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12.1 Two-Port Networks {Circuits):
A two-port network Is an electncal network i I
with two separate ports for input and output. It a e —
s a basic two-port building block with  1hput & Cireuit Output
specified pair of terminals. A port is an access  port V1 TR V2 port
to the ﬂ.etwork and con5|§t5 of a pair of il P d gl
terminals; the current entering one terminal fi f;:
leaves through the other terminal so that the Two-Port

net current entering the port equals zero. Buthding Elock

There are several restnctions:

1. Mo storage energy within the circuit.

2. Mo independent sources within the circuit.

3. The cumrent into the port must equal to the current out of the port £, = £
and £, = £

4 Al external connections are made to either input or output ports. Mo
external connections between ports are allowed.

The study of two-port networks is for at least two reasons:

a. Such networks are useful in communications, control systems, power
systems, and electronics. For example, they are used in electronics to
model transistors and to facilitate cascaded design.

b. Knowing the parameters of a two-port network enables to treat it as a
"black box" when embedded within a larger netw o

12.2 The Termminal Equations:

To characterize a two-port network reguires that we relate the terminal
quantities £, Vy, £ and V,, out of which two are independent. The various terms
that relate these wvoltages and currents are called parameters. Ve have a
choice of six different ways in which to combine the four wvariables
(f, V1.0 and V) The six sets of equations are:

Vi =2y +21:0 V= Za0dy + 22215 kA
£y = ¥4 V1 + yi2Vs fo = v Vi + ¥ax Vs L
Vi = a1Vs — a8 fi = a4V — sl .. {3}
Ve = by — biphy fz = bay Vi — bpphy )
V, = hygdy + by Vs —— T (5}
f1 = g1V + gi2f Vo = ga1 Vi + gaafz .16}

The coefficients of the current and/for voltage varables on the right-hand side
ofthe above equations are called the parameters of the two-port circuit.

Mote: The impedance (z) and admittance {y) parameters are grouped into the
immittance parameters. The f{a) and (b)) parameters are called the
transmission parameters. The (h) and {(g) parameters are called hybrid
parameters.

Immittance: denote a quantity that either impedance or admittance.
Transmission: give a measure of how the voltage and current are transmitted
through the netwaork.

Hybrid: relate cross-vanables (%, and ;) to (Vs and [4).
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12.3 The Two-Port Parameters:
The parameters for any given circuit can be found either by computation or by
measurement.
a. Z-Parameters {Q):
Impedance parameters are commonly used in the synthesis of filters. They
are also useful in the design and analysis of impedance-matching networls
and power distribution networks. The terminal voltages can be related to the
terminal currents as in equation 1 arin matnx form as:
312 Il

] [Z Zzz ] 12] fz]
The values of the parameters can be evaluated by setting Li=0 {input port
open-circlited ) or I==0 (output port open-circuited). Thus,

241 = = input iImpedance seen looking into port 1" when port "2" is open.
1=

212 =7 = transfer impedance, ratio of port "1" voltage to port "2" current
2l =0

when port "1"is open. = reversed impedance.

Zp = = transfer impedance, ratio of port "2" voltage to port "1" current
1l =n
when port "2" s open. = forward impedance.
Zoy = i = output impedance seen looking into port "2" when port "1" s

{21y =0
QOpen.
b. Y-Parameters {{i}:
Admittance parameters are commonly used in the synthesis of filters. They
are also useful in the design and analysis of impedance-matching networls
and power distribution networks. The terminal currents can be related to the
terminal voltages as in equation 2 orin matnx form as:

}'12 Vi]
] g }'22 ] Y] ¥z
The values of the parameters can be evaluated by setting V=0 {input port

short-circuited ) or Vo=0{output port short-circuited). Thus,
1

Vi1 = v—ivfﬂz input admittance seen looking into port “1" when port "2" is
short.

Vig = i,—z v1=r:|: transfer admittance, ratio of port "1" current to port "2" voltage
when port "1"is short. = reversed admittance.

