
Chapter One 
Fourier Series and Fourier Transform 

I. Fourier Series Representation of Periodic Signals 

1-Trigonometric Fourier Series: 

The trigonometric Fourier series representation of a periodic signal x(t)= x(t + 
T0 ) with fundamental period  T0 is given by 
 

𝐱(𝐭) =
𝐚𝟎

𝟐
+∑ (𝐚𝐧 𝐜𝐨𝐬(𝐧𝐰𝟎𝐭) + 𝐛𝐧 𝐬𝐢𝐧(𝐧𝐰𝟎𝐭)

∞

𝐧=𝟏
) 

 

where 𝐰𝟎 =
𝟐𝛑

𝐓𝟎
  is radian frequency, 

  a0, an and bn are the Fourier coefficients given by 

𝐚𝟎 =
𝟐

𝐓𝟎
∫ 𝐱(𝐭) 𝐝𝐭
𝐓𝟎
𝟎

 ,           𝐚𝐧 =
𝟐

𝐓𝟎
∫ 𝐱(𝐭)  𝐜𝐨𝐬(𝐧𝐰𝟎𝐭)  𝐝𝐭
𝐓𝟎
𝟎

 𝐛 𝐧 =

𝟐

𝐓𝟎
∫ 𝐱(𝐭) 𝐬𝐢𝐧(𝐧𝐰𝟎𝐭)  𝐝𝐭
𝐓𝟎
𝟎

 

 

 
Example 1: Determine the Fourier series to  
                     represent the periodic function    
                     shown. 
Solution: 

     x(t) =
t

2
      0 < 𝑡 < 2𝜋                 , T0= 2π        w0 =

2π

T0
=
2π

2π
= 1 

a0 =
2

T0
∫ x(t) dt

T0

0

=
1

π
∫
t

2
 dt =

1

4π
 [t2]0

2π

2π

0

= π 

an =
2

T0
∫ x(t) cos(nw0t)  dt =
T0
0

1

π
∫

t

2
 cos(nt)  dt =

2π

0
 
1

2π
∫ t cos(nt)  dt
2π

0
  

Integrating by parts 

an =
1

2π
{[
t sin (nt)

n
]
0

2π
+ [

cos(nt)

n2
]
0

2π
}= 0 

x(t) 

0 2𝝅 4𝝅 
t 

𝝅 
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b n =
2

T0
∫ x(t) sin(nw0t)  dt

T0

0

=
1

2π
∫ t sin(nw0t)  dt =

2π

0

−
1

n
 

The general expression for Fourier series is 

x(t) =
π

2
+∑ {−

1

n
sin(nt)} =∞

n=1
π

2
− {sin t +

1

2
sin 2t +

1

3
sin 3t + ⋯}  

 

 

Even and Odd Signals: 
 

If a periodic signal x(t) is even (x(-t)=x(t)), then bn= 0 and its Fourier series 
contains only cosine terms: 

𝐱(𝐭) =
𝐚𝟎
𝟐
+∑𝐚𝐧 𝐜𝐨𝐬(𝐧𝐰𝟎𝐭)

∞

𝐧=𝟏

 

If x(t) is odd (x(-t) =-x(t) ), then an= 0 and its Fourier series contains only sine 
terms: 

𝐱(𝐭) = ∑ 𝐛𝐧 𝐬𝐢𝐧(𝐧𝐰𝟎𝐭
∞

𝐧=𝟏
) 

 

HW 1:  Find the trigonometric Fourier of the triangular waveform shown over 
the  interval (-π,π).   
 

 
 
 
 
 
 
 
 

Answer: 𝑥(𝑡) =
4

𝜋
∑

1

𝑛2
cos 𝑛𝑡            − 𝜋 < 𝑡 < 𝜋∞

𝑛=1
𝑛 𝑜𝑑𝑑

  
 

HW 2:  Find the trigonometric Fourier of symmetric square wave shown. 
 
 

 
 
 
 
 
 

𝛑

𝟐
 

-𝛑 

-𝟐𝛑 

−
𝛑

𝟐
 

𝛑 

𝟐𝛑 

𝐱(𝐭) 

𝐭 

𝟏 

-𝑻/𝟐 

−𝟏 

𝑻/𝟐 

𝐱(𝐭) 

𝐭 
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Answer: x(t) =
4

π
 [cosw0t −

1

3
cos 3w0t +

1

5
cos5w0t − ⋯]  

2-Complex Exponential Fourier Series Representation: 
 

The complex exponential Fourier series representation of a periodic signal      
x(t) with fundamental period T0 is given by 
 

𝐱(𝐭) = ∑ 𝐜𝐧 𝐞
𝐣 𝐧𝐰𝟎𝐭

∞

𝐧=−∞

            

where 𝒘𝟎 =
𝟐𝝅

𝑻𝟎
  and cn is complex Fourier coefficients and are given by 

𝐜𝐧 =
𝟏

𝐓𝟎
∫ 𝐱(𝐭) 𝐞−𝐣𝐧𝐰𝟎𝐭 𝐝𝐭

𝐓𝟎

𝟎

 

 

The relation between trigonometric and complex exponential Fourier series: 

