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Introduction to Digital Signal Processing

Signal (flow of information):
Signal is defined as any physical quantity that varies with Time, Space, or any other
independent variables. For Example:

e Measured quantity that varies with time (or position).

o Electrical signal received from a transducer (Microphone, Thermometer, Accelerometer,
Antenna, etc.)

e Electrical signal that controls a process.

Example:
= 5,(t) = 5t or s5;(t) = 5t% = one variable
= S(x,y) = 3x+ 4xy + 6x° =» two variables x and y

A. Continuous-Time Signal or Analog Signal:
The analog signal is defined for every value of time and they take on values in the

continuous interval as shown in Fig. 1.

A flr)
Continuous,
Analog
Time,:
-
/

Fig. 1. Continuous or analog signal

e Continuous in time.
e Amplitude may take on any value in the continuous range of (-co,).

¢+ Analog Processing

o Differentiation, Integration, Filtering, Amplification.
o Differential Equations
e Implemented via passive or active electronic circuitry.

B. Discrete-Time signals:

Discrete signals are defined only at certain specific value of time as shown in Fig. 2.
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Fig. 2. Discrete signal
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e Continuous in amplitude but discrete in time.
e Only defined for certain time instances.
e Can be obtained from analog signals via sampling.

C.Digital Signal:

Digital signal is the signal that takes on values from a finite set of possible values as
shown in Fig. 3.

-1 0 1 2 3 4 5 6 7 g n
Fig. 3. Digital signal with four different amplitude values

e Discrete in amplitude & discrete in time.
e Can be obtained from discrete signals via quantization.
Finite and infinite length signal:

Finite length signal is nonzero over a finite interval tmin< t< tmax as shown in Fig. 4.

xin|

o

Fig. 4. Finite length signal

In contrast, the infinite length signal is nonzero over all real numbers.

What is signal processing?
Signals may have to be transformed in order to

Amplify or filter out embedded information.

Detect patterns.

Prepare the signal to survive a transmission channel.
Undo distortions contributed by a transmission channel.
Compensate for sensor deficiencies.

Find information encoded in a different domain.

2
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Fig. 5 explains the main idea of the signal processor.

Signal Processor Qutput

v

Analog or Digital

Fig. 5. Signal Processor

Analog signal processing:

Fig. 6 shows a basic block diagram of a typical analog signal processing system.

Analog x(t) Analog w(t) = h(t)* x(t) Analog

input »| Signal » output

Signal X(s) Processor | Y(s)=H(s).X(s) Signal

X(Q) Y(Q)=H(Q).X(Q)
Fig. 6. A typical analog signal processing system

Where,

h(t): The System Impulse Response
H(s): The System Transfer Function
H(Q): The System Frequency Response

Analogue signal processing is achieved by using analogue components such as:

= Resistors.
= Capacitors.
= |pductors.

Limitations of analog signal processing:

>

Y

Accuracy limitations due to
= Component tolerances
= Undesired nonlinearities

Limited repeatability due to

= Tolerances

= Changes in environmental conditions
=  Temperature
= Vibration

Sensitivity to electrical noise
Limited dynamic range for voltage and currents
Inflexibility to changes
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» Difficulty of implementing certain operations
= Nonlinear operations
= Time-varying operations

» Difficulty of storing information

Digital signal processing (DSP) system:

Digital signal processing (DSP) is one of the most powerful technologies that will
shape science and engineering in the twenty-first century. Revolutionary changes have already
been made in aboard range of fields: communications, radar and sensor. DSP converts signals
that naturally accrue in analog form (such as sound, video and information from sensors) to
digital form and uses digital techniques to enhance and modify analog signal data for various

applications. Fig. 7 shows a basic block diagram of a typical digital signal processing system.

Analog Band-limited Digital Processed Output Analog
input signal signal digital signal signal output
) Afr:l.taeltr:ug b ADC ) DSP » DAC ) Hecc;‘;lsitergctlon -

Fig. 7. A typical digital signal processing (DSP) system

The system consists of an analog filter, an analog-to-digital conversion (ADC) unit, a
digital signal processor (DSP), a digital-to-analog conversion (DAC) unit, and a

reconstruction (anti-image) filter.

