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Deflection of Beams

Type of Deflections:

1. Unit Load Method

2. Moment Area Method

3. Conjugate Beam Method
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Unit Load Method

A = Deflection = Displacement

6 = Rotation (Slope)

P
| ,
L
L M. mA A El B”
A= Jy 71 S

L M.m#
6’:fo E. I . dx

M = moment for applied load
m = moment for unit load
E =modulus of elasticity

I = moment of inertia

Solution procedure

1. Check stability and determinacy of Beams.

2. Divided the beams 1n into segments.

3. Locate Origin for each point.

4. Specity The Integration Limits.

5. Cut at x distance and Determine M.

6. Remove all external Load and Reaction.

7. For Deflection Put (1) unit load at required point about x distance.

8. For Rotation ( Slope ) put (1) Moment unit at required point.

2023 Structural Analysis by Lec. Feras Saiid



Structural Analysis by Lec. Feras Saiid 2023

Deflections - Unit Load Method

Check Stability and Determinacy

i
Segments
4
Origin
:
Integration Limits

!
Cutatx andFind M

i

Remove Load and Reaction

Deflection Rotation ( Slope )
Put (1) Unit Load at required point Put (1) Moment Load at required point
4 }
mA me
+ b
A 6

2023

Structural Analysis by Lec. Feras Saiid



Structural Analysis by Lec. Feras Saiid 2023
Deflections - Unit Load Method

P
Example: Determine the Deflection at Point a. ;
v
Solution: & el S ¥
v 5 .
Segments Origin Integration Limits M m
a—>b a 0 —=>L -p(X) (-X)
1.
Section 1-1 j:
1.Determmne M, = = Bf;
1 =
o YMy=0 9O . 3 %
P
M+P(x)=0 A ! 0
M=-P(x) : BM
X
Section 2-2
2 Determine m .
1 S
o ) Ms=00 4 4
muy+ 1*x=0 4
A A S EI B"
m,=-x N 2 N
2 L
L M.ma
A= fy S dx |
L (=P.x). (—x)
|
L P. x? —
- mA
A=, —— . dx S
:P. x3 ]L
* 3E.1-°0
R
ARES
3E. I
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Example: Determine the Deflection and Rotation at Point B.

20 kN.m
Solution: 3‘/\ = = ] )
Section 1-1 ¢ .
4 m
1. Determine M MA =20 kN.m 1
g 20 kN.m
3 > i
N Z Mo=0 C Q > AEI B
f:\y =0 o
M+20=0 .
4 m
M=-20
Cy Q_ ? 20 kj.m
M ——
X
Section 2-2 2 i
2. Determine m , EA ?E 1 ="
o YMo=0 C P
4 m ]
my+ 1*x=20
(% %B
- ITCA
m AS= X \T\

Section 3-3

3. Determine m g

o YMo=0 C A E 1 -

m9+1:0 s =
my=-1 ('me Q B 1)
W——,
X
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Segments Origin Integration M m .
Limits
AB B 0—> 4 -20 (-X)
L M. ma
AB:fo E.I .
4 (~20)(=X)
AB—fo T dx
4 (-20).(-X)
AB—fo T dx
_20.x% _ 4
As=o71 lo
160
Ao g

L M. m¢g
eB:f E.I °

0

dx

o [t C20-CD

0 E. I
20. x 4
GB = ]
E.1 70
0. — 80
POEl
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Example: Determine the Deflection and Rotation at Point B.
W =5 kIN.m
| gt ddo bl
Solution: 3
A EI 1
Section 1-1 % "
6 m
) L
1. Determine M — 5 1N nits
o YMg=0C ( !!I!!!!!!!!!!!!!
M+5x* Z=0 MA = 90 kKN .nYA
2 ‘i 6 m =
M= 2% RA = 30 kN 1
2
W =5 kN/m
C °g B
M p.4
Wsax
oy
M x/2
Section 2-2 2
2. Determine m , \ .
o »>Mo=0C 3
A EI < B
my+ 1*x=0 = 6m B
2
may=-X 1
m A
¢t
‘T\
3
I\r
Section 3-3 5
3. Determine m g !-\ Ey < B )
6 3 1
o YMo=0C 3
m 6
my+1=0 ( °e———s
—
mg= -1 ;
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Segments Origin Integration M m m g
Limits
AB B 0—> 6 —5 x? (-X) -1
2

0 E.I
(Z2).(=x)
6 (=X
AB:fo . . dx
5 x* 6
As 8E.I]0
810
B ElI
L M.m©6
6= J P14
-5 x2
6 — (1
GB=f0 E. I d
5X3_6
eB_ﬁE.I]O
e_180
B EI
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Example: Determine the Deflection and Rotation at Point B.