𝐚𝟎/𝟐 = 𝐜𝟎               
𝐚𝐧 = 𝐜𝐧 + 𝐜−𝐧    
𝐛𝐧 = 𝐣𝐜𝐧 − 𝐣𝐜−𝐧

       , 𝐧 ≠ 𝟎                       

𝐜𝐧 =
𝐚𝐧−𝐣𝐛𝐧

𝟐
        

𝐜−𝐧 =
𝐚𝐧+𝐣𝐛𝐧

𝟐
   

𝐜−𝐧 = 𝐜𝐧
∗        

          , 𝐧 ≥ 𝟏            

 

Q/ Derive the complex exponential Fourier series from the trigonometric 
Fourier series? 

x(t) =
a0
2
+∑ (an cos(nw0t) + bn sin( nw0t)

∞

n=1
 

         =
a0
2
+∑ (an

ejnw0t + e−jnw0t

2
+ bn

ejnw0t − e−jnw0t

2j
)

∞

n=1
 

         =
a0
2
+∑ ({

an − jbn
2

} ejnw0t + {
an + jbn

2
} e−jnw0t)

∞

n=1
            

 

Define cn =
an−jbn

2
  ,  cn

∗ =
an+jbn

2
= c−n   and c0=a0/2 

 

  x(t) = c0 +∑ (cne
jnw0t + c−ne

−jnw0t)
∞

n=1
  

 

          = c0 +∑ cne
jnw0t +∑ c−ne

−jnw0t 
∞

n=1
 

∞

n=1
       

As n ranges from 1 to ∞  , -n ranges from -1 to -∞ 

x(t)  = c0 +∑ cne
jnw0t +∑ cn e

jnw0t 
−∞

n=−1
 

∞

n=1
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          = ∑ cn e
jnw0t 

−1

n=−∞
+ c0 +∑ cne

jnw0t 
∞

n=1
    =∑ cn e

jnw0t 
∞

n=−∞
 

 
 

Amplitude and Phase Spectra of a Periodic Signal: 
 

𝐜𝐧 = |𝐜𝐧|𝐞
𝐣𝛉𝐧 

 

where |cn| is the amplitude spectrum of the periodic signal x(t) 
             θn    is the phase spectrum of x(t) 
 

|𝐜𝐧| = |𝐜−𝐧| =  
√𝐚𝐧

𝟐+𝐛𝐧
𝟐

𝟐
     and   𝛉−𝐧 = −𝛉𝐧  

 

Hence, the amplitude spectrum is an even function of w and the phase 
spectrum is an odd function of w for a real periodic signal. 
 
 

Example 2: Find the exponential Fourier series and  
corresponding frequency spectra for the function  
x(t) shown.   
 

Solution: 

                T0=0.5  , w0=
2π

T0
= 4π 

cn = 2∫ e−t e−j4πnt dt

0.5

0

= 2 [
𝑒−(1+𝑗4𝜋𝑛)𝑡

−(1 + 𝑗4𝜋𝑛)
]
0

0.5

=
2

1 + 𝑗4𝜋𝑛
[1 − 𝑒−0.5𝑒−𝑗2𝜋𝑛] 

 since  e−j2πn = 1 

cn =
0.79

1 + j4πn
 

The complex exponential Fourier series, x(t) =∑  
0.79

1+j4πn
ej n4πt

∞

n=−∞
            

The amplitude spectrum,  |cn| =
0.79

√1+16π2n2
  , c0=0.79. 

The phase spectrum, θn = −tan
−1(4πn) 

 

           0            0.5           1     t 

x(t)=𝐞−𝐭 
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Example 3: Find the complex exponential Fourier series and corresponding 
frequency spectra for the function shown for T=4,8, and 16. 
 
 
 
 
 
 
 
Solution:   

cn =
1

T
∫  e−jw0nt dt

T

0

=
1

T
 [
e−jnw0t

−jnw0t
]
−1

1

=
2

T
 [
ejnwo − e−jnwo

2jnw0
] =

2

T
 
sin nw0
nw0

 

       x(t) =∑
2

T
 
sin nw0
nw0

 ej nw0t

∞

n=−∞

            

In case T=4:  w0=
2π

T
=

π

2
     cn =

1

2
 
sin (

nπ

2
)

nπ

2

  and c0 = lim
n→0

cn =
1

2
    

cn=0  for  
nπ

2
= ±π, ±2π, ±3π, ….  

                   n= ±2, ±4, ±6 , … 
 

 -T/2     -1                1    T/2 

1 
x(t) 

t 
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Similarly for T=8 and 16 the magnitude spectrum is shown in respectively 
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Parseval’s  Theorem for Power Signal 
 

The average power P of a periodic signal x (t) over any period T is represented 
by the complex exponential Fourier series as 

𝐏 =
𝟏

𝐓
∫|𝐱(𝐭)|𝟐 𝐝𝐭

𝐓
𝟐

−
𝐓
𝟐

=∑ |𝐜 𝐧|
𝟐

∞

𝐧=−∞
 

 

Example 4: Determine the average power of x(t)=2 sin (100t). 
 