As shown in the diagram, the analog input signal, which is continuous in time and
amplitude, is generally encountered in our real life. Examples of such analog signals include
current, voltage, temperature, pressure, and light intensity. Usually a transducer (sensor) is
used to convert the non-electrical signal to the analog electrical signal (voltage). This analog
signal is fed to an analog filter, which is applied to limit the frequency range of analog signals
prior to the sampling process. The purpose of filtering is to significantly attenuate aliasing

distortion.

The band-limited signal at the output of the analog filter is then sampled and converted

via the ADC unit into the digital signal, which is discrete both in time and in amplitude.

The DSP then accepts the digital signal and processes the digital data according to
DSP rules such as lowpass, highpass, and bandpass digital filtering, or other algorithms for
different applications. Notice that the DSP unit is a special type of digital computer and can be
a general-purpose digital computer, a microprocessor, or an advanced microcontroller;

furthermore, DSP rules can be implemented using software in general. With the DSP and
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corresponding software, a processed digital output signal is generated. This signal behaves in a

manner according to the specific algorithm used.

The DAC unit converts the processed digital signal to an analog output signal. The

signal is continuous in time and discrete in amplitude (usually a sample-and-hold signal).

The final stage in Fig. 7 is often another analog filter designated as a function to

smooth the DAC output voltage levels back to the analog signal (i.e. to reconstruct the analog

signal from the DAC output).

In contrast to the above, a direct analog processing of analog signals is much simpler

since it involves only a signal processor. It is therefore natural to ask why we go to use the

DSP systems. There are several good reasons:

1-

Rapid advances in integrated circuit design and manufacture are producing more

powerful DSP systems on a single chip at decreasing size and cost.
Digital processing is inherently stable and reliable.

Good processing techniques are available for digital signals, such as Data compression

(or source coding), Error Correction (or channel coding), Equalization and Security.

Easy to mix signals and data using digital techniques known as Time Division
Multiplexing (TDM).

It is easy to Change, Correct, or Update applications (software changes), such as-that

needed in implementing adaptive circuits.
Sensitivity to electrical noise is minimal.
Digital information can be encrypted for security.

The list below by no means covers all DSP applications. Many more areas are

increasingly being explored by engineers and scientists. Applications of DSP techniques will

continue to have profound impacts and improve our lives.

1-

Digital audio and speech: Digital audio coding such as CD players, digital crossover,
digital audio equalizers, digital stereo and surround sound, noise reduction systems,
speech coding, data compression and encryption, speech synthesis and speech

recognition.

Digital telephone: Speech recognition, high-speed modems, echo cancellation, speech
synthesizers, DTMF (dual-tone multi frequency) generation and detection, answering

machines.
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3-

4-

Automobile industry: GPS, Active Noise Cancellation, Cruise Control, Parking.

Electronic communications: Cellular phones, digital telecommunications, wireless LAN

(local area networking), satellite communications.

Medical imaging equipment: ECG analyzers, cardiac monitoring, medical imaging and
image recognition, digital x-rays, image processing, magnetic resonance, tomography
and electrocardiogram.

Multimedia: Internet phones, audio, and video, hard disk drive electronics, digital
pictures, digital cameras, DVD, JPEG, Movie special effects, video conferencing, text-

to-voice and voice-to-text technologies.
Military: Radar, sonar, space photographs, remote sensing.

Mechanical: Motor control, process control, oil and mineral prospecting.
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Signal Sampling and Reconstruction

Analog to digital (A/D) conversion:
The analog-to-digital conversion is basically a 2 step process:
O Sampling
+ Converts continuous-time analog signal Xa(t) to discrete-time continuous value signal
x(n).
* It is obtained by taking the ”samples” of Xa(t) at discrete-time intervals, Ts
U Quantization
» Converts discrete-time continuous valued signal to discrete time discrete valued signal.

These steps are shown in Fig. 8.

