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Double Integrals in Polar Coordinates

Such integrals are important for two reasons: first, they arise naturally in many
applications, and second, many double integrals in rectangular coordinates can be
evaluated more easily if they are converted to polar coordinates.

Some double integrals are easier to evaluate if the region of integration is expressed
in polar coordinates. This is usually true if the region is bounded by a cardioid, a rose
curve, a spiral, or, more generally, by any curve whose equation is simpler in polar
coordinates than in rectangular coordinates.

A simple polar region R in a polar coordinate system is a region that is enclosed
between two rays, € = o and 6 = 5, and two continuous polar curves,

r =rl(0) and r = r2(0), where the equations of the rays and the polar curves satisfy
the following conditions:

MNa<p (i) f—a<2n (iii) 0 < r1(@) <r2(0)

o =g

r= ra(6)

0 = «x

8
() (H)

To find the integral of a function f(x,y) over a region R, the region is divided with
rectangles. When we work with polar coordinates, (r and 0) It is the natural divided
into " polar rectangular”

A,A; f_—..-.AV‘- YA&
Polar recta»fy'ﬁe.
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The volume problem in polar coordinates Given a function f{r, 6) that is
continuous and nonnegative on a simple polar region R, find the volume of the solid
that is enclosed between the region R and the surface whose equation in cylindrical

coordinates is z = f{r, 0).
The volume V can be expressed as the iterated mtegral

V= H f(r,0)dA = jﬁ ]rzw)f(r,ﬂ)r dr df

R 1(6)
(i z=flr.0)
- f Height
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Examplel: Evaluate
” sinf dA _E r = 2(1+cos0)
JIR 0=3
. . . ,/’/
Where R is the region in the first quadrant that | r =2/ |
is outside the circle r = 2 and inside the '/ \ |4
cardioid r = 2(1+cos0). | r 0=0 1
Solution: \ | /
. \\ /
Step 1: hold 0 fixed (constant), and let r Yl _
increase to trace a ray out from the origin. So—

Step 2: integrate from r- value where the ray enters R to the r — value where its
leaves R.

Step 3: chooses 0 limits to include all the rays from the origin that intersect R.




Water resources Engineering Mathematics Il (Multiple integrals) 2" years 2™ semester

2= 2(1+cos0)

3

Cos0=1-1=0 —>0=§or9:2

. % -2(1+cos @) m/2 2(1+cosf)
J[ sinf dA = J J (sin@)rdrdf = J {—rzsm 6’] df
. 0 /2 o L2 r=2
-T2 1
= ZJ [(1+ cosf)*sinf —sinf] db = 2[—5(1 +cosf)* + cos 6]
0
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Standard polar curves
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7) v =Cléos 35 &) Y=sin i
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Example 2: Use a polar double integral to find the area enclosed by the three leaves
rose r = sin 36.

Solution: The rose is sketched in Figure. We will calculate the area of the petal R in
the first quadrant and multiply by three.

r=a sin30 b=n/3

‘ -~ (1, 1/6)
O=asin30 - sin36=0 (a=1) ,;,,,g-”" /1= sin30
- 30=sin"1(0) = - 9:% 1 =0

A=3[f,da =3[z [T rdrde =

3 r3
—f sin? 386d8 =
2 0]

/3 3 sin 6681732 1
f (l—coséﬁ'}dﬂ‘:g[ﬂ—i = —7T
[0

ARV

6 o 4
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Example3: Use a double integral to find the area enclosed by one loop of the four
leaved rose r = cos20

Solution: From the sketch of the curve in Figure, we see that a loop is given by the

region.
r=a cos20 (a=1) ; 6=%
( /s
‘ | #
0=aco0s20 - ¢€0s20=0 =\ | L& _r=1c0s20
»20=cos™}(0) == - 6 == R 0
2 4 '\
| N
T \\
—9 = _Z (’=—§
T - TT o
= {(r.8) | 2= QEZ.UE? = cos 28}

% cos 28
Area of R = fth = f f rdrd@
(0]
R

f_i 1 3 cos 26 ao 1 J‘Z 250 do
_H[Z ! ]o 2 _KCOS
4 4.

- fﬂh} 1+ 48 d8—19+1' ag)1 7™/ T
= ( COS ) —4[ 4811‘1 12 =3

T 4
TS 4
Example 4
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B r=Vz0*ws20
r‘::;‘\—f‘ }m...a/ }'uz/ﬂ f'r'oL“ 5 e Ce o)
et g\
f f retreled: e
whewe r=0

2
z =0
W_/y Z(A‘ cos 29 7‘90:;: ::::_“;g,)
f"’—“ i
reo e

7"7‘/ . =0 —5):;_; —1 C‘{.‘
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= =z .~
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i /4{ . -z
Tobal areax = 2
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Change of Variable in a Double Integral

Some Cartesian double integral cannot be integrated unless it is transformed to
another region of integration.If a region G in the uv- plane is transformed into the
region R in the xy- plane by differentiable equation of
the form x= f(u,v), y = g(u,v) then a function ¢ (x,y)

Defined on R can be throughout of a function ¢
[f(u,v), g(u,v)] defined on G. The integral of ¢ (x,y)
over R and the integral of ¢ [f(u,v), g(u,v)] over G
are related by the equation :

[f@(z,y)dzdy = [[&[ S(u,v), &(u,v)] | J |dudv .
R G

Where:

dx ox

_oxy) _ |ow  aw
S owy) |9y ay
ou v

Jacobian of the coordinate transformation.

