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12.1 Electric Circuits Transient {(Natural and Time Response):

VWhen an electric circuit transferred from steady-state to another steady-state
the currents and voltages values depends on time {changed with time) this is
called transient state (response}, this occurs when a switch is turned on'off or
tri-state a rather common event in electrical circuits.

A first-order circuit is characterized by a first-order differential equation. Ve
consider circuits that contain vanous combinations of two or three of the
passive elements (resistors, capacitors, and inductors). First, we shall
examine two types of simple circuits: a circuit comprising a resistor and
inductor and a circuit comprising resistor and capacitor. These are called RL
and RC circuits, respectively. As simple as these circuits are, they find
continual applications in electronics, communications, and control systems.
Ve carry out the analysis of RL and RC circuits by applying Kirchhoff's laws,
as we did for resistive circuits. The only difference is that applying Kirchhoffs
lavys to purely resistive circuit’s results in algebraic equations, vuhile applying
the laws to RL and RC circuits produces differential equations, which are more
difficult to solve than algebraic equations. The differential equations resulting
from analyzing EL and RC circuits are of the first order. Hence, the circuits are
collectively known as first-order circuits. Finally, there are four typical
applications of RC and RL circuits: delay and relay circuits, a photoflash unit,
and an automobile ignition circuit.

a. Step Response of Series RL Circuit:

Using KVL method:

Qur goal is to determine the circuit response,
which we will assume to be the current ;) through
the inductor.

Apphyving KL around the loop in figure beside:

E = Vg +V; = Ri + L= Dividing both sides byl

%+%i=f first order differential equation, then rearranging terms and

integrating gives: i(t) = Ke T 4T T oIt Ezdt _ keIt +%

Ve nows determine the constant K from the initial value of i. Let I, be the initial
current through the inductor, which may come from a source other than E. If
there is no other source the current equal to zero when the switch is open
because the coil is open circuit. Since the current through the inductor cannot
change instantaneously

I E Current
i[njzf[,:fwr;:ﬁ’:fu—; 1.4
2 =24 (1, -E)e P atez0 0632 L iy
This shows that the natural response of the RL
circuit is an exponential increased of the initial o
current. The current response is shown in figure BT %
bedside. It is evident from current equation that Current response of RL circuit

the time constant for the RL circuit is TZ% (sec)
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The complete response ofthe RL circuit is:
[
Ai(t) = i(o0) + [i(0) —i{c)]e T att =0 Current
where {0} and i{cc) are the initial and final i1
values of i, respectively. Thus, to find the step ;6357 %,
response of an RL circuit requires three things: i(t)
1. The initial inductor current i{(0}) at t=0.

2.The final inductor current i{e). -

—— "
3. The time constant . 0 T 2t 3t4t L
Vhen i(0) = I, = 0 {special case) then Current response of RL circuit

[
5 i) = fn(l — e_'_r) att =0
The steady-state case forlongtime at ¢t = cois i{o0) = [ = %
Again, ifthe switching takes place at time ¢ = ¢; instead of ¢t = 0, then

At = ifoo) + [iltg) — i[m]]e__rn at ¢ = ¢,
The resistor and inductor voltages are:

FR—LR—IUR(l—e_'} ate =0

W= L—= fLRe T att=0 Woltage

The sum of any two points Vg, V) equal "f,R" at IR

any time (i.e. time constant) and this time make Vi

the exponential term equal to one. 0.5LR s

The two voltages Vy and V| will be equaled at a i b

time ufﬂ.ﬁ%r and UR=UL=D.5IDR._ _ _ 0 \1: 5 4,5 "
And the instantaneous power dissipated in the 0693

resistor is: '

: : YWoltage response of BL circuit
P== Resistance power =<

2 = 2 Fod
= IUR(I —e ) x (1 — eI ) = BR(1—2¢ T 4 o719
P;= Inductance power =§7;x;
& & S s
— [,Re’ L x!u{l—e D)= BRI —e )

e
P=Total power= P, +P; = [ZR({1 — e ) Watt

Power = average consumed energy
_ENergy

time
The energy absorbed by the resistoris:
W = energy stored in the coil = fnm P dt
0 R R
= [ BR(e T — e TN)dt

2

P T S v 5 Lo
= ISR[—Ee Dt —e T ]D = 2131 Jouls

0 T 2T 3T 4t i

Note: At TC (1—e™1) = (1 — 0368) = 0.632 and this time give a current of
63.2% of its initial value. At 2TC (1 —e™2) = {1 0.135) = 0.865 gives a
current of 86.5% of its initial value.