Solution: 
 

 P =
1

T
∫ |x(t)|2 dt =
T/2

−T/2

1

T
∫ |2 sin(100t)|2 dt =
T/2

−T/2
2 

 x(t) = 2
ej100t−e−j100t

2j
= −jej100t + j e−j100t   

Comparing to  x(t) = ∑ cn e
j nw0t

∞

n=−∞
  = c1e

j 100t + c−1e
−j 100t    

c1=-j    ,   c-1=j   and 

P =∑ |c n|
2

∞

n=−∞
= |c 1|

2 + |c −1|
2 = 1 + 1 = 2 

 
 

 
HW3:  find the complex exponential Fourier series and spectral frequency for 
the functions 
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a)    x(t) = {
1                 0 < 𝑡 <

T0

2

−1             
T0

2
< 𝑡 < T0

            where x(t+T0)=x(t) 

 

 

b) x(t) = {

2

T
t                       0 < 𝑡 <

T

2

−
2

T
t + 2              

T

2
< 𝑡 < T

         where x(t+T)=x(t) 

 
 
 
 
 
 
 
II. Fourier Transform for Non periodic Signal  
From Fourier Series to Fourier Transform: 
 

Let x(t) be a nonperiodic signal of finite duration, that is   𝐱(𝐭) = 𝟎     |𝐭| > 𝐓𝟏 
 

Let xT0(t) be a periodic signal formed by repeating x(t) with fundamental 

period T0 in such that     𝐥𝐢𝐦
𝐓𝟎→∞

𝐱𝐓𝟎(𝐭) = 𝐱(𝐭)      

 
 
 
 
 
 
 
 
 
 
 
The complex exponential Fourier series of  xT0(t) is given by 

xT0(t) =∑cn e
j nw0t                  w0 =

2π

T0

∞

n=−∞

            

x(t) 

  -T1                    T1 

𝐱𝐓𝟎(t) 

                -T0                 -T0/2      -T1                   T1          T0/2                    T0 

t 

t 
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where                      

cn =
1

T0
∫ xT0(t) e

−jnw0t dt

T0

0

 

Since xT0(t) = x(t)for |t|<T0/2 and also since x(t)= 0 outside this interval 

cn =
1

T0
∫ x(t) e−jnw0t dt =

T0/2

−T0/2

1

T0
∫ x(t) e−jnw0t dt

∞

−∞

 

Let us define X(w) as          𝐗(𝐰) = ∫ 𝐱(𝐭) 𝐞−𝐣𝐰𝐭 𝐝𝐭
∞

−∞
 

cn =
1

T0
X(nw0) 

xT0(t) =∑
1

T0
X(nw0) e

j nw0t

∞

n=−∞

=
1

2π
∑ X(nw0) e

j nw0t

∞

n=−∞

w0            

As 𝑇0 → ∞, w0=2 π/T0 becomes infinitesimal (w0 → 0). Thus, let w0 = ∆w  
then 

xT0(t)|T0→∞
→
1

2π
∑ X(nw0) e

j n ∆w t

∞

n=−∞

∆w            

Therefore 

x(t) = lim
T0→∞

xT0(t) = lim
w0→0

1

2π
∑ X(nw0) e

j n ∆w t

∞

n=−∞

∆w            

The sum on the right-hand side of Equation above can be viewed as the area 
under the function 𝑋(𝑤)𝑒𝑗𝑤𝑡 as shown 
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Therefore, the Fourier representation of a nonperiodic x(t) is  

𝐱(𝐭) =
𝟏

𝟐𝛑
∫ 𝐗(𝐰) 𝐞𝐣 𝐰 𝐭
∞

−∞

 𝐝𝐰            

Fourier Transform Pair: 
 

Define the function X(w) as the Fourier transform of x(t) and x(t)  is  inverse 
Fourier transform of X(w).  Then 
 

𝐗(𝐰) = 𝓕{𝐱(𝐭)} = ∫ 𝐱(𝐭) 𝐞−𝐣𝐰𝐭 𝐝𝐭
∞

−∞
         F. T. 

𝐱(𝐭) = 𝓕−𝟏(𝐗(𝐰)) =
𝟏

𝟐𝛑
∫ 𝐗(𝐰) 𝐞𝐣 𝐰 𝐭

∞

𝐧=−∞
 𝐝𝐰             I. F. T. 

 

The pair of a Fourier transform denoted by     𝐱(𝐭) ↔ 𝐗(𝐰) 
 
 
 
 
 
 
 
 
 
 
 

Fourier Spectra: 
 

The Fourier transform X(w) is the frequency domain of nonperiodic signal x(t) 
and is referred to as the spectrum or Fourier spectrum of x(t). In general it is 
complex and can be expressed as: 

𝑿(𝒘) = |𝑿(𝒘)|𝒆𝒋𝝓(𝒘) 
where  |X(w)| is the magnitude spectrum of x(t) 
             ϕ(w) is the phase spectrum of x(t) 
 
Example 5: Plot the spectrum for the gate function shown. 
Solution: 

 X(w) = ∫ x(t)e−jwt dt = ∫ e−jwt dt
1

−1
= [

e−jwt

−jw
]
−1

1
∞

−∞
 

             =
e−jw − ejw

−jw
=
2

w
sinw 

X(0)= lim
𝑤→0

2sin𝑤

𝑤
= 2 

X(w)=0 for w=±𝜋,±2𝜋,… 
 

 -1             1 

x(t) 

t 
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Fourier Sine and Cosine Transform  
 

For even function:   

𝐗(𝐰) = 𝟐∫ 𝐱(𝐭) 𝐜𝐨𝐬 𝐰𝐭 𝐝𝐭
∞

𝟎
   ,and  𝐱(𝐭) =

𝟏

𝛑
∫ 𝐗(𝐰) 𝐜𝐨𝐬 𝐰𝐭 𝐝𝐰

∞

𝟎
 

 
For odd function:   