Voq = i,—i v2=r:|: transfer admittance, ratio of port "2" current to port "1" voltage

when port "2" is short. = forward admittance.
Viz =i,—2 = output admittance seen looking into port "2" when port "1" is

2l =0
short.
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A-Parameters B-Parameters H-Parameters G-Parameters
¥y ¥z ¥y i
11 = o bﬂ:? h11=*,— (l B = a

zlp=n 1l =n 1n=0 o e
V. W v !
fliz——;—i (2 512——1—2 (2 »‘T'ﬂiz—F:l Hiz—rl
2l =p 1l =p 2l =0 2l =0
Ij_ -IZ -IZ VZ
Q31 = o aJ bzi—v— aJ h21_r dit=g
2l =0 11y =0 1lm=n 1lp,=p
_Ij_ Iz 12 VZ
4= & bzz——r hzz—v— 0 B2z = 7 (J
Z V2=|:| 1 V1=|:| Z .Ij_=|:| Z V1=|:|

12.4 To Find Z-Parameters:
The values of the parameters can be evaluated by setting I;=0 {input port
open-circuited) ar =0
(output port open-circuited).
Thus, the woltages with "

a C =

. |
respect to currents are: . Two-Port
Vi = filfi.43) . Vi Network
oL, e
17— “1141 1z°z Input port Cutput port

Vo = Zpdy + 25y
Electnc circuits are divided into two types:
1. Passive MNetwork: Contains Resistances, Capacitances and Inductances.
2. Active Networlk: Contains Amplifiers (Diode, Transistor, Rectifier ).
V=11 Z;

G —hiz_ - hog Z e b
1T L f=0 I z
— i 22
dyy T Ly = Ly
Zl 23 Zl Z3

14.5 Input and Reflected Impedance:

Vi = Z9101 + Z428; , i
U=sz_f1+222_{2 :>I2= —221.{1
o Two-Fort
U Z _ z E o
Wy =gl — 4y, ﬁfi = fi{zii - zizﬁ 1®| V1 Hetworl a5
V. z -
or 2=Zim=Zy —Z1z5~ I il i
1 22

it is the input impedance equal to the input impedance when the output is
open circuit minus sqguare of mutual (reflected) impedance divided by the
output impedance when the input is open circuit.

Zon = Zy, = Zy = muUtual impedance
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Lig = Lqy —z—m and in the same manner: Z,,; = £, — z—m
22 11

b :
Zrer = z—”’“ = reflected impedance

22

14.6 To Find Y-Parameters:
The values of the parameters can be evaluated by setting E=0 {input port
shor-circuited) or E-.=0
(output port short-
circuited).  Thus, the 9

| A C -

currents with respect to '
voltages are: E1®31 Vi E:fwi:: Uz 5 @EE
4 = f1{V1. V) ( ( }

o b d » ;

Iy = (V1. V) Input port Cutput port
fi =Y, + ¥V

f; =YWy + ¥l
Inthe passive networks ¥3. = ¥,

Iz e
zZ
ook _E_ &: \Z \
;T Va=0 ¥y 2z o —
£ = ;—2 Ex £1 Z3 Ez
2
it —VoiZ; -1
T = il
Y2 wely g v I3 ; ;
=5
Vi = day= o
4 L2 I3 0l Z2 I
E1 21 Z3 21 Z3 Ez

14.7 Input and Reflected Admittance:

fi =¥l + ¥ . i =0
U = Ygll"rl + Yszz =3 L‘rz —%Vj_ ! 5 '-Ta P Crt.- i
¥ Wo-Fo
sty = h = Fizﬁvi El@ V| Metwork |V2 OiC
= W {¥ — 1’12?2—:l I o b d of——

I
or ==Y, =¥, Y et
v 117 Mz

it is the input adm|ttance equal to the input admittance when the output is
short circuit minus square of mutual (reflected) admittance divided by the
output admittance when the input is short circuit.
Yo = = 1’21 = mutual admittance

F‘?’.‘l

¥om
Yip = ¥134 _Eﬂ: and inthe same manner: ¥,,; = Yas .