Chapter 12: Time Response -148-



Mustansiriyah University *‘w‘ﬁ; Electric Cireits
College of Engineering - H ag [1E A Second Year Class
Elec. Eng. Department | g 4 Dr-Eng.Ammar Ali Sahrah

Example: For the circuit shown, if the switch =
closed at =0 then find: _I:D‘
1. The time equation of;, Vi & V. 10077

2. Current at r==05 sec.

3. Time when VvV, = V.
Solution: Current

1) = dtedod [0y —dloo)]e T dmp,. 455
i(0) =04 open circuit

ifoo) = 24 short circuit i(t)
e U = 0.2sec
FERTERT

[
i(t) =24 (0 —2)e 2 =2(1—e ")
Ve= IR =100(1 — e ™) Volt t=10

s Woltage
Velo)=0V, L’R[m] =100V (Coilis S/C) o
v, = L—: f,Re 1= 100e " Volt t=10 e
V() = 1nw, Vploo) =0V V=V -
2.i(0.5) = 2(1 - e 5"%5) = 1.836 Amp. | g
. Vg =V, = 100(1— e ") = 100e " 0L '{

ore™fi== = ¢ = 0.1386sec
MNote: VWhen the switch closed at :=0 all the equations of currents and voltages

starts at :=0 and ends at ;== {i.e.t = 0). The case =« is the most public case
that the circuit is in steady state.

b. Step Response of Discharge Path Series RL Circuit:
Vhen ¢ < 0 the inductor acts like a short circuit {the switch VE
has been in position “1” for a long time}.

Ig

The current through the inductoratt = «o = 0~ 2---R
(i.e., just before) t = 0: I*'“l' iEt) J
For the first time the switch in position "1": -

Since the inductor current cannot change instantaneously, VIR it
ip=1(01) T iiy) :E steady-state in position "1”
Nowy the switch in position "2": :

‘Vi[tj decrease

3

i(co) = 04 there is no source in the circuit. § Luok Gude
t

i(t) = ilco) + [i(0) —ilco)]e TAmp. t= 0

TC =Time constant =7= i (sec)

L[t]—ﬂ'—I-[R—l}] =—e Ltflmp t =0

Vg =Ri= FeLFGIt t=10
D’L:L%:—Fe Volt t=0

. g
PR:?E-" L and .PL—_?B L

e W
W= [ Pdt = E{E) L==12L Jouls
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Example: In the circuit shown, if the switch closed to position 1" at :=0 and
then moved to position "2" at :=500usec. Find and draw the transient current

in each case. 3 1005
Solution:
The switch in position "1° 2 s
i =0 =il0) =-=—=14 VT v |
but the switch moved at :,=500us5ec
g %z fﬂi = Zmsec applled to the current equation 10082
« roe _ 2y L -S00xS00x107%Y :
A= ;_(5{}[:!;1331:}”_ = ('1 e )=02214 o0 1@ —
The switch in position "2
; SR L
(o) = — S — = A
= £:£: 2Zmser 10052

H oo sy

i(t) = £(00) + [i(tg) — i(e0)]e ™
=05 + [0.221~ 0.5]e 500(t-500-107%)
= 05 — 0.279e 500(:=500~107%) 4y, ¢ > 500 usec
) SilD)

11— 1
0.221 & When 50 V supply MP’
o is reversed 0.5 -
500 K —- 0.221 Position ©2
LLaec
-0.5

0 S00pses nu. .E

0.2H

Example: Find i(t) in the circuit shown for 120 Assume that the switch has

been closed for a long time. =0
Solution: =
Vifhen t<0, the 3C2 resistor is short-circuited, and the 4% _ﬁﬁh_ .
inductor acts like a short circuit. The cumrent through 13
the inductor att =0 (i.e, just hefore t = 0} is: 4044 %H
i(07)===254

Since the inductor current cannot change instantaneously,

i(0) =i(0T)=i(0") =54

Vhen t>0, the switch is open. The 22 and 32 resistors are in senes, so that
The Thevenin resistance across the inductor terminals is:

Rpy = 2 + 3=5Q

i(co) = e =24 )
TC = Time constant =t = Ri = -;i: — sec

i(t) = £(o0) + [i(0) — £(o0)]e™*
=2+ [5-2]e ™t =243t amp. t=0
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C. Step Response of Series RC Circuit: o S
Using KCL method: i)i‘—” —
0 =122 VC + C— Rearranging terms gives: -
dvp v.: E g .EI:t)-\‘ 2 T
TR T «/ T
first order differential equation, then rearranging

terms and integrating gives: v (t) = Ke_R—lr:t + e_R—lctj'ea_lct '%dt s Ke_R—lct + £
Ve now determine the constant K from the initial value of v,. Let \{; be the
initial voltage across the capacitor, which may come from a source other than
E. Ifthere is no other source the voltage equal to zero when the switch is open
because the coil is open circuit. Since the voltage across the capacitor cannot
change instantaneously

A0 =Vg=K+E=K=V,—E

A ve(t) = E 4 (VB EjeTlct att =0

This shows that the natural response of the RC circuit is an exponential
increased of the initial voltage. The voltage response is shown in figure
bedside. It is evident from voltage equation that the time constant for the RC
circuit is = RC (sec)

The complete response ofthe RC cir-é:uit Is: § voliage

Svelt) = ve(oo) + [, (0) — vel(oolle = voltatt = 0

where v, {(0) and v, () are the initial and final Ve

values of ., respectively. Thus, to find the step A e
response of an RC circuit requires three things: ; ,

1. The initial capacitor voltage v {0) at t=0. 0 Tt 2t 3t4rt i

2. The final capacitor voltage v, {=).
3. The time constant .
When v.(0) =V, = 0 {special case) then
[
TGS (1 — e__r) voltatc = 0
The steady-state case for long time at t == is ,
veloo) =Vg = E 0 T 2t 3t 4t *
Again, if the switching takes place at time t = ¢,
instead of t = 0, then

i Churrent

f vlt) = ve(o0) + [welte) — ve(oo)]e = wolt at ¢ = ¢,

where wv.(ty) is the initial value at t = ¢t Keep in mind that the previous
equation applies only to step responses, that is, when the input excitation is
constant.

The instantaneous current equation is:
DY o
i(t) = c=2= “’L"':”:'R#”e 7t Amp. €= 0
The instantaneous resistance voltage equation is:

1
Vg = Ri = [v.(0) —vp(o0)]e BT wolt t = 0

and the instantaneous poweris:
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Fz= Resistance power =Fg<;

R g E_lt o R:_t g2 4 Power

= Feg RC }{Eg RC —Rg RC
P~= Capacitance power ==

= E(]_ — e_R_lCt) w EB_R_JI-SE == E[E_R_lct e e_zitjl

R ZR s
Pr=Total power = Py +Pc=%e"ﬁt Vifatt G 2v 3rdv
W= energy stnred in the capacitor = fm Pcdt
1 2

= [72 [e R o %[—R{.‘e R % ] ~CE? Jouls

Example: an the circuit shown, find it), ‘ff%(_t}, g =0 SEo

Vet and the time when Vi=V.. Assume zero initial _'7;

capacitor charge. -_..__,% |

Solution: 100V ity % CTEDLLF

[4 F—
ve (6 = v.(00) + [e(0) — ve(oa)]e Fwolt =0 =

v-(0) =0V shon circuit
vpl(oo) = 1001V open circuit

t=RC=5%10"%x20% 10" = 0.1ser
[

ve(t) = 100 + (0 — 100)e 72 = 100(1L — e ) Volt t= 0
: dve ¥V ——¢ ~10t
R ngge R = (.02e Amp. t =0
1
Vg = Ri=Ve ®e' = 100e 1% Vplt t= 0

time when V=V Is
100e 1% = 100(1 — e7%%) = t=693msec

d. Step Response of Discharge Path Series RC Circuit:
When ¢ <t 0 the capacitor acts like a open circuit {the
switch has been in position “1” for a long time ).

The voltage across the capacitorat t = oo = 0~

{i.e., just before} ¢t = 0:

For the first time the switch in position *1"

ve(07) = 100V open circuit

opposite charge and discharge path.