𝐗(𝐰) = 𝟐∫ 𝐱(𝐭) 𝐬𝐢𝐧 𝐰𝐭 𝐝𝐭
∞

𝟎
   ,and  𝐱(𝐭) =

𝟏

𝛑
∫ 𝐗(𝐰) 𝐬𝐢𝐧 𝐰𝐭 𝐝𝐰

∞

𝟎
 

 

 
 
 
Example 6: Repeat Example 5 using odd or even properties 
 

Solution:  X(w) = 2 ∫ x(t) coswt  dt = 2 ∫ coswt dt
1

0
=

∞

0

2 [
sinwt

w
]
0

1
= 2 

sinw

w
  

 

 
HW 4:  plot the spectrum for the following function 

Answer:       X(w) = 2 (
sin 

w

2
w

2

)
2

  

 
Some Special functions and their transform   
 

1- The Dirac Delta (unit impulse function) 𝜹(𝒕) 
 

Assume rectangle function (top-hat function) as shown below. It can be 
denoted by the symbol ∏ (t)a   and is defined as: 

-1               1 

x(t) 

t 

2 
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Πa(t) = {

0                 t < −𝑎/2   
1

a
        − a/2 < 𝑡 < 𝑎/2

0                           
a

2
< 𝑡

                 and      ∫ Πa(𝑡) 𝑑𝑡 = ∫
1

a
 𝑑𝑡 = 1

𝑎/2

−𝑎/2

∞

−∞
 

 
then  dirac delta function 𝛿(𝑡) is defined as 

𝜹(𝒕) = 𝐥𝐢𝐦
𝒂→𝟎

𝚷𝐚(𝒕) 

 
 
 
 
 
 
 
Properties of dirac delta: 

• ∫ 𝛿(𝑡)𝑑𝑡
∞

−∞
= 1 

• ∫ 𝑥(𝑡) 𝛿(𝑡)𝑑𝑡
∞

−∞
= 𝑥(0) 

• ∫ 𝑓(𝑡)𝛿(𝑡 − 𝑡0)𝑑𝑡
∞

−∞
= 𝑓(𝑡0) 

• 𝛿(𝑎 𝑡) =
1

|𝑎|
 𝛿(𝑡)     and  𝛿(−𝑡) =  𝛿(𝑡) 

• ∫ 𝑓(𝑡)𝛿(𝑎(𝑡 − 𝑡0))𝑑𝑡
∞

−∞
=

1

|𝑎|
∫ 𝑓(𝑡)𝛿(𝑡 − 𝑡0)𝑑𝑡
∞

−∞
=

1

|𝑎|
𝑓(𝑡0) 

 
The Fourier transform of dirac delta is given by: 
 

ℱ{𝛿(𝑡)} = ∫ 𝛿(𝑡)𝑒−𝑗𝑤𝑡 𝑑𝑡
∞

−∞
= 1          

 

Also,  ℱ{∏𝑎(𝑡)} = ∫
1

𝑎
𝑒−𝑗𝑤𝑡𝑑𝑡

𝑎/2

−𝑎/2
=

1

𝑎
[
𝑒−𝑗𝑤𝑡

−𝑗𝑤
]
−𝑎/2

𝑎/2

=
1

𝑎
(
𝑒−𝑗𝑤𝑎/2−𝑒𝑗𝑤𝑎/2

−𝑗𝑤
) =

sin
𝑤𝑎

2
𝑤𝑎

2

 

 
 
Example 7: find the Fourier transform for the following function 
Solution: 
 

ℱ−1{δ(w)} =
1

2π
 ∫ δ(w)ejwt dw =

1

2π

∞

−∞

 

 

 -a/2         a/2 

𝚷𝐚(𝒕) 

t 

𝟏

𝒂
 

𝐚 → 𝟎
⬚

𝟏

𝐚
→ ∞

 

𝜹(𝒕) 

t 

   0 

x(t) 

       t 

       1 
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-a               a 

⋀𝒂(𝒕) 

t 

1/a 

ℱ−1{2π δ(w)} = 1 
∴ ℱ{1} = 2π δ(w) 
 
2-Signum function sgn(t) 
 

sgn(t)={
 1                𝑡 > 0
−1             𝑡 < 0

     

ℱ{sgn(t)} = ∫ sgn(t)e−jwt dt = 2∫ e−jwt dt

∞

0

∞

−∞

 

                      =
2

jw
 

3-Unit step function u(t) 
 

u(t)={
 1                𝑡 > 0
0               𝑡 < 0

 

u(t)=∫ 𝑑(𝜏)𝑑𝜏
𝑡

−∞
 

 

u(t)=
1

2
+
1

2
 sgn(t) 

ℱ{u(t)} = ℱ {
1

2
+
1

2
 sgn(t)} =  

1

2
ℱ{1} +

1

2
ℱ{ sgn(t)} = πδ(w) +

1

jw
 

 
 
 
 
 
 

4- The triangle function ⋀𝒂(𝒕) 
 

⋀a(t) = {

a+t

a2
      − a < 𝑡 < 0

a−t

a2
        0 < 𝑡 < 𝑎

0              |t| > 𝑎

                 

ℱ{⋀a(t)} =  (
sin

wa

2
wa

2

)
2

     (see HW 4) 

 