2
Yoaris %z reflected admittance
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Example: For the circuit shown, find £, %Y, A B, H and G parameters?
Solution:

50
| I
Zy =2 = %= 1090 (O/P portis O/C) e AAMA i
e 23 1508 &
1 g T B : v e
Y= AN s e 0250 (1502105 5/C) _1 2082 _2
Using KVL ¥ = V3 x == = 0.75V; (O/P port is O/C)
Byt = b s B R 1.333 fy EZlI-E12 ZZCE)2 [,
Velpug: 5 3 i o
Using KVL ¥, = Vs x% = 0.8V, {I/P port is O/C) W Va2
% _ S+20 _ 8 -
byy = of A 125
_w _ Exzl ,
hyy = o M 40 (O/F portis 5/C) iTL 5 1{2
L oo B i F g 23
11 = ¢ oo (S+LE)IZ0 LT OIS GG 7 ¥ ¥z W,
o _ tviz +viz
Z, =k == 1% 750 (O port is OIC)
e =0 VifZqq ¥y /10
v, =2 =225 _020(0/F portis S/C)
Valy g ¥ =

Using KCL §, = I, X —=——=0.51, (O/P portis 0/C) and V; = 151, = =1,
ol ol
G = = m T 04330
Using KCL §; = £3 % 15:25“5 = EIE (I/P portis O/C) and v, = 204; = %fz
) ) zZ
by =% =p===0
1=l T T
5 20 R .
fag = T =G = —alsing KCL (O/F port 1s S/C)
V=0
e :i_i; -~ — = = using KVL (O portis O/C)
e
Tl %; & %= 9.3750 (I/P port is 0/C)
3
¥pp =22  =Z4====0267U (/P portis SIC)
zly =0
Using KCL £, = —f, x% (O/P port is S/C)
L 2045
e = —E - = 1.25
Using KCL §; = — £, x% (/P portis S/C)
5 & _ is48 4
Eonly . 152
Ry, = i‘i; = m= 0.10670 (I/P portis O/C)
s
Gaz = f—jv = == = 3.75Q (I/P port is S/C)
L
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. _ 20 _ _ ¥ _ % :
Using KVL 1] = 15 X0 = 0.8V, and 1, Fop e (/P port is O/C)
Z, =2 =22 _759
Lly g Vef9278
v, == =ZEE_Z2— _p20 (WP portis S/C)
Vely —q Vs 5
a, =—2  =-22-50(0/F portis S/C)
TR Iz
v, -5l .
by, = —=%| = —=2=50{I/P portis S/C)
.Ij_ v:l:lj Ii
AN, B -
s = 2 Mt (/P portis O/C)
1 N ;
Giz = i T . (WP port is S/C)
V, = 104, + 7.5, V, = 7.5, + 9.3751L,
I = 0.25V; — 0.21; L = —0.2V; + 0.267V;
Vv, = 13331, — 5L, f, = 0.133V, — 1.251,
Vv, = 1.25V, — 54, I, = 0.133V, —1.333{,
Vi = 44 + 0.8V L = —0.8[, + 0.1067V;
1, = 0.1V, — 0.751, V, = 0.75V, + 3751,

Example: For the circuit shown, find the Z

and Y parameters?
Solutlgn: L
Zy, == = {10+ 4} || {5+ 6} = 6.160
=0
Eif s
i — =101, ()
LE = L‘rd = 5.{5
i L‘rz == Vd AE L'E- = 1']Ia = 5.{5
11
.= E
14
Ia e Il et E
W g
Lwg = = === 1.R{]
21 -:j_ IZ:I:I 5
Zyz== ={(5+10) 1l (6+4) =60
=0
W — Vo =5
LE T L‘ra = ﬁfa
5 I-"rj_: L'ra_l'ra =6IB_5I§[
1a
.I.ra o .frz XE
15
Ihn=1x =
¥ 2
Zi, == = == 1.R{]
12 -:2 Ii:ﬂ 5
¥V, =& = e———=0.17440
Vi ¥, =0 CLANSI+ 418
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wide s o g
Yoz =4 =o  (SIE)H(LONI4) ey
5 1
i =hX s =34
& 2
Ih=4L = m = Efj_
1 2 —4
b=l -h=h{3-3)=3h
= —0.04651; Forthe same condition |3 =%,4%
Yy =2 = —0.04650
¥
1l =p
4 i
Laermd K 4410 ?IE
i1
Iri I Iz 4 m == H z
. | il &yl Fao A | iy P
LL=f—-1,=1 {;— E) =l —0.0465V, Forthe same condition L=Y5,Y2
¥, =2 =-0.04650
V= i
¥y =0
V; = 6.16f, + 1.6, V. = 1.6, + 61,
5 = 0.1744V; — 0.04651, L, = —0.0465V; + 0,179V