The switch in position "2°

veloo) =0V there is no voltage source

T = RC sec

t
velt) =04 (100 — U]Ie Rt = 100e == Volt t=0
il )= dvc:—%efﬁlmp t =0

1
Vy=Ri=—Ve R Volt t=0
rprz s i VZ _ 1
Pp=—e "R and Py = ——e 'K

W= [) Ppdt = —ZCV? jouls
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Example: In the circuit shown, the switch closed 5000

to position "1" at t=0 and moved to position "2" at E‘lkrww—-l
t=TC. Find and draw the transient current in both 1z ";E:'))+
cases, assume zero initial charge. LUy Cm—— s
Solution: T fe T
The switch in position "1°:

vo(07) =20V open circuit

but the switch moved at TC=R(C=250usec

applied to the voltage equation

Val(t) = 20(1 — e Vo lt = V.(TC) = 12.65 Volt

The switch in position "2°":

Ve (00) = —40 V

T = RC = 250 psec

Vet —ty) = —40 + (12.65 + 40)e 4090 0) — _40 + 52.65¢ 400000l ot ¢ = ¢,

0.5UF

it — tp) = CZ2= =0.1053¢ 00Ut mp. ¢ = ¢

Example: The switch in the circuit 1k A B 4K

shown has been in position A for a =0

long time. At t = 0 the switch moves to ¥

B. Determine wot) for t=0 and v 5m§ ve == 0.5 mF 0V
calculate its value at t = 1 s and 4 s. ‘T

Solution:

For t= 0 the switch is at position A.
The capacitor acts like an open circuit to DC, but ¢ is the same as the voltage
across the S5KC2 resistor. Hence, the voltage across the capacitor just before
t = 0 is obtained byvoltage division as

-5 5
I‘?C(ﬂ j: I-"rTh :24' }(;: 151"?

Using the fact that the capacitor voltage cannot change instantaneously,
v (0) =w, 07 )= v.(01) =15V
For t = 0 the switch is in position B.
The Thevenin resistance connected to the capacitor is R, = 4KC2 and the
time constant is
T=RpC=4%x10" X 05X 107" = 2 sec
Since the capacitor acts like an open circuit to dc at steady state,
vo(0) =30V Thus, :
Vel(t) = volo0) + [ve(0) — veloo)le swolt t =0
t

=30+ [15—-30]e 2=30— 15e %t yolt t=10
Att=1s,v.(1) =30 — 15 7% = 20.9 volt
Att =45, v.(4) =30 — 15e72 = 2797 volt
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12.2 Transient in Series RC with Charge: L
sometimes the capacitor is initially charged by a 3
previous or extemal charging circuit. This charge wiill i ”
produces a voltage across the capacitor terminals ¥V =——— g(ﬂc

Qo
equal to the initial charge divided by the capacitor T - T -
value. The direction of initial charge "q," assumed to
be in the same direction of the current ", and the initial voltage across the
capacitoris:
Ve = q?u Vaolt.
Hence, the voltage across the capacitor just before t = 0 is:
ve(0) = v (07) = v (0F) = q?” Volt
The voltage across the capacitoratt = 0 is:
veloo) =V Thus,

[
ve () = vploa) 4 [we(0) — voloa)]e Twolt 20
T = RC sec

; _E
Ve =V + [?”— F]e R ypolt t=0

[
Lglt) = Co, = CV 4+ %—CF]B_E Coulomb t=0

1
i[r;j:m:c“—ﬂ:i{v—“;}e‘ﬁt Amp. t=0

dt b R
Example; Find the transient cument when the 20 1K<
initial charge on the capacitor terminals are ____H”_" |
=500 Coulomb for circuit shown. SO mD Q0 m= 20UF
Solution: at: =0 T b + T
Hence, the voltage across the capacitor just before
t=10Is: e
=10 AT
v (0) = - q?u: T SZUUillUU_E = —25Folt 0.075%
The voltage across the capacitoratt =0 is: -,
v (o) =50 Velt Thus, —
_t A Charge o0
Ve () = vg(0a) + [vs(0) — ve(w)]le Twolt t=0 10-3 --- o
T=RC=1x%10°% 20 X 10°* = 20 msec A—_
[3