AID Converter
X[n X (n) _
Analog Input i Sampler & » Quantizer ! )§ _p (Quantized
' T T T " Output Signal
Signal |
e :
| .
Analog signal Discrete-time ngntuzed
signal signal

Fig. 8. Basic steps of ADC

Sampling of continuous signal
Sampling is the processes of converting continuous-time analog signal, Xa(t), into a
discrete-time signal by taking the “samples” at discrete-time intervals.
» Sampling analog signals makes them discrete in time but still continuous valued.
> If done properly (Nyquist theorem is satisfied), sampling does not introduce distortion.
Fig. 9 shows an analog (continuous-time) signal (solid line) defined at every point over

the time axis and amplitude axis. Hence, the analog signal contains an infinite number of

points.
x(t) , S|gantI samples
s | { Analog signal/continuous-time signal
|"ﬁ‘" Sampling interval T
f A .
-5 H =T
Q 2T 4T &6T 8T 10T 12T

Fig. 9. Display of analog (continuous) signal and digital samples versus the sampling time instants
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It is impossible to digitize an infinite number of points. Furthermore, the infinite points
are not appropriate to be processed by the digital signal processor or computer, since they
require an infinite amount of memory and infinite amount of processing power for
computations. Sampling can solve such a problem by taking samples at the fixed time interval,
as shown in Fig. 9 and Fig. 10, where the time T represents the sampling interval or
sampling period in seconds. As shown in Fig. 10, each sample maintains its voltage level
during the sampling interval T to give the ADC enough time to convert it. This process is

called sample and hold.

x(f) Voltage for ADC
5 1 ﬂ}nalcg signal
/
0 A
-5 = nT

0 2T 4T 6T 8T 10T 12T
Fig. 10. Sample-and-hold analog voltage for ADC

For a given sampling interval T, which is defined as the time span between two sample
points, the sampling rate or sampling frequency is the rate at which the signal is sampled,

expressed as the number of samples per second (reciprocal of the sampling interval).

fs=1/T Samples per second (Hz)
> If the signal is slowly varying, then fewer samples per second will be required than if the
waveform is rapidly varying. So, the optimum sampling rate depends on the maximum

frequency component present in the signal.

Nyquist sampling theorem or Nyquist criterion:

If an analog signal is not appropriately sampled, aliasing will occur, which causes
unwanted signals in the desired frequency band (i.e. if the sampling is performed at a proper
rate, no info is lost about the original signal and it can be properly reconstructed later).

”If a signal is sampled at a rate at least, but not exactly equal to twice the max frequency
component of the waveform, then the waveform can be exactly reconstructed from the samples

without any distortion . The condition is described as

fs >2 fmax

Where, fmax is the maximum-frequency component of the analog signal to be sampled.
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Ts is called the Nyquist interval: It is the longest time interval that can be used for sampling a
band limited signal and still allow reconstruction of the signal at the receiver without
distortion.

Example: Find the Nyquist frequency and Nyquist interval of the following signals:

a) speech signal containing frequencies up to 4 kHz

b) audio signal possessing frequencies up to 20 kHz

Solution:

a) to sample a speech signal containing frequencies up to 4 kHz, the Nyquist rate
(minimum sampling rate fs) is chosen to be at least 8 kHz, or 8,000 samples per
second (fs=2fm) and Nyquist interval (maximum time interval Ts) is 1/fs = 1/8 kHz =
0.125 ms.

b) to sample an audio signal possessing frequencies up to 20 kHz, at least 40,000 samples
per second, or 40 kHz, of the audio signal are required and Nyquist interval
(maximum time interval Ts) is 1/fs = 1/40 kHz = 25 ps.

Sampled signal spectrum:
Fig. 11 depicts the sampled signal xs(t) obtained by sampling the continuous signal x(t)
at a sampling rate of fs samples per second. Mathematically, this process can be written as the

product of the continuous signal and the sampling pulses (pulse train):

xs(t) = x(t) p(t)
Where, p(t) is the pulse train with a period T = 1/fs.

plf)

TILIT

LT
T
) . ADC ,
encoding
x(1) x5(1) = x(f)p(1)
X Q)L 2 T)

[ Cxe2T) -

T AT
\‘\._‘__/’f f I"__Ir_"l -Jr_-l- r

Fig. 11. The simplified sampling process

From the spectral analysis shown in Fig. 12, it is clear that the sampled signal spectrum

9
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consists of the scaled baseband spectrum centered at the origin and its replicas centered at the

frequencies of £ nfs (+ n/Ts) (multiples of the sampling rate) for eachofn=1,2,3, ...