Example: For the circuit shown, wrte the equations of voltages w. r t
currents and the equations of currents w. r. t. voltages.

Solution: 200 200
¥y I I
Zy =2 =80+ 100 = 1800
Il =g
¥i1 =2 =— =~ = DO0EU Rﬁ 1008 W
7, ==& =1000
f1lr=0
aag
fo= -0 x e and L = 000EY;
Yy =2 = -0.004460
Yily—n
Zpp == =80+100 = 1800
zlp =
¥,, =% =—=—"= 0.0080
Vel g BO+(LOONED)
Z, =2  =1000
L2y =0
h=-Lx—2 and f, = 0.008V,
. ; £ 00480 4 : C
Vg —1| — _0.004460
Vzly, =0
V, = 180!, + 1004, v, = 1004, + 1801,
f, = 0.008V, — 0.00446V; £, = —0.00446V, + 0.008V,
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14.8 Analysis of the Terminated Two-Port Circuit:

In the typical application of a two-port I_ Iz
z! . e
model, the circuit is driven at port 1 and = +| Two-port +' I
loaded at port 2. The figure beside shows Vi v,| modelofa v, |ZL
the s-domain circuit diagram for a typically _' networlk i
terminated two-port model. Here, Z, —a :

represents the internal impedance of the
source, Yy the intemal voltage of the source, and 4 the load impedance.
Analysis of this circuit involves expressing the terminal currents and voltages
as functions of the two-port parameters, Vg, 2, and 2.

S characteristics of the terminated two-port circut define its terminal
behavior:

e The inputimpedance Z,, ==
1
e The input admittance ¥, = =
» The output current I
» The Thevenin voltage and impedance (V, Zm)with respectto port 2

S
s The currentgamf
1

R W
o The voltage gain = or =
VW

g
Using £-Farameters:

The denvation of any one of the desired expressions involves the algebraic
manipulation of the two-port equations along with the two constraint eguations
imposed by the terminations. If we uUse the z-parameter equations, the four
that describe the circuit in above figure are

Vi = £4101 + Zi12f; Vo= 290 + Zop
L'ri =L;_Zg.{1 er: _ZLIE
1. The Terminated Two-Port Equations in Terms of the Z-Parameters:
LyzZzq
i =g
in 11 s
Iz = Lz
I Zazt+iy
221Vg
fi=nes
(211+Zg](222+2£j—212221
¥z Lz1L)
—=——— where AZ = Z,,Z0. — Zy-2
Vi ZaiZi+hZ 11422 12821
£z
Ven = Zia 2, ¥z
Z,.Z
z’ L35 Z _ 12421
th 2z Z_MJFEQ
Vz L2121

Vg (Z914+25)( 222+ 21 )—F12 221
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2. The Terminated Two-Fort Equations in Terms of the Y-Farameters:

Y _ Y - III-:'I.EI"ZZ'I."'?L
in — -+11
14+¥2221
Iz _ ¥z
I:l. Y11+.IEI.YZL
I - _ YZng
. 14+¥apZ +¥y 2 +AY 27y
Vv Voq 2
= = ——E Where ﬂY = Yj_lYZZ — YlEYEj.
Vi 1+¥221
Fzq
Vi = — =———17
th Yo +A¥Z, ¥
14+¥;, 8
Z, = 1145
¥oath¥ Z,
¥z ¥a1Z1

Vo Hiz¥en 22 —(14¥ 1 20 (144221 )

Example: The two-port circuit shown
described by 74=1000, 7,,=-500¢), 2000°%V
7=TKQ, & 7,,=10KQ Find: W, B, Peak
average power delivered to input port,

load impedance for maximum average
power transfer, and maximum average power deliversd to the load and input
ports?

