Inx

4. Power Rule Inx™ = rlnx Forrrationd

Example 2: Interpreting the properties of Logarithms

ad In6=In(2*3)=In2+1n3
b) In4—In5=InZ=1n0.8

C) ln%:—ln8:—ln23 = —3In2
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Example 3: Applying the properties of Logarithms to function formulas

a) In4+ In(sinx) = In(4sinx)
b) In

x+1
v In(x +1) —In(2x — 3)
c) In(secx) = lnﬁ = —Incosx

d Im¥x+1=Inkx+1)Y3= éln(x +1)

The Integral [(1/w)du

If uisadifferentiable function that is never zero, then:
1
j—du = Inju|+ C
u

Whenever u = f(x) isadifferentiable function that is never zero, we have that du = f'(x) dx
and:

[
f@)

Exampled: Calculate the following integral:

dx =In|f(x)|+C

f"/z 4 cos B
—nj23 +2siné
Let: u =3+ 2sinf,du = 2cos @

Therefore,

5
2
f Edu = 2In|ul]} = 21n|5| — 2In|1] = 2In5
1

The Integrals of tan x, cotx, sec x,and csc x

To integrate these trigonometric functions,

sinx 1
ftanxdx=f dx = —In|cosx|+ C =1n + C =In|secx|+ C
CoS X |cos x|

cos x .
fcotx dxzf dx = In|sinx| + C = —In|cscx| + C
sinx

To integrate sec x, we multiply and divide by (sec x + tan x) as an algebraic form of 1.

3
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secx + tanx sec® x + secxtanx
secx dx = | secx.———— dx = = In|secx + tanx| + C
secx + tanx secx + tanx

For csc x, we multiply and divide by (csc x + cot x).

cscx + cotx csc? x + cscx cotx
cscx dx = | cscx. —— dx = = —In|cscx + cotx| + C
cscx + cotx cscx + cotx

Example 5: Calculate the following integral:

/6 /3 du 1 /3 1 /3 1 1
f tan 2x dx = f tanu—=—f tanu du = =In|secu| ==(In2-In1)==In2
0 0 2 2, 2 0 2 2
Example 6: Using the Logarithmic Differentiation, find dy/dx if:
x2 4+ 1) (x +3)1/2
_( )( ) ’ 1

x—1
Solution: the Natural logarithm of both sidesis taken:

(x% + 1) (x + 3)/2
Iny =1In

x—1
Iny =In(x?>+ 1) (x+3)/? - In(x — 1)

Iny =In(x? +1) +In(x +3)"?2 —In(x — 1)
1
Iny=In(x?+1) + Eln(x +3)—In(x—1)

The derivatives of both sides are taken with respect to x:

1dy 1 1 1 1
— == 2x + =
ydx x?2+1 2x+3 x-1

Then, solvefor dy/dx:

dy (Zx N 1 1 )
dx_yx2+1 2x+6 x-—1

Finally, substitute the function of y:
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dy_(x2+1)(x+3)1/2( 2x N 1 1 )
dx x—1 x2+1 2x+6 x-—1

Example 7: Using the Logarithmic Differentiation, find dy/dx if:

1
y =1nx.;.\/§

Solution: the Natural logarithm of both sides is taken:

1
Iny = ln(lnx.;.\/})
1
Iny = In(Inx) +ln;+ln\/§

1 1
Iny = In(Inx) +1n;+51nx

1 _1
1y_ 5 Te, 11
y dx Inx 1 2'x

X
1dy 1 1 1
y'dx x.Inx x 2x

dy ( 1 1)
ks x.Inx 2x

Y (nxe &) ()

x.lnx 2x

Homework

1. Usethe properties of the natural logarithms to simplify the following expressions:

a) Insinf —In (SHSIG)
b) In(3x%2 —9x) +1n (%)
C) %1n(4t4) —In2
2. Findthefirst derivative of the following functions with respect to x:

5
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a y=Inx3
9 3=n()
¢) y =In(In(Inx))

3. Evaluate the following integrals:

0 3dx
a) f—13x—2

secx dx
b) fw/ln(secx+tanx)

Calculusll



