AREAS AND VOLUMES

U Area between two curves:

a. If f(x)= g(x) fora<x <b then| A = f:[f(x)—g(x)] dx

b.If fly)=g(y) forc<y<dthen| A= [[(f &) —g()]dy

Ex / Find the area of the region enclosed between the curves
y=x*> and y=x+6
x2=x+6
x2—x—-6=0
(x+2)(x-3)=0

Check x=0

y, = 0 (below) 1y, =6 (above)

3 3
A= f_z(J’Z — Y1 )dx = f_z[(x+6)— x*] dx
2 3 3
= x?+ 6x—x? ]
—2
2 3 —2)2 —2)3

2 3 2

( 22)_125
3) 6

Ex / Find the area of the region enclosed between the curves

x = y?
e
a4

and y=x-2

> ehe

5*\ = +

T y=-x
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Method (1) vy, =+vVx , y,=—Vx ,y3=x-—2

V= —Vx +Vx=x-2
Vi +/x=0 x = (x—2)2
2Vx =0 x2—5x+4=0
Vx =0 (x—1Dx—-4)=0
U U
x=0 x=1 x=4
A= A+ A,

1
ff—( V)] dx+f [Vx— (x—2)]dx
0

2+/x dx +f [Vx —x + 2]dx

4
=2fx1/2dx+f[ 12— x4 2]dx

ZNESN\D)
3/2 2+ *]

Method (2)

y2=y+2 y2—y—-2=0
+Dly-2)=0
U ()
y=-1 y=2

A= 2y +2)— y* 1 dy =

_ [(2)2 2(2) - (2)] [( 1)? 2(_1)_(—1>3]=g

3 2
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Ex / find the area of the region enclosed between the curves
yi=—x ,y=x-6 ,y=—-1,y=4

I
)

[(y+6)-(—y?)]dy
[

1

_ | y
= |5t oyt 3

Ex / Find the area bounded by y=sinx ,y = cosx , fromx =0
to x = 2m Sketch the region)

21
= f (cosx — sinx) dx + f (sinx —cosx ) dx + f(cosx—sinx)dx
0 L3 5m

4 4

5t
. 4 . 4 .
= sinx + cosx |* — cosx — sinx],# + sinx + cos x]ZF = 44/2
0 T 5t

4 4
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Ex / Find the area of the region enclosed between the curves
y=x, y=4x , y= —x+2 ,sketchtheregion.

Y=4x

Yi= Y3
yields
4x=x — x=0

A=A, + A,

2/5

2

Ex: Find k that divide the area between y= x* and vy =9 into

twoequal parts . — y= x> - x= +.[y

¥ valos

1z
\ 12
£

to be equal parts A; = A,
Py = (=) dy = LIy = (=l
2 [y dy =2 [} [y dy

9 k
Sy dy = [;y'*dy
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k
y3/2 _ y3/2

3/2 3/2
3

iy

93/2 _ [3/2 = [3/2 _
27 =2 k3/?
27/2=k32 > (27/2)*3 =k

2.3 -VVolumes

[ a. Volumes by Disks V= f:n (f(x)%dx

Ex/ Find the volume of the solid obtained when the region under the curve
y = +/x over the interval [1,4] is revolved about the x — axis .

V= [ m(fx)?dx
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U b. Volumes by washers:

V= fim [(Fa)? - (g(x) ] dx

Ex: find the volume generated by revolving the area enclosed by
y=x*+1, y=x+3 about the x — axis

Y1 = Y2
x2+1=x+3
x2—x—-2=0
x+1D)(x-2)=0
[ [
x=—-1 x=2

By washer method
b

V= f 7 ([ FCOP = [9@)1] dx

a

T [(x+3)2= (x* +1)?] dx

[x? + 6x+9 — x* —2x? — 1] dx

J
J

-1
2

s f[—x4—xz+6x+8]dx

2
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Ex/ Find the volume of solid generated by revolving the region

enclosedby x = y* and x=y

1- about the x-axis

2- about the Line y=-1.

1- about the x — axis
yi = Y2

X = x

x2—x=0
x(x—1)=0
¢ U

x=0 x=1

By washer method
b

V= f 7 [[F@) 12 = [g()1?] dx

a

_ fn((&)z— (0?) dx
0

7 x?  x3

= — Zd — _——

ﬂf(x x)dx =7 5 3
0

2- about the line y = -1

b
V= f 2IfG) — (-DP - [9) — (~1D)]2dx

= foln[(\/}+ 12— (x+1)? dx

1
= nf[x+2\/97+1—x2—2x—1] dx
0

=7 fol[—x +2+/x — x?]dx
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Ex / Find the volume of the solid generated when the region enclosed by
y=+vx+1,y,=+2x andy, = 0 isrevolved about the x — axis.

x= -1

V=vs + v,
0 1

= fﬂ' [\/x+1]2dx+frr([\/x+1]2— [V2x]*)dx

-1 0

0
=7 f(x+1)dx+rr [x+1—2x]dx
1

0
s J(x+1)dx + 7 | (1—x)dx

52 0 2

X
7T[7+ x_]1+ T[[X—7
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c. Volume by Cylindrical shells:

b

V= on x f(x) dx

a

Ex / Find the volume of the solid generated when the region enclosed
by y =+/x over [1,4] is revolved about the y-axis.

¥ valss

V= ['2m x f(x)dx %
=f1427tx\/§ dx

x5/2

5/2

=2r ff x3/? dx =2T[[

4
=2m.2 [xS/Zl = T [32-1] ===
Ex / use cylindrical shell method to find the volume of the solid generated
when the region in the first quadrant enclosed by

y=x andy = x* _isrevolved about y — axis

y value

-10 - 05 05 10

- 05—
=
~10t

Vi= 2

x? =x

x> —x=0
x(x—1)=0
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Ex / use cylindrical shell to find the volume of the solid generated when the
region under y = x? over the internal [0,2] is revolved about x —
axis

y vale
4 -

2t

s

x
0|0 y=x*->x= [y ¢
214

b
V= f2ﬂy[f(y)— g()] dx

a

= f0427ty[2— Jy]dy

4
y5/2 32

=27Tf04[2y—y3/2]dy =2m |y?— ) =5
0

Ex / use cylndrical shells method to find the volume of the solid ge
nerated when the region isenclosedby y = x3y=1 ,x =10 is
revolved 1.abouttheline y=1, 2.abouttheline y=-1

y value
20

15

10 H
v /

05 Y=x

- X value

1. V= fon’[l—y] [f(y)— g(y)]dy oo o 04 06 08 10
=27 [J[1—-y][/y - 0] dy

1
_ Ir 173 _ .4/3 _ ey’ - 3_31_9rm
—Zﬂfo[y y ]dY—Z”[4/3 7/3(]) 2”[4 7] 14
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02 04 06 08

b
2.V = f 21y = (D) = 9] dy

=27 [Jly+1] [3/y - 0]dy

=2m [[[y**+ y'/Pldy=2n