v.(t) = 50 4+ [—25 —50]e % —

¢ -0 mu“/ S

=50 — 75e "% yolt "= 0
[4
qit) = Cv, =CV + [%— CF] g RC
=1—-15e7"% mcoulomb t=0
(p) = 140 _ odve Lo, oy n
Tl )= =C—=—(V - &

dt
> _(50 + 25)e "% = 0.075e75%  Amp. t=0

T i1x1p7
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12.3 Series RLC Circuit: g0 ki
Series RLC circuits containing fwo storage —>$
elements. These are known as second-order
circuits because their responses are described by .- _Ea""\ T‘JL
differential equations that contain second —a? &
derivatives. A second-order circuit is characterized TTT‘IC

by a second-order differential equation. It consists
of resistors and the equivalent of two energy storage elemenis. An
understanding of the natural response of the series RLC circuit is a necessary
background for future studies in filter design and communications networks.
Consider the series RLC circuit shown in figure beside. The circuit is being
excited by the energy initially stored in the capacitor and inductor. The energy
is represented by the initial capacitor voltage V¥, and initial inductor current 1.
Thus,att=0,
v (0) = %f_umidt =V, and i(0) = {,
Apply KVL around the loop:
V=Vg+V+Ve=Rit+ Lo+ ide
Differentiating both sides with respect to t, and rearrange terms. Ve get

di d% . @ d%  Rdi 1 .
= RE+ LE+EI = &t o)
This quadratic equation is known as the characteristic equation of the

differential equation, since the roots of the equation dictate the character of i.
The two roots are:

i [k :
v sig=—F W

A more compact way of expressing the roots is

Sp = ek Pl mg and s; = —a — . a? —mg

where :i’mﬂ :%and i [;;sz —:—C: Jat— w?

Depending on the value of "p" there are three cases:

1- Over-Damping: « > w, = both roots s, and s; are negative, real and
unequal roots.

s;=—a+f§ ands; =—-a—-§

L = Kle':_“wk + KBTI Rt — pmat g oft 4 g emFY

which decays and approaches zero as t increases. Figure (a) illustrates a
typical over-damped response.

2- Crtical-Damping: ¢« = w; = both roots s; and s, are negative and equal
roots.

e L

L i(t) = e ™K, + Kst)

A typical critically damped response is shown in Figure (b). In fact, Figure (b)
is a sketch of i(t) = te”™ which reaches a maximum value of e l/a at
t = 1/a, one time constant, and then decays all the way to zero.
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3- Oscillatory {Under}-Damping: & < w,; = both roots s; and s, are unequal
and complex conjugate roots.

si=—a+jfi=—atay

Sy = —&—jfi=—a — ay

L i(t) = e (K cosft + Kysinfit)

With the presence of sine and cosine functions, it is clear that the natural
response for this case is exponentially damped and oscillatory in nature. The
response has a time constant of 1/¢ and a period of T = 2r /w, Figure {c)
depicts a typical under-damped response.

Fi(t) i)

i(t)

0 t :
(a) ) (c)

- ol i

where:

a = damping factor {coefficient), neper frequency.

my = resonant radian frequency {rad/sec)

o4 = damping radian frequency (radisec) = Jw; — a® = j§
[ = natural radian frequency (rad/sec)

Example: For the circuit shown, when the
switch closed at =0 and by assuming zero initial
charge on the capacitor terminals. Find:

a. The transient current equation w.r.t. time. 100V —-
b. The value of "C" that makes the circuit as

0.1

i ; 50
critically-damping. i =
Solution:

a.a =—=——= 250
2Ll Z=0.1 ;.
AT = = 447 214rad /sec

WJIT W0 1-E0=107°
Since o < wy we conclude that the response is under-damped. This is also
evident from the fact that the roots are complex and negative. The roots are:
s = —a+ jwi — a2 = —250 + j,/(447.214)% — 2502 = —250 +j371
§;=—a —jJwd—a? = —250 — j,/(447.214)% — 2502 = —250 — j371
Li(t) = e 20 (K cos371t + Kysin371t)
ip=0=i(0) = eKicos0 = K =10
Br B er e
L2 —p o 2B IR 900 =371K,e%0s0 = K,=27

dt li=0 dt li=p 0.1
i) = 27e750%:in37 1t Amp. t= 0
b. In critical-damping § =0
Z2=0.1

Aar L _ L 2 _
[EL:] TLE = C_u.leleuﬁ [ j 3.2F
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Example: For the circuit shown, when the switch g b0 3K

closed at =0 and by assuming zero initial charge
on the capacitor terminals. Find:

a. The transient current equation w.rt. time. SO it
b.Maximum current. -
c. Natural frequency. |y
d. The value of "C" that makes the circuit as

crtically-damping.