In Fig. 12, three possible sketches are classified. Given the original signal spectrum
X(f) plotted in Fig. 12(a), the sampled signal spectrum is plotted in Fig. 12(b), where, the
replicas have separations between them. In Fig. 12(c), the baseband spectrum and its replicas
are just connected. In Fig. 12(d), the original spectrum and its replicas are overlapped; that is,

there are many overlapping portions in the sampled signal spectrum.

XN
1.0
/ \ B=f,.,
A f
-8 0 B
Kl Lowpass filter

Al
B : : = ' f
f.

-f,-8 -f, -f,+B8 -B 0 B -B f, f,+B
X UF) Folding frequency/M™yquist limit
C : f f
-f,— B —f -8 0 B fe L+ B
Xglf)

>/

-8B ~f,.-B -f,+B g f.-B B f.+B

L2

Fig. 12. Plots of the sampled signal spectrum

If applying a lowpass reconstruction filter to obtain exact reconstruction of the original signal

spectrum,

> As long as fs > 2B, no overlap of repeated replicas X(f - n/Ts) will occur in Xs(f). Hence,
the signal at the output of the filter will be the original signal spectrum without

distortion as shown in Fig. 13.

> If the waveform is undersampled (i.e. fs < 2B), then there will be spectral overlap in the
sampled signal. Hence, the signal at the output of the filter will be different from the

original signal spectrum as shown in Fig. 14. [This is the outcome of aliasing].

» This implies that whenever the sampling condition is not met, an irreversible overlap of
10
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the spectral replicas is produced.

Low Pass Filter

X () —™ with [ —=X(f)
' Bandwidth B

AX\(f)

8
4

B2 /. -y +8 —B $ B

Fig. 13. Filter o/p in case of f;> 2B

, X y

Fig. 14. Filter o/p in case of f; < 2B

Example:
Suppose that an analog signal is given as

X(t) =5 cos (2x.1000t), for t > 0, and is sampled at the rate of 8,000 Hz.

a. Sketch the spectrum for the original signal.

b. Sketch the spectrum for the sampled signal from 0 to 20 kHz.

Sol.

a. Since the analog signal is sinusoid with a peak value of 5 and frequency of 1,000 Hz, we

can write the sine wave using Euler’s identity:

27310000 4 ,—j2mx 10001
2

X(1)

il

1] 4

5cos (27 % 10007) = 5 - ( ) — 2.5¢/2mx1000r 4 5 5,—/2mx10007

11
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b. After the analog signal is sampled at the rate of 8,000 Hz, the sampled signal spectrum and
its replicas centered at the frequencies xnfs, each with the scaled amplitude being 2.5/T, are as

shown in Figure below.

Xs(F)
25/T
TI 1] IT TT
f kHz
9-8-7 1! 78 9 1516 17

Notice that the spectrum of the sampled signal contains the images of the original spectrum;
that the images repeat at multiples of the sampling frequency fs (for our example, 8 kHz, 16
kHz, 24 kHz, . . . ); and that all images must be removed, since they convey no additional

information.

Signal reconstruction
Two simplified steps are involved, as described in Fig. 15. First, the digitally
processed data y(n) are converted to the ideal impulse train ys(t), in which each impulse has its
amplitude proportional to digital output y(n), and two consecutive impulses are separated by a
sampling period of T; second, the analog reconstruction filter is applied to the ideally

recovered sampled signal ys(t) to obtain the recovered analog signal.

Digital signal Yall) Lowpass yit)
»  DAC » reconstruction ——e
y(n) filter
¥im Vell) yit)
i)y, .ym VelOla wo(T) S
. ¥i2) Vel2T) e \
T Ir 1 At i
14 n = 4+ t f
T
A Digital signal processed B Sampled signal recovered C Analog signal recoveraed
W¥(r)
1.0
'rlrm =8
f
-8 0 B

D Recovered signal spectrum
Fig. 15. Signal notations at reconstruction stage

The following three cases are listed for recovery of the original signal spectrum:
12
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Case 1: fs = 2fmax: Nyquist frequency is equal to the maximum frequency of the analog signal
X(t), an ideal lowpass reconstruction filter is required to recover the analog signal spectrum.