Solution: 2 kKN/m
wx 2
—— A s B
X 12 .
-
2*xXx o _
WX = 12 I 12m 1

WX — x
6 \
2 kIN/m
S \
B A

—
[19]
=
u}

2 kN/m 1 :

1. Determmne M

o >My=0C A
21X 1y 7
M+(2*6*x) ;X 0 : s |
M:-x—3 1
36
(M Wx =x/6
) B
- X L4
5 1
Determine m , J’
R 1
o YMo=0 C A EI < B
my+ 1*x=0 e 5
1
may=-X maA
C"QB
——,

2023 Structural Analysis by Lec. Feras Saiid



Structural Analysis by Lec. Feras Saiid

Deflections - Unit Load Method

3. Determine m g

o >My=0C
my +1=0
m,_q:—l

Segments Origin Integration

Limits
AB B 0—>12
L M.ma
5= T dx

>th

i

v .
e

m 6
°<:|=|Js")
i 1
m s mg
(-X) -1

B 180+ E. I | 0
 1382.4
2 E. I
L Mm.m0
GB——jb —. dx
-3
_ 12 Se (_1)
05 jb — dx
o — x* ] 12
B q44+E11 0
B 144
B ElI
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Example: Determine the Maximum Deflection for Simply Support Beam AB

by using Unit Load Method.
Solution: 10 kN
Beam AB A & 1 B
Vo~ s
O ZMBZO C TA B ?
Ay*6-10*3 =0 . ) R }-
Ay=5KkNT 3m 3m
L0t
o YFy=01 b,
Ay+By—-10=0 A g S S 1 B
By=5kN1 ' )
TAy . . ByT
N 3m ) 3m *
) A O
Section 1-1 -F. \7
o >My=0 C 15 ™
S5kN
5x-M=0
—_—
M=5x X
Section 2-2 ( %‘
o YMp=0C M T
M-5x=0 S5kN
M=5x -—
X
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Beam AB 1

Ay*6-1*3=0 A g - - 1 B
P 0. (@)

Ay=0.5 1 { ¢
Ay 3 4 By?
o Y Fy=01 -.. - - N
Ay+By-1=0
By=05 1

Section 3-3 A O ma
o >My=0 C <

05x-m=0

ngO.SX X

Section 4-4 mA O B
- L ) 1
o YMo=0 C < “T

m-05x=0

ma = 0.5 x =

MaXAZZfL B.m2 dx

0 E.I

3 5x. 0.5x
Max A= [ —

3 5x. 0.5x

cdx + [ ———. dx

. dx

2
MaxA= 2+ [ 25

2.5 x3 3

=9 *
Max A=2 35.1]0

45
Max A= —
E.I
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Example: Determine the Slope (Rotation ) at Ends of Simply Support Beam

AB by using Unit Load Method.
Solution: 10 kN
Beam AB A I J’ ' B
P <

o YMg=0 C
2 Mg TAy ByT
Ay*6-10*3 =0 " " "

3m 3m
Ay=5KkNT
Lowwn?

o Y Fy=01 J’
Ay+By—10=0 A | : 1 B
By=5kN 1T T 1' '2 T

Ay By
) 3m ) 3m i
A O
Section 1-1 & ‘)
M

o >My=0 C ?5

5x-M=0 —>
X
M=5x

0 B
Section 2-2 (’ ;_Q‘.

M A

(@] ZMOZOO 5 kKN

M-5x=0 -~
X

M=5x
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2. Determine m g 3 4

o YMs=0 C A : | B

o | _
_ : ) ]
1 +Ay*6=0 J} TAy 3 4 ByT

Ay=- —

‘F
Ly

3m 3m

Ay=6li

Section 3-3
SCLUUIL J=9 F
o >My=0 C ( f)