10H

Solution:
H 3 103

. ==—= = 150
ZLl 2 10

g = E — m = 22.36’!’&de€€
Since o > wy we conclude that the response is over-damped. This is also
evident from the fact that the roots are real and negative. The roots are:

51 = —a+ o —wf=—-150+ 1502 - (2236)> = —1.676
s, = —a—yJa?— wf=—150 — /1502 — (2236)% = —2983
i[t:l - Kle—l.ﬁ?ﬁt g K28_298'3t

ig=0=i(0) =K’ +tKe’ = K =-K.(]

B 210—5——16?6Hl—2983ﬁ'2 (2)
t=0

dt l=n ?
Solve equations "1° & "2" vields: £,=0.0168 & &£,=0.0168
Li(t) = 16.8(e 1878 — 72983y mamp. t =0

b 22 =0 = £=001755ec = i (00175) = 0.0161 Amp.

H.oop BB | 3-108 _

c.: fi = J[ ) J[z 10 T = 148.3 rad /sec
fon =——=23.6Hz

d.In crltlcal-damplng B =4
N o _ e, o
[zL:' = G 10 I:3»103:] T e

notably in communications networks and filter
designs. Assume initial inductor current I, and initial

capacitor voltage v,

i(0) = =1, v(thde and v(0) =V,
oince the three elements are in parallel, they have the same voltage v across
them. According to passive sign convention, the current is entering each
element; that is, the current through each element is leaving the top node.
Thus, applying KCL at the top node gives:

0=t +f+ic=2+=] v(de+CT at t<0

Differentiating both sides with respect to t and dividing by C results in,

=

12.4 Transient Currents for Parallel Circuits: —— .
Parallel RLC circuits find many practical applications, : ;=d lc_t Ly Ip
( # ) L=RXE
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The roots ofthe characteristic equation are:

A
f12= 2Rc 3 Iizm::]

A more compact way of expressing the roots is
2

si=—a+Jai—wi and s;=—a— & —w]

1 1 1 1
- i, I P TP RSP o pry
where = — wg = and £ el e a2 — wi

Depending on the value of "” there are three cases:
1-OverDamping: & > «wy; — s, and s, are real, negative and unequal roots.
si=—a+f ands; =—a—f
aow(t) = K el TR g o Ua—Flt — pmatig oft | [ o™ Fh
2-Crtical-Damping: &« = w, = s and s; are real, negative and equal roots.
=10 T s mmogs W
Lv(t) = e MK + Kot

- Dscillato Underl-Damping: « < wy; = s and s; are unequal and
complex conjugate roots.
si=—a+jif=—a+tawy
S;=—@—jf=—a—uay
Lvl(t) = e " (K, cosfit + Kysinfit)

where w,; = Jwj — o2 = j§ is damping radian frequency (rad/sec).

Example: For the circuit shown 120X ot

with zero initial charge, Find the T Iri’

transient currents ity & &t for X +

t=0, when the switch closed at 44 m“ﬁ 0QZ  SmF=Fv oy
£=0.

Solution:

For t<( the switch is open, and the circuit is pantitioned into two independent
sub-circuits. The 4-A current flows through the inductor, so that: i{0) = 44.
The capacitor acts like an open circuit and the voltage across it is the same as
the volitage across the 2002 resistor connected in parallel with it. By voltage
dwwision, the initial capacitor voltage is

v(0) = 30 = e = 15V
For t=0 the switch is closed, and we have a parallel RLC circuit with a current
source. The voltage source is zero which means it acts like a short-circuit. The

two 2022 resistors are now in parallel. They are combined to give = 20//20 =

10¢2 . The characteristic roots are determined as follows:

e A = 55

2RC 2x10x8x107
“Wo =TE T Vaorerio® 251ad /sec
sy gk Jot— g =625 4 30,0625 — 6.25 = =625 £ 57382