This is an impractical case.

Case 2: fs > 2fmax: In this case, there is a separation between the highest frequency edge of the
baseband spectrum and the lower edge of the first replica. Therefore, a practical lowpass
reconstruction (anti-image) filter can be designed to reject all the images and achieve the

original signal spectrum.

Case 3: fs < 2fmax: This is aliasing, where the recovered baseband spectrum suffers spectral
distortion, that is, contains an aliasing noise spectrum; in time domain, the recovered analog
signal may consist of the aliasing noise frequency or frequencies. Hence, the recovered analog

signal is incurably distorted.

Example: Assuming that an analog signal is given by
X(t) = 5cos(27.2000t) +3cos(27.3000t) for t > 0, and it is sampled at the rate of 8,000 Hz,

a. Sketch the spectrum of the sampled signal up to 20 kHz.

b. Sketch the recovered analog signal spectrum if an ideal lowpass filter with a cutoff
frequency of 4 kHz is used to filter the sampled signal (y(n)=x(n) in this case) to recover the
original signal.

w

ol

a. Using Euler’s identity, we get

3
xir) =—<e

2530001 220001

3
|:_E

b | tn

-

The two-sided amplitude spectrum for the sinusoids (sampled signal) is displayed in Fig.

Xg (F)

T T

A1 10 — -85 —a3_o 23 56 & 1011131416 1819

b. Based on the spectrum in (a), the sampling theorem condition is satisfied; hence, we can
recover the original spectrum using a reconstruction lowpass filter. The recovered spectrum
is shown in the following Fig.

¥ir)

TWT -

—3—

13
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Aliasing noise level
Given the DSP system shown in Fig. 16, where we can find the percentage of the

aliasing noise level using the symmetry of the Butterworth magnitude function and its first

replica. Then:
AURTI. Digital value
Anti-aliasing .| Sample and | ADC
LP filter " hold "| coding
Analog signal spectrum X(f) X.(f)
(worst case)/~ : )
f

Aliasing level X,

at f, (image from f;—f,;)

Fig. 16. DSP system with anti-aliasing filter
2n
14] T2
fc
2n
fg— f
14| > -2
fe

Where, n is the filter order, fa is the aliasing frequency, f. is the cutoff frequency, and fs is the
sampling frequency.

Aliasing noise level % = for0< f<fc

Example: In a DSP system with anti-aliasing filter, if a sampling rate of 8,000 Hz is used and the
anti-aliasing filter is a second-order Butterworth lowpass filter with a cutoff frequency of 3.4
kHz,

a. Determine the percentage of aliasing level at the cutoff frequency.

b. Determine the percentage of aliasing level at the frequency of 1,000 Hz.

Sol.

fs = 8000, f. = 3400, and n = 2.
a. Since f, = f. = 3400 Hz, we compute

aliasing noise level % =

b. With £, = 1000 Hz, we have

I+ ()77 1.03007

aliasing noise level % = = 23.05%.

2 43551
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Digital Signal and Systems

Discrete-Time Signals:
In digital signal processing, signals are represented as sequence of numbers called
“samples”. A sample value of a typical discrete-time signal or sequence is denoted as “x[n]”
with the argument “n” being an integer in the range (-0 and o). It should be noted that x[n] is

defined only for integer values of “n” and undefined otherwise.