Solution:
v ZaaZs 10005000 . f10

Vo (Z01+Z25)(Z22+20)—Z12Zz1  (L004+500)(100045000)—(—S00)(1000) 19

Vg = 2 X 500207 = 263.16.20°V
. EmeElEE Eagiat
By = FESam i Glner ,0 93 W
. v _ (-somitooo)
Lin = 211 Lzz+Ip =L 00 1000045000 133330
¥y soos0?
1= ZntZ, | l23zats00 g A

Py = Py = =[] 7Zy == X (078947 X 133.33 = 41.55W

_ _ ZiaZa  somgtoon)
Zen = Zoz — 7 WIDOD Sr 10833.3302
Z, = Zh = 10833.3302
Vs 22125 100051083333

= 0.8333

Vp  (Zaa+Z5)(Zaz+Ze)—Z12Zz1  (L00+5000(10004+10833 35)—(—500)10007

o Vy = 0.8333 x 50007 = 41667207V
wl® (41a.47)°

Fn = 22, zxl083533 8L
ZysZay (-S50m(1000)
Zin = Z11 — B 100 — S iootosasas — 1244
% o
¥ i 18 e 00

ZiptZ, 1244500

Py = Py = =|1y|?Z;, = = x (0.8013) X 124 = 40W

[
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14.9 Interconnected Two-Port Circuits:

synthesizing a large, complex system is usually made easier by first designing
subsections of the system. Interconnecting these simpler, easier-to-design
units then completes the system. If the subsections are modeled by two-port
circuits, synthesis involves the analysis of interconnected two-port circuits.

1. Cascade Interconnection:

We analyze the cascade connection f el o o Cloedle2 -
by using the circuit shown in figure ®——t1®, e —T1e  &——
beside, where a single prime denctes |, e 1 LI ;
V, Ve V' ¥,

parameters in the first circut and a @'y @'y ey a"n i
double prime denotes parameters in  *—1* ol e 1 —
the second circuit.
Vi =gV = a0, - (1}
fi = anV; — agzd; kg
Apply equations 1 & 2 to individual circuits:
First circuit: V¥, =S Vs — af I o {3}

I = auV; — ajf; - {4}

Where W =W &1 =—-f

Substitute in equations 3 & 4 wvields:

Vi =al, Vi + a1l sl Bl

I =g, Vi + af,l .. (6)
Second circuit: Vi = a1 Ve — a2z A7)

I = anVs — asfs .. (B}

Where 1 =V &1 = —f]

Substitute equations 7 & 8in equations £ & & vields;
W ={aj,a, + aja, )V, — {28, + aj,0,,)5

= {aby gy + abya0 )V, — {aba, + ajap,)0

” W r 3 f 4 — r i r i
Wilhere: @y = iy 0yq + 8150 iz = Qg0+ Byafs;
r " f b r 5 f &
Ra1 = Rzeflyg + Azzfizg fap = Aziflaz + Azalas
\ ‘ Cirowt 1
2. Series Interconnection: SR v g

YWie analyze the series connection by uUsing
the circuit shown in figure beside, where a
single prime denotes parameters in the first
circut  and  a double  prime  denotes
parameters in the second circuit
L‘ri = fiifj_ + fj_zfz {:1:}
V, = z..0 + z..1, {2}
Apply equations 1 & 2 to individual circuits:
First circuit:

Vi = z{4f{ + 21205

Ve = 2] + 2505

Where L, =1 &1, = L2

Substitute inequations 3 & 4 vields:

L‘T == Z{ifj_ + Zigfz {:5]‘

Chapter 12: Two-Port Networks -109-




Al-Mustansirivah University
Faculty of Engineering

Electric Circuits

Second Year Class

Elec. Eng. Department Or. Enga. Ammar &li Sahrah
Vi = ?éifi s 2"'521'2 L .16}
Second circuit: ¥y = 29444 + 21205 w7}

Where: V=V + 1V, &1V, =W+ V.,
e I L o e

Substitute equations 7 & 8 in equations % & 6 vields:

Vi = {zf; + 219 )4y + {2f; + 2;5)1
{:321 + Zo M+ {25, + Zzz)fz

Wihera: £11 = 211 e 211 £z = 312 + 212
Zyy =25y + 2y Zoy = Z3z + Tz T
3. Parallel Interconnection: Lo I i Iz
- - " P ol —dp—a—
YWie analyze the parallel connection by using the :"""‘: ; e "
circuit shown in figure beside, where a single I y;lfl F}Z I,
prime denotes parameters in the first circuit and g Yl
a double prime denotes parameters in the v —
second circuit. L . Circut 2 L Vs
I I
I =¥V + ¥V {1} e ,i'-f-
Ly = YoV + ¥l o {2} v ¥ Fu v,
Apply equations 1 & 2 to individual circuits: L : :21 i -
First circuit: ‘ - ——
£ =y Vi + yia Ve k)
f2 = ¥uV1 + V22V e

Where 1, =W &1V, = ¥
Substitute inequations 3 & 4 vields:

=31 +yi:V; E5)

f; = }'réil'rl + Z'I"zeVZ . 16}
Second circuit: £; = v, V] + vV ikt

L=y Vi + 2.l .o (B}

Where f; = ff + f & L, = I + 1,
Vi, == =

Substitute equations 7 & 8 in eguations 2 & & vields:

f= {3 v Vi + (vl + ) Ve
L= (b + yau Vo + (i + }’éz)l’rz
Where: ¥, =y + }'11 Yiz = ¥iz + }'12 I
Vo1 = Vi1 + ¥ Va2 = ¥z + Yoz

4. Serial-Parallel Interconnection:

YWiye analyze the serial-parallel connection by
using the circuit shown in figure beside, where
a single pnme denotes parameters in the first
cincuit  and  a  double  prime denotes
parameters in the second circuit.

V, = hydy + ReaVo . (1} 2
.I!rz = hzj_.{j_ + hzzL‘rz {2)

I Circuit 1 7
LE h:n :2 +
I LS zz
ol

. Dirowt 20,
Lol
ey i B

A Ay e

.['rl'j_ hr hr '['.fz

al it 2l - =
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Apply equations 1 & 2 to individual circuits:
First circuit:
Vi = kil + hi Vo o e
Where f, =1 &V, =V
Substitute inequations 3 & 4 vields:
L'riF = ;_1.{1 + hiZVZ {:5:}
fp=hady + heplz . (6}
Second circuit: ¥V, = hyfy + BV ()
IE = hzlfi + hZEVE i {E}

Where' V= W+ 1] &L =1+ [,
=L 8 =% 1.

Substitute equations 7 & 8 in equations 2 & B vields:
Vi = {Aly + Rya )y + (Riz+ Ry ) Vo

Iy = (Rey + oy Mo + (RS + oy )V

Where: Ry, = hi, + Ry, hyz = hi + Ry,
Rop = Rz + By Rz = Rby + Rys
5. Parallel-Serial Interconnection: L I Circuit 1

YWye analyze the parallel-senal connection by
using the circuit shown in figure beside,
where a single prime denotes parameters in
the first circuit and a double prime denotes
parameters in the second circuit,

fi = g11V1 + g1z {1}

Vo= GalVi + g2l {2}

Apply equations 1 & 2 to individual circuits:

First circuit:
I = g1Vl + gi:dz €
Vi = gu Vi + 8585 {4}

Where 1V, =¥ &, = £
Substitute in egquations 3 & 4 vields:

=gV + g1:5 s}
L'rz'r ::géi.["rj; + EFZEIZH . wam {6}
Second circuit: f; = g,V + g1 W17}
Vo = ga1Vy + 82215 {8}

Where: =i+ &V =Vi+ 1%
Vi == A L5 =L
Substitute equations 7 & 8 in equations 2 & 6 vields:
1y = (311 =k -Qii)vi + (312 + 312)1’2
Vo= (g5 + goa Vi + (b2 + g2 )1
Where: g1y = g1 + 814 f12= Biz + 812
fz1= 851+ O fz2= 852+ Bz
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