Example 8: ℱ{e−atu(t)} = ∫ e−at e−jwtdt =
∞

0
[
e−(a+jw)t

−(a+jw)
]
0

∞

=
1

a+jw
 

  Properties of The Fourier Transform 
 

1-Linearity:                                              a1x1(t)+ a2x2(t) ↔ a1X(w) + a2X2(w) 

sgn(t) 

       t 

       1 

 

             -1 

 

u(t) 

       t 

       1 

 

           0            
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2-Time shifting:                                                            x(t-t0)↔ e−jwt0X(w) 

3-Frequecny shifting:                                            ejw0tx(t) ↔ X(w − w0) 

4-Time scaling:                                                              x(at) ↔
1

|a|
X (

w

a
) 

5-Time reversal:                                                           x(−t) ↔ X(−w) 

6-Complex Conjugate:                                                 x∗(t) ↔ X∗(−w) 

7- Duality (symmetry):                                                 X(t) ↔ 2π x(−w) 

8- Differentiation in the Time Domain:                    
d x(t)

dt
↔ jw X(w) 

                                                                                             
dn x(t)

dtn
↔ (jw)n X(w) 

9- Differentiation in the Frequency Domain:  (−jt)x(t) ↔
d X(w)

d
 

10-Integration in the Time Domain:             ∫ x
t

−∞
(τ)dτ ↔ πX(0)δ(w) +

1

Jw
X(w) 

11-Time convolution:                   if           𝑥1(𝑡) ⊛ 𝑥2(𝑡) = ∫ 𝑥1(𝜏)𝑥2(𝑡 − 𝜏) 𝑑𝜏
∞

−∞
 

                                                    then                     𝑥1(𝑡) ⊛ 𝑥2(𝑡) ↔ 𝑋1(𝑤)𝑋2(𝑤) 

12-Multiplication (Frequency convolution):    𝑥1(𝑡)𝑥2(𝑡) ↔
1

2𝜋
𝑋1(𝑤) ⊛ 𝑋2(𝑤) 

13- Parseval’s Relation:                             ∫ |x(t)|2
∞

−∞
dt =

1

2π
∫ |X(w)|2
∞

−∞
dw 

 

 

 

 

 

 

Example 9:  using properties above to find the Fourier transform of the    
                         following  functions: 
  

1- ℱ{𝛿(𝑡 − 𝑡0)} = 𝑒
−𝑗𝑤𝑡0ℱ{𝛿(𝑡)} = 𝑒−𝑗𝑤𝑡0 

2- ℱ{𝑓(𝑡) cos𝑤0𝑡}     = ℱ {𝑓(𝑡)
𝑒𝑗𝑤0𝑡+𝑒−𝑗𝑤0𝑡

2
} =

1

2
 ℱ{𝑓(𝑡)𝑒𝑗𝑤0𝑡} +

1

2
 ℱ{𝑓(𝑡)𝑒−𝑗𝑤0𝑡} 

=
1

2
𝐹(𝑤 − 𝑤0) +

1

2
𝐹(𝑤 + 𝑤0) 

3- ℱ{𝑡𝑒−𝑎𝑡𝑢(𝑡)}=
1

−𝑗

𝑑

𝑑𝑤
[

1

𝑎+𝑗𝑤
] =

1

−𝑗

−𝑗

(𝑎+𝑗𝑤)2
= (

1

𝑎+𝑗𝑤
)
2
 

4- ℱ {
sinβt

βt
} 
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Since ℱ{∏a(t)} =
sin

wa

2
wa

2

 use Duality property  

ℱ {
sin
ta
2

at
2

} = 2π ∏a(−t) = 2π ∏a(w) 

If a=2𝛽 → ℱ {
sinβt

βt
} = 2π ∏2β(w) 

5- ℱ {(
sinβt

βt
)
2
}  (HW 5) 

Example 10: Use differentiation property to find X(w)  

for the function shown. x(t) = { 
1 + t      − 1 < 𝑡 < 0
1 − t           0 < 𝑡 < 1
0              |t| > 𝑎

 

Solution : 

ẍ(t) = δ( t + 1) + δ(t − 1) − 2δ(t) 

ℱ{ẍ(t)} = ejw + e−jw − 2 = 2 cosw − 2 = 2(cosw − 1) 

ℱ{ẍ(t)} = (jw)2 X(w) 

X(w) =
ℱ{ẍ(t)}

−w2
=
2(1 − cosw)

w2
= (

sin
w
2

w
2

)

2

 

HW 6:  

 

 

 

 

HW 7: show that 
1

𝑎+𝑗𝑡
↔ 2𝜋𝑒𝑎𝑤𝑢(−𝑤)    

Example 11: ℱ{e−a|t|}= ℱ{eatu(−t) + e−atu(t)} =
1

a+jw
+

1

a−jw
=

2a

a2+w2
 

 

 -𝜷            𝜷 

𝚷𝟐𝛃(𝒘) 
𝟏

𝟐𝜷
 

w 

-1               1 

x(t)=⋀𝟏(𝒕) 

t 

   1 

    -1                     1 

1 

-1 

𝐱ሶ (𝐭) 

  1   1 

 - 1 

 - 1 

𝐱̈(𝐭) 

-b          -a 

a          b 

x(t) 

-A 

A 

t 
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Convolution Theorem  

The convolution of two functions f(t) and g(t) is defined as: 

𝒉(𝒕) = 𝒇(𝒕) ⊛ 𝒈(𝒕) = ∫ 𝒇(𝝉)𝒈(𝒕 − 𝝉)𝒅𝝉

∞

−∞

 