The most common basic sequences are described as follows:

Q delta function or unit-impulse (sample) sequence d(n)

lﬁ(ﬂ)
n
— Tt
1-2-3F4 56 7-& 1 2 3 4 5 6 7 8 9 10
o (m-m)
n
m
Q unit-step sequence U(n)
u(n)
1 n=0
u(n) =
0 n<0
n
#11#1###IIIIIIIIII
&6 7 5 34 2 1 1 2 3 4567 8 9 10
w(n-m)

——
—
—4

—
—
——
——
——

LI
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PR Y R S W S S
I |

[y
P L
W

=9

w
[= Q-
-~
0o —
oo

&6 755 34 2 1

Q exponential sequence

x(n) = AP I x()

= If B=0, x(n)=A I HH
= IfB<0, x(n) is exponential decay. MRS TR U I
= If B>0, x(n) is exponential growth. Fresrerriizades
x(n) x(n)
B<0
I T |“ l]]f'r I | n et I l [“
| I L A I ot T o
&7 6534 2 1 1234567 89 10 8765 34 2 1 12 3 45

Q Sinusoidal sequence

X(11) = Acos(nm,— )

Note: [X(M) = X(V)]y_7

For analog sine ==y x(t)=sin(wt), the discrete sine ==y x(n)=sin(wnTs)

Wo=WT;s where w=2nfn and Ts=1/f;

16
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Example: Assuming a DSP system with a sampling time interval of 125 microseconds, convert
each of the following analog signals x(t) to the digital signal x(n).

1. 1062000t

2. 10sin(2000zt)u(t)
sol.

1. X(n):X(nTs): 10 e-5000)<0000125n U(nTS ) — 10e—0625n U(n)
2. x(n)=x(nT+)= 10sin(20007 x 0.000125n)u(nTs ) = 10sin(0.25zn)u(n)

Periodic Sequences:

A sequence x(n) is defined to be periodic with period N if

x(n) = x(n+ N) forall N |

Where; N is an integer number.

Example: Is the sequence x(n) = cos(zn/4) periodic, find N.
sol.

Suppose it is periodic sequence with period N
X(n)=x(n+N)

cos(nn/4)=cos(m(n+N)/4)
mn/4+2mk= nn/4+nN/A==) N=2nk/(n/4)= 2nkiwo=8k K: integer
for k=1, N=8

Example: Is the sequence x(n) = cos(3zn/8) periodic. If yes, find N.
sol.

Suppose it is periodic sequence with period N
X(n)=x(n+N)

cos(3zn/8)=cos(3n(n+N)/8)
3nn/8+2mk= 31n/8+3nN/8==> N=2nk/wo=2nk/(3n/8)  K: integer
for k=3, N=16

Example: Is the sequence x(n) = cos(n) periodic. If yes, find N.
sol.

Suppose it is periodic sequence with period N
x(n)=x(n+N)

cos(n)=cos(n+N)

for n+2ztk=n+N , K: integer There is no integer N==)» Non-periodic sequence

17
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Operations on Sequences:

Q For input signal x(n) and output signal y(n)
(i) Scaling: y(n)=ax(n)
e ¢ is called gain or scale factor.
e If |a>1, called an amplification.
e If |a/<1, called an attenuating.
e If o <0, called inverting.
e Sometimes denoted by triangle or circle in block diagram:

(if) Time shifting: y(n) = x(n — no)
e If no>0, called delay.

e If no<0, called predictor.

(iii) Reflection (Time reversal): y(n) = X(-n)

iin)

2 ~| 1 2 3 4 5 6 7 8

(@) A discresc-time signal

(b) A delay by ng = 2 (¢) Tume reversal

O For multiple input signals x1(n) , x2(n) and output signal y(n)
(1) Addition (summing):
y(n)=X1+x2=x1(n)+x2(N)

18
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(i)Product (multiplier or modulation):
y(n)=x1.x2={x1(n) x2(n)}

Sequence Representation Using Delay Unit:
Any arbitrary sequence x(n) can be represented in terms of delayed and scaled impulse

sequence o[n] as shown in the figure

E=—aon

x(a) = 3 x(k) Qn—k) |

x(n)

L L L i Il i 4 A i A 4
T T T 1 1 1 T T | h 1 1 1 q h| h| -
8 7 6 5 2 4 22 1 1 l 2 4 5 6 J 8 9 10
az