1
1- g*x—mQZO

F e
1 X

m9=1-g*x

my = 1-0.1667 x
Section 4-4 . c&;ﬁ
o >My=0 C (, T

1, By
mg- = x=0
X

mg = 0.1667 x
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L M mo
Oa=2 f . dx
35X «(1— 0.1667 X) 3 5X 01667 x
0 ,= . dx + —_— . dx
A fO E. I fO E. ]I
3 (5x—0.8335%x2) 3 0.8335 x2
0 .= . dx + — . dx
A fO E. I f E. I

2
0, = f03 (5x)  dx f3 (08335X ). dx+f03 0.83:.5:: dx

_ (5x%) .3
0a= 25.1]0 )

(0.8335x3)]3 N (0.8335x3) , 3
3E. 1 0 3E. 1 0

g - 45 225 225
A" 2FE. 1 3E.1 3E.I
225 7.5 7.5

QA: - +
E.I E.I E.I
22.5

g = =2

AT BT
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Example: For Beam AB (EI Constant), use the Unit Load Method to Determine:

1. The Deflection at C

2. The Rotation at Support A. 6 kN/m
3. The Rotation at Support B.
Solution
| |
1. The Deflection at C A &
A C B
O Z M,=0C ! 3m l- 3m |

2 1
(3*3%6)% = %3 +(3*3%6)*(3+ - *3 )-B,*6=0
B,=9 kN1

o Y Fy=01

Ay+9-(5%3%6)-(5%3%6)=0

A;=9kN T
L ;
o FormBtoC, 0< x <3 6L y
6 y L 3 . i
3 x
y=2X
y=2X
0 ¥Mo=0C m
1 ) (3' 0 3B
M+(E*x*2x)*§—9*x=0 T
9 kN

3
M:-%+9x
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v m,

O ZMAZO O

l

1*3-B, *6=0

@)

B,=05 1

B —

Y Fy=01
A;+05-1=0
A;=051

Sec1-1

Y Mo=0 C

m-05x=0
=05x

L M. mA

ZIO E.I

A c
Ac=2% (

AC=2*

Ac:2*

(

(-5

*{

2023

x3
3

3m 3m

[®)
bR

By = 0.5 kN

+ 9x) * 0.5x. dx}

(—x?j+45x ) dx}

x4

- ) dx+f03 (4.5x%) . dx}

o+ (15x3)]33

- {-8.1+40.5}
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2. The Rotation at Support A.
1
@] z M AT 0 G ( | ]
A s
1 - By *6=0 A C B
L L 3 m J
I , .
By=- 1 l T
Ay By
o »F=01
1
g - Ay =0
1
Ay = g l
Sec 3-3 1 m 6
o YMp=0 C (A ')
1 A
l-my--*x=0 : ;
6
s |
mg 1 - E .-\:\'
Sec 4-4 =8
< 1|
o YMo=0 C ( el
B
Loy = : N :
my -~ *X 0 T
p— x .
Mo = 3 ;
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9= ZfL M. mS‘. d

0.~ f03 (‘—+‘;x)1 (1—%(). dx+f03 (—?3+E9;;) () .

9. = f03 —£+ x—4;-.9:c—15x | x+f (——4+15x) o
B —§+§+4.5x - 0.5%3 3 (—);—:+0.5x3) 3

94~ E.]I Jo * E. ]I 0

x5 x3 3
-+ =+ 45x% -0.5%° — 50 T 05X
+
E. I E. I

22.95 10.8
L (08

9 —
AT R E. I
33.75
9 —
AT B
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Example: Determine the Deflection and Slope at point B by using Unit Load

Method.
Solution
20 kN/m
| \ \ R
A B -
: 1 m— 2m I
Section 1-1
oection [-1 1 ) 20 kN/m
M=0 % : L
My _0 % g E
m, =0 A 1 B 2 C
L 1m I 2m—
Section 2-2 20 kKN/m
o XMo=0C M
-M-20*x*2=0 | 03
_ 2 B
M= -10x L x—
o ¥Mo=0C 1
LS =
-my — 1*(x)=0 J/ m a
my= -X : 6 j
0
A B
S
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o YMy=0C : s
1-m, =0 S o )
my A 8 1
e o
m9=—1
Segments Origin Integration M m , mg
Limats
AB A 0—> 1 0 0 0
BC B 0—> 2 -10 ¥ -X -l
2 —10x%* —x
o= fo =5
_10x* |2
Ap= 4E. 1 Io
40
Ap E. I
0. = fz —10x%* —1 dx
B Jo E.1
_ 10 x3 ]2
B 3p.1'0
26.667
9}3::
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