                                           = ∫ 𝒈(𝝉)𝒇(𝒕 − 𝝉)𝒅𝝉

∞

−∞

 

Example 12: find the following convolution 

i- 𝑢(𝑡) ⊛ 𝛿(𝑡) 

ii- 𝑢(𝑡) ⊛ 𝑢(𝑡) 

iii- 𝑒−𝑎𝑡𝑢(𝑡) ⊛ 𝑢(𝑡) 

Solution:   i) h(t)=∫ 𝑢(𝜏)𝛿(𝑡 − 𝜏)𝑑𝜏
∞

−∞
= u(t) 

                  ii) h(t)=∫ 𝑢(𝜏)𝑢(𝑡 − 𝜏)𝑑𝜏
∞

−∞
 

                                 = ∫1 dτ

t

0

= t 

iii) h(t) = ∫ e−aτu(τ)u(t − τ)dτ = ∫ e−aτdτ =
t

0
[
e−aτ

−a
]
0

t

=
1−e−at

a

∞

−∞
  

Example 13:  Find the inverse Fourier transform for  𝐗(𝐰) =
𝟏

(𝐚+𝐣𝐰)𝟐
   

                            using  time  convolution property. 
 

Solution:  𝑋(𝑤) = 𝑋1(𝑤)𝑋2(𝑤) → 𝑥(𝑡) = ℱ−1(𝑋1(𝑤)𝑋2(𝑤)) = x1(t) ⊛ x2(𝑡) 

x1(t) = ℱ
−1 {

1

a + jw
} = e−at u(t)       ,     x2(t) = ℱ

−1 (
1

a + jw
) = e−at u(t) 

x(t)= ∫ x1(τ)x2(t − τ)dτ
∞

−∞
= ∫ e−aτu(τ)e−a(t−τ)u(t − τ)dτ

∞

−∞
 

      = ∫ e−aτe−a(t−τ)dτ
t

0
= e−at ∫ dτ = t

t

0
e−at   t > 0 = te−at u(t) 

 

u(𝛕) 

u(𝒕 − 𝛕) 

τ 

τ 
t 

u(𝛕) u(𝒕 − 𝛕) 

τ 
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HW 8: using time convolution property to find ℱ−1 {
5

6+5𝑗𝑤−𝑤2
} 

 

Example 14: Find the Fourier transform of  𝐟(𝐭) = ∫ 𝛅(𝛕)𝐝𝛕
𝐭

−∞
  using 

integration in time domain property. 
Solution : 

∫x

t

−∞

(τ)dτ ↔ πX(0)δ(w) +
1

Jw
X(w) 

X(w)=ℱ{𝛿(𝑡)} = 1         → X(0)=1 

F(w)= πX(0)δ(w) +
1

Jw
X(w) = πδ(w) +

1

Jw
 

 
II. Linear Time Invariant (LTI) System 
 

A system is a mathematical model of a physical process that relates the 
input (or excitation) signal to the output (or response) signal. Let x (t) and y(t) 
be the input and output signals, respectively, of a system. Then the system is 
viewed as a transformation (or mapping) of x(t) into y(t). This transformation 
is represented by the mathematical notation 

y(t)=T{x(t)} 
 

The system is said to be linear time invariant (LTI) if two conditions are 
satisfied:   

1- T{a1x1(t)+a2x2(t)}=a1y1(t)+a2y2(t)  (linear system) 
2- T{x(t-t0)}=y(t-t0) (time invariant system ) 
For example y(t)=2x(t)  is LTI system 
 

 
 
 
Impulse Response:  
 

The impulse response h(t) of a continuous-time LTI system is defined to 
be the response of the system when the input is 𝛿(t), that is, 
   

h(t)=T{𝜹 (t)} 

x(t) = ∫ x(τ)δ(t − τ)
∞

−∞

 dτ 

Since the system is linear, the response y(t) of the system to an arbitrary input 
x( t ) can be expressed as: 

LTI 

h(t) 

x(t) y(t) 
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y(t) = T{x(t)} = T{∫ x(τ)δ(t − τ)
∞

−∞

 dτ} = ∫ x(τ)T{δ(t − τ)}
∞

−∞

 dτ 

Since the system is time-invariant,  h(t − τ) = T{δ(t − τ)} 
 

𝐲(𝐭) = ∫ 𝐱(𝛕)𝐡(𝐭 − 𝛕)
∞

−∞
 𝐝𝛕 = 𝒙(𝒕) ⊛ 𝒉(𝒕)   {convolution integral}  

 

Frequency Response: 
 

Take Fourier transform for both sides in convolutional integral equation above 
Y(w) = ℱ{y(t)} = ℱ{x(t)⊛ h(t)} = X(w)H(w) 

 

The frequency response of the system: 

𝐇(𝐰) =
𝐘(𝐰)

𝐗(𝐰)
= |𝐇(𝐰)|𝐞𝐣𝛉𝐇(𝐰) 

|H(w)|=magnitude response of the system.  
𝜃𝐻(𝑤)=phase response of the system. 
The response of complex exponential signal { x(t)=𝐞𝐣𝐰𝟎𝐭 }:   
 

X(w) = 2π δ(w − w0) 
Y(w)=X(w)H(w)= 2π δ(w − w0) H(w)= 2π δ(w − w0) H(w0)  
y(t)= ℱ−1{2π δ(w −w0)H(w0)} = H(w0)e

jw0t 

y(t)= 𝐇(𝐰𝟎)𝐱(𝐭) 

where w0 is the radian frequency of the input signal. 