L =-11978, s, =-05218
Since o > w, 50 we have the over-damped case. Hence,
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Ll:t:l = Kle—ll.g?ﬂt + KEB_U'Slet
(0 =4=K +K. = K =4-£K

di[ﬂ]l _ "”:D:' = — 11.978K, — 0.5218K, = S0 ={Zh

Sulumg the above equations for ¥, and E, yields:
K, = —0.247 and K, = 4.247
L i) = —0.247e7 119780 4 4247705218 4y £ = 0

ig(t) =22 = 22 = 29505711978 _ 2216070525 Amp. ¢ = 0

12.5 Source Free Circuits: - Ve +

A source-free RLC circuit occurs when its dc source is 1
suddenly disconnected. The energy already stored in the &
capacitor is released to the resistors. Also, the energy ¢ ;&D Lgv]_
already stored in the inductor is released to the resistors. - -
a. Series RLC: The circuit is being excited by the energy

initially stored in the capacitor and inductor. The energy is

represented by the initial capacitor voltage vV, and initial inductor current 1.
Thus, at t=0,

v (0) = %f_"mmt = V, and i(0) = /,

Apply KVL:

Ve+ V,+ Ve = Ri+ L%—I—%f_tmi[rjdrz 0

To eliminate the integral, we differentiate both sides with respect to t and
rearrange terms. Ve get

E+EE+_1_[}

. __—||_2_i
EER 2L+ lzz,L:I LC

R 1
where ¢ = —and w, = ==
31, 0 JIc

B=|&p-L = wi=jf=Jai-

Depending on the value of "" there are three cases for::

1- Over-Damping {Natural response): ¢« > wy —= s and s; are real and
unequal roots.

s =—a+f ands; =—a—-§

hi= K ettt goplarBlt — pmatig oft 4 g o= B

2-Critical-Damping: & = wy; = s and s; are equal roots.

F=0, si=85;,=—a

Li=e K + Kt

3- Oscillatory {(Under)-Damping: a < w, = s; and s; are complex conjugate
roots.

s =—a+ji=—atawy

Sy =—a—jf=—a— wy

ni=e (K cosagt + Kysina gt)
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b. Parallel RLC: i
Consider the parallel RLC circuit shown in figure beside i

Assume initial inductor current I, and initial capacitor Rg = -
voltage v, -
i(0) = I, = fjiu(t)dz and v(0) = I,

Apply KCL:

Ip+ I+ fo — i(tg) :—+ j vt dt + c—— 0
Taking the derivative ufboth sides with respect to t and dividing by C results in

ﬁ+ﬁﬁ+—"‘“

e e N
B 2RC A [2ch

where a::—and g :L
ZR VLG

‘=GR D wa=iB=ye; —a
Depending on the value of "" there are three cases:
- Over-Damping (Natural response}: ¢ > w; = s and s; are real and
unequal roots.
si=—a+f ands; =—a—f
aou(t) = B eT ot L g o Ca—Flt — om8trg oft | fr e FY
2-Crtical-Damping: & = wy; = s and s; are equal roots.
Tl 8 =5 =l n
v(t) = e K 4 Kt
3- Oscillatory {Under}-Damping: a < w, — s, and s, are complex conjugate
roots.
5= gE RIEE T W,
S,= SN — N
Lv(t) = e ™ (K cosw it 4 Kssinw t)

Example: In figure shown beside, R=40C2, I=4H and R
C=0.25F. Calculate the characteristic roots of the
circuit. Is the natural response over-damped, under- +
damped, or critically damped? Then wnte the current (T) Vi ¢
equation.

Solution: We first calculate

R _ 40 1 1
et =5 and mn—ﬁ—m—lradfsec

Since @ > wy, we conclude that the response is over-damped. This is also
evident from the fact that the roots are real and negative.

The roots are:

s;=—atJa’—wi=-5++25-1 = s =-0.101 and s, =-9.899
i) = Ke U0 4 B em Y amp. £ 2 0

fopts K1 _pioit Kz _ggoat)’
LI?C = EJ-D I_dt =4 (me : + me * ) Fﬂlt t=10
] . 0
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Example: Refer to the circuit 45
shown, the initial currents of 1, . 1'8 . 2 i
and L; have been established by o ALE t=0 3
sources not shown. The switch - i .* Vit SA08 K158 51082
opens at:=0. }
1. Find the transient currents i, i,

and 1.