Is the determinate of partial derivative and it is called

In the case of polar coordinates, we have r &0 in place of u &v

Note
202 L2 74
r=xty Pir.0)= Pix,y)

Tan 0 =2
X
r
0 =tan™? % ¥

Sin0=%—>y=rsin0 /6 .

X 0 X ;
Cos9=; - x=rCos 0
ox o0x
a(x,y) ar 90 cos@ —7rsin6 ) 9
J= = =1 . = rcos“0 — (—r sin“6
o(wy) |9y Oy sin@ rcos@ ( )
or 20

= r(cos?0 + sin’0) =r
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Hence eq. 1becomes

ff‘l’ (zx, w)dxdy — ff‘ill (r cosH, r sing) r drde
j =4 L

Example 5: Find the polar moment of inertia about the origin of a thin plate of
density 8=1 bounded by the quarter circle x> +y? =1 in the first quadrant using polar
coordinates.

Solution

X 4y?=l - y=1-x" oy=+V1—x2
N

r2sin’0 = 1 — r%cos?0

r2(sin%6 + cos?6) =1

cost) X 49Tz
R ) /‘RH%‘:} _ —
. . {1207
- | Jarmpendel —mREy T
®=y 9FYI-x* "
= j { -x“+ 31) ;f{:;p*(x o=T ) ‘Mﬁﬂr
‘:c’-\.b u:= g I z - '@ r=)
a=. 1= ; ‘
f f(’ ricos’ @+ 1 Sin ﬁ)mgnﬁéﬁ ‘“\f ¥ =0y
=0
L=o = X Ty
Wt r=1
J, [ (&?ﬁﬂ’-}—ﬁiﬂtfg) robelsd

A

7=
j[rrc/%/-/j =Z_i;_*”i;49
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Example 6: Change the double integral to an equivalent double integral in terms of
polar coordinates and evaluate the resulting integral

f;c=02a f;;o\/m zdydx
y =+ 2ax — x?
y? = 2ax — x*
y? + x2 —2ax = 0 is the equation of a circle of radius =a & its center is point (a,0)

Find the limits

x=rcosO =2a - Cos 0= Ta but r = 2a cos6

2a
cosd = —— — cos’0=1 ->cosbf=1—->0=—cos11=0
2a cosf

Forx=rcosf=0 - Cos0=0 -0 = cos‘10=§

H=TT/ 2 =2aenses
M ol y ol
e —

—y -._.—n._..-—‘

mcos n-’;-a.{_,c

’ w:-s&-
j ¥y C@S ﬁalr-a({g
=
‘11'/'1 Ll P :}r' x'—2ax =o
= f [ cz] cos ol T T - zaresgeo
- , e zacosddn o
7 72 = =
) . ., P Fr=a or P eZaacosed
_ { 3 a.? cos £ o = Yo }préﬂ‘ﬁ-
=

o

= Y f{‘m;ﬁ)a(ﬁ w 4 £l /( "'“‘“"“@) olrs-
& 1
:.C."-'_:- Es :?dzs:zg 4-B oS 2.9 4 C‘.c:v.r 2:9Jatf¢£9~
Feirsy

-_+_£—_. [ o 3205249 43 [ 110597 4 [1—sin '245‘);:4:5 zaja‘fﬁz

r ﬂ?‘l
= a? [ [1+ 3eoszo+ Z-+ M‘\-@Sﬁ?:—ifﬂ 29 c-a;zgjgféz
7
iT[L_ FYeps el -;—_Tc.c:sqﬂ — sin 2B ooy z.:ﬂ_? =
.2 A4
_—,__ﬂ‘z [ - ZSs 28 +T Sen¥eP — ST 2L =

T L .

=& [ (S +0 +0 ~0)—(0+0+0~0)] = 5.;5’;:-



Water resources Engineering Mathematics Il (Multiple integrals) 2" years 2™ semester

Example 7: find the centroid of the region that lies inside the cardioid r = a (1+cos0)
And outside the circle r=a

Solution

m= f 6 (r,0)dA Sinceé (r,0) =1

m= [[dA

r=a(litoss) B=zf  rz=a(l+cos8)

A //wzm/& f /Ozng;z

I aliiwsb) 1/2 a(1+osp) ‘
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