The response for the non periodic signal:  
 

x(t)=
1

2𝜋
∫ 𝑋(𝑤)𝑒𝑗𝑤𝑡𝑑𝑤
∞

−∞
 

y(t)=
1

2𝜋
∫ 𝑋(𝑤)𝐻(𝑤)𝑒𝑗𝑤𝑡𝑑𝑤
∞

−∞
 

 

Example 15:  find the output response if the frequency response of the 

system is H(w)=
1

𝑗𝑤+2
  for the following input: 

i) x(t) =e−tu(t) 
ii) x(t)=ej2t 

Solution :   

i)  X(w)=ℱ{e−tu(t)} =
1

jw+1
   

 Y(w)=X(w)H(w)=
1

(jw+1)(jw+2)
=

1

jw+1
−

1

jw+2
 

                  y(t)=ℱ−1 {
1

jw+1
−

1

jw+2
} = (e−t − e−2t)u(t) 
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ii) y(t)= H(w0) x(t)= 
1

j2+2
ej2t 

 
 
IV. Correlation Functions 

 

1- Correlation of periodic function 
 

Autocorrelation, 𝛟 (𝛕) =
𝟏

𝐓
∫ 𝐱(𝐭)𝐱(𝐭 ± 𝛕)𝐝𝐭
𝐓/𝟐

−𝐓/𝟐
 

Crosscorrelation,  𝛟𝐱𝐲 (𝛕) =
𝟏

𝐓
∫ 𝐱(𝐭)𝐲(𝐭 ± 𝛕)𝐝𝐭
𝐓/𝟐

−𝐓/𝟐
  

 

2- Correlation nonperiodic function 
 

Autocorrelation, 𝛌 (𝛕) = ∫ 𝐱(𝐭)𝐱(𝐭 ± 𝛕)𝐝𝐭
∞

−∞
 

Crosscorrelation,  𝛌𝐱𝐲 (𝛕) = ∫ 𝐱(𝐭)𝐲(𝐭 ± 𝛕)𝐝𝐭
∞

−∞
  

 
 
Example 16: Find the autocorrelation function of the periodic function shown. 

x(t)={
1 − t       0 < 𝑡 < 1
0             1 < 𝑡 < 2

 

Solution: 
 

𝜙(𝜏) =
1

𝑇
∫ 𝑥(𝑡)𝑥(𝑡 + 𝜏)𝑑𝑡
𝑇/2

−𝑇/2

 

=
1

2
∫ (1 − 𝑡)(1 − (𝑡 + 𝜏))𝑑𝑡
1−𝜏

0

 

=
𝜏3

12
−
𝜏

4
+
1

6
 

 

𝜙(−𝜏) =
1

2
∫ (1 − 𝑡)(1 − (𝑡 − 𝜏))𝑑𝑡
1

𝜏

 

=
𝜏3

12
−
𝜏

4
+
1

6
 

 
∴ 𝜙(𝜏) = 𝜙(−𝜏) 
Example 17: Find the crosscorrelation of the two periodic functions shown. 
 
 
 

 0           1        2           3 

x(t) 

2 

 0            1          2             3 

y(t) 

t 

1 

t 

1 

y(t-𝝉) 

             0                   1          2                   3 

 

t 
-𝝉 1-𝝉 

t 𝝉 1      𝟏 + 𝝉 

       0                   1          2                   3 

x(t) 

t 

1 

x(t+𝝉) 

x(t-𝝉) 
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Solution: 

i) To find 𝝓𝒙𝒚(𝝉) and  𝝓𝒚𝒙(−𝝉) 

𝜙𝑥𝑦(𝜏) =
1

𝑇
∫ 𝑥(𝑡)𝑦(𝑡 + 𝜏) 𝑑𝑡
𝑇/2

−𝑇/2

 

               =
1

2
∫ 2𝑡 𝑑𝑡
1−𝜏

0

=
1

2
(1 − 𝜏)2 

𝜙𝑦𝑥(−𝜏) =
1

𝑇
∫ 𝑦(𝑡)𝑥(𝑡 − 𝜏)𝑑𝑡
𝑇/2

−𝑇/2

 

                  =
1

2
∫ 2(𝑡 − 𝜏)
1+𝜏

𝜏
 𝑑𝑡 =

1

2
(1 − 𝜏)2 

 
i) To find 𝝓𝒚𝒙(𝝉) and  𝝓𝒙𝒚(−𝝉) 

𝜙𝑦𝑥(𝜏) =
1

𝑇
∫ 𝑦(𝑡)𝑥(𝑡 + 𝜏) 𝑑𝑡
𝑇/2

−𝑇/2

 

               =
1

2
∫ 2(𝑡 + 𝜏)𝑑𝑡
1−𝜏

0

=
1

2
(1 − 𝜏2) 

𝜙𝑥𝑦(−𝜏) =
1

𝑇
∫ 𝑥(𝑡)𝑦(𝑡 − 𝜏)𝑑𝑡
𝑇/2

−𝑇/2

 

                  =
1

2
∫ 2𝑡
1

𝜏

 𝑑𝑡 =
1

2
(1 − 𝜏2) 

 
 
 

Example 18: Find the autocorrelation function of the function  

                     x(t) = { e
−at    t > 0, 𝑎 > 0
0                    t < 0

 