2. Calculate the initial energy stored in L, and L-.

3. Determine energy trapped in L; and 1; as t—e2.

4. Show that the total energy delivered to resistors=difference between "2°
and "3".

Solution:
o Lp =5//20 = 4H and Ry = 4[},.-";"[4+ (15//10)) = -
e = Time Constant = S el -sec
Hp a Z AH g5

Silt) =127 Amp. t=0

Vit) = Rpilt) =8+ 12e % =096e™2* Volt t=0

i, ==, 9672 dt — 8= 16— 96e7% Amp. =0
ip=—J 96e dt— 4= —16-24e"% Amp. t=0

fp =8, LS soge 2 Amp. t=0
37 {0 [10//15)+4 . . =

2. Initial energy stored in L, and L, is:

W =25+ (8)% 42+ 20 + (4)% = 320/ ouls
J.Ast—=w {164 i—1.64

W ==x5%(16)%+=+20x(-1.6)> = 32 jouls
4. P=i’(t)Rp = (12722 % 3= 1152e™ % Watt

total energy delivered to resistors is:

W = [ Pdt = [ 1152e **dt = 1152 —

—4t‘

= 288 Jouls = 320 — 32
0

12.6 General Second-Order Circuits:

Now that vue have mastered series and parallel ELC circuits, wwe are prepared
to apply the ideas to any second-order circuit having one or more independent
sources with constant values. Although the series and parallel RLC circuits
are the second-order circuits of greatest interest study. Given a second-order
circuit, we detemmine its step response {which may be voltage or current)
depending on the circuit condition.

Example: For the circuit shown with zero
initial charge, Find the transient currents ;; &
i and the transient voltage 7. across the
capacitor, when the switch closed at :=0.
Solution:

Loopt:20i{, —10i, =50 D.BS
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diy  diz
2 dt  dt (L .
Loop2: —10i; + 10i, +— [i,dt =0 DB.S
diy i

—E+d—;5m 0%, =0 ..(2)

Substitute equation "17 in "2" get:

S5 10%, =0 = i(t) = KeI0% 4mp.
=1}

o == =i(0)=Ke® = K=5
2 i,(8) =5e71%%  Amp. t=0
Substitute 5 in equation "1" get:

i, (t) =254 25e71%° amp. t=0

5]
Ve =< [ ipdt = — [ 5% dr = 25(1— e71°°t) Volt t=0

Example: For the circuit shown with zero t=0 i

initial charge, Find the transient currents it} —::-ﬁ. ‘)‘: —

and the ftransient voltage across the -:-_-:-zFJ—: sa
capacitor, when the switch opened at =0. |4y @® -
Assume that the circuit has reached steady 10 05H
state at t<0.

Solution:

For t<0, the switch is closed. The capacitor acts like an open circuit vuhile the
inductor acts like a shunted circuit. Thus, at t=0,

i(0)=-——=14 and v(0) =6i(0) =6V = 10 X —

For t=0 the switch is opened and the voltage source is disconnected, which is
a source free series RLC circuit. Notice that the 32 and 6C2 resistors, which
are in series when the switch is opened, have bheen combined to give 9. The

roots are calculated as follows:

R 3 1 1
o = — Pl O and Wp = === e = 10 rad /sec
Si2 = —a + /@ — @i = —9+ /81 — 100 = —9 + ;4359

Hence, the response is under-damped (& < wg); that is,
L i(t) = e (K,e054.359t + K,5in4.359t)
Ve now obtain E; and K, using the initial conditions . At t=0,
i =1=K,
S = —Z[RI(0) + v(0)] = —2[9 X 1— 6] =—64/s
t=0
Note that v(0) = V/; = —6V is used, hecause the polanty of v is opposite to the
direction of I;. Taking the derivative of it},

% = —%9¢ (K cos4.350t + K,sin4.350t) + 4.35%e " (— K, sin4.35%¢ +
t=0

KZ2cos4.359t=—9K1+0+4.359—0+K2=—6
Using X, = 1then &, = 0.6832
s i(t) = e " (cos4.350t + 0.68825in4.35% ) Amp. t = 0
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