Solution:  
 

λ(τ) = ∫ e−ate−a(t+τ)dt
∞

0

=
e−aτ

2a
 

 
 
properties of correlation function: 

2 

 −𝝉          𝟏 − 𝝉              

x(t+𝝉) 

y(t+𝝉) 

                     𝝉   1      𝟏 + 𝝉 

t 

1 

x(t) 

x(t+𝝉) 

−𝝉 
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1- Symmetry:                  ϕ(τ) = ϕ(−τ) 
2- Average power:               𝑃 = ϕ(0) 
3- Periodicity :               if  x(t) =x(t+T)   then 

                                          ϕ(τ) = ϕ(τ + T) 
4- Dc value: if   f(t)= x(t)+m1 and g(t)=y(t)+ m2 then 

                        ϕfg(τ) = ϕxy(τ) + m1m2 

5- Maximum value:     |ϕ(τ)| ≤ ϕ(0) 
6- Additivity: if     z(t)=x(t)+y(t)   then 

                ϕz(τ) = ϕx(τ) + ϕy(τ) + ϕxy(τ) + ϕyx(τ) 
 

VI. Power Spectrum of periodic signal and Autocorrelation  
 

We can write Autcorrelation in terms of exponential Fourier coefficients as: 

𝛟(𝛕) = |𝐜𝟎|
𝟐 + ∑ |𝐜𝐧|

𝟐 𝐞𝐣𝐧𝐰𝟎𝐭
∞

𝐧=−∞
𝐧≠𝟎

 

The average power, P= 𝛟(𝟎) = ∑ |𝐜𝐧|
𝟐 ∞

𝐧=−∞  
 

PSD= 𝓕{𝛟(𝛕)} = 𝟐𝛑∑ |𝐜𝐧|
𝟐 𝛅(𝐰 − 𝐧𝐰𝟎) 

∞
𝐧=−∞  

Proof: 

ϕ(τ) =
1

T
∫ x(t)x(t + τ)dt

T
2

−
T
2

   =
1

T
∫ ∑ cn e

jnw0t

∞

n=−∞

∑ cm e
jmw0(t+τ)

∞

m=−∞

dt

T
2

−
T
2

 

          =  ∑ ∑ cncme
jnw0t (

1

T
∫ ej(m+n)w0t dt
−T/2

T/2

)
⏟              

=1  if m=−n
   =0  otherwise

∞

m=−∞

∞

n=−∞

 

           = ∑ cnc−ne
jnw0t =

∞

n=−∞

∑ |cn|
2 ejnw0t

∞

n=−∞

 

 
Example 19: Find PSD and the average power for the periodic signal using the  
                       correlation function. x(t)=A cos (w0t+𝜃) 

Solution: x(t) =  
A

2
ejθejw0t +

A

2
e−jθe−jw0t                     

c1 =
A

2
ejθ  → |c1|

2 =
A2

4
    and  c−1 =

A

2
e−jθ → |c−1|

2 =
A2

4
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ϕ(τ) = ∑ |cn|
2 ejnw0t

∞

n=−∞

=
A2

4
ejw0t +

A2

4
e−jw0t =

A2

2
cos w0t  

 

PSD= ℱ{ϕ(τ)} = ℱ {
A2

2
cos w0t } =

A2

4
2π{δ(w +w0) + δ(w −w0)} 

The average power= ϕ(0) =
A2

2
 

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Tutorial Sheet No.1 
1) Determine the complex exponential Fourier transform for the following 

periodic signal shown. 
i) 

   
 
 
 

𝐀 

-𝑻𝟎/𝟐 

−𝐀 

𝑻𝟎/𝟐 

𝐱(𝐭) 

𝐭 
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ii) 
 
 
 
 
 
 

2) Consider the triangular wave x(t) shown in Question (1-ii) using the 
differentiation technique find the complete Exponential Fourier series of 
x(t). 

3) Find the Fourier transform of the following signals using differentiation 
property. 
 
 
 
 
 
 
 
 

4) Repeat Question (3) using sine and cosine integral. 
5) Consider a continuous time LTI system whose step response is given by 

s(t)=e−t u(t). Determine and sketch the output of this system to the input 
x(t) shown. 

 
 
 

 
   
 

6) Find the autocorrelation and the crosscorrelation function for the 
following functions. 

 

𝐀 

-𝑻𝟎/𝟐 -𝑻𝟎 𝑻𝟎/𝟐 𝐓𝟎 

𝐱(𝐭) 

𝐭 

-2                                             2 

3 

x(t) 

    t 
 -1                                      1 

2 

x(t) 

    t 

1 

-2 

-1 

    -1                            1 

        1 
       x(t) 

        t 

1 

 -1                0               1               2 

x1(t) 

t 

…. 
…. 

x2(t) 

t 

1 

-1 
2           4 
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7) Using the Fourier transform to find the impulse response of the system 
described by: 𝐲́(𝐭) + 𝟐𝐲(𝐭) = 𝐱(𝐭) + 𝐱́(𝐭). Find the output y(t) if 
x(t)=e−tu(t). 
 

8) For the transfer function H(w) is shown below  find the power spectral 
density and the average power of the following signals. 

  
 
i) 
 
 
 
 
ii) 

x(t) 

        -2𝝅                -𝝅/3         𝝅 /3                 2𝝅                           t 

1 

     -2T0  -T0    0    T0   2T0 

x(t) 

t 