‘x(n) =a_Bd(n+3)+a,d(n—1)+a,8(n—3)+a,5(n— 7)\

Example: Represent the sequence x[n] = {4, 2, -1, 1, 3, 2, 1, 5} as sum of shifted unit impulse.
sol.
Givenx[n]={4,2,-1,1,3,2,1,5};n=-3-2-101234
x[n] = X[-3]8[n+3] + X[-2] 8[n+2] + X[-1] 8[n+1] +X[0] 8[n] + X[1] 8[n-1] + X[2] 8[n-2] + X[3]
d[n-3] + x[4] d[n-4]
=4 §[n+3] +2 8[n+2] - 8[n-1] + d[n] +3 d[n-1] + 2 8[n-2] + d[n-3] +5 &[n-4]

Example: Consider the following two sequences of length (5) defined for 0<n <4:

x[n] = {3.5, 41, 36, -9.5, 0}
y[n] ={1.7,-05,0,0.8, 1}
Find:

a) x[nl.y[n]
b) x[n]+y[n]
c) 7/2x[n]
sol.
a) x[n].y[n]={5.44, -20.5, 0, -7.6, 0}
b) x[n]+y[n]={4.9, 40.5, 36, -8.7, 1}
c) 7/2x[n]={11.2, 1435, 126, -33.25, 0}

19



Digital Signal Processing / 4th Class/ 2022-2023

Energy and Power of a Sequence:
Energy of a sequence is defined by

N=o00

2
E= X [x(n)
N=—o0
Power of a sequence is defined by
1 N=o0
P =N > |x(n)|2
N=—o0

e Asignal is called energy signal if £ < .

o A signal is called power signal if 0 < P < oo.

e A signal can be an energy signal, a power signal or neither type.
e An energy signal has zero power. E < o0; P =0

e A power signal has infinite energy. P < oo, E = o

Discrete-Time Systems (Digital Processors):
A discrete-time system is a device or algorithm that operates on a discrete-time signal
called the input or excitation (e.g. x(n)), according to some rule (e.g. T[.]) to produce another
discrete-time signal called the output or response (e.g. y(n)). The transformation T[.], (also

called operator or mapping) or processing performed by the system on x(n) to produce y(n).

x(n) o o) | =) y(n)=T[x(n)]
input signal output signal or
or excitation response

Interconnections of Systems:
1. Series or cascade interconnection. The output of System 1 is the input to System 2.

Svstem 1 System 2
Input ——» — —> Output

2. Parallel interconnection. The same input signal is applied to Systems 1 and 2.

» System 1

Input ™ ®_> Output

=
> System 2
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3. Combination of both cascade and parallel interconnection.

p| Systeml p| System2

) System 4 N
Input ystetm Output

o  System3
Lal

4. Feedback interconnection. The output of System 2 is fed back and added to the external
input to produce the actual input to System 1.

Input "®—’ System 1 > Outpur

System 2 )

Classification of Discrete-Time Systems:

Q Static (Memoryless) and Dynamic (Memory) Systems.
O Linear and Nonlinear Systems.

U Time-Invariant (TI) and Time-Varying Systems.

O Causal and Non-Causal Systems.

U Stable and Unstable Systems.

Static (Memoryless) and Dynamic (Memory) systems:

A discrete-time system is called static or memoryless if its output at any time instant n
depends on the input sample at the same time, but not on the past or future samples of the input.
For example y(n) =ax(n), y(n) =nx(n)+bx3(n).

In the other case, the system is said to be dynamic or to have memory, if the output of a
system at time n depends not only on the value of input at the same instant n, but also on past or

future values of the input. For example

N )
y[nl =ax[n]+ px[n-1], y(n) = Y h(k)x(n-k), y(n)= Y h(k)x(n-k).
k=0 k=0
Linear and Nonlinear Systems:

A discrete-time system is called linear if only if it satisfies the linear superposition
principle. In the other case, the system is called non-linear. If y1(n) and y2(n) are the responses to
the inputs xi(n) and x2(n) respectively, then the input x(n)=axi(n)+bxz(n) gives the output
y(n)=ay1(n)+by2(n).
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x(n) s 7] (m—)y(n)=T[x(n)]

Tlax;(n)+bxs(n)]=aT[x;(n)]+bT[x; (n)]

X1 — T[] —> Y1 axy(n)+bxz(n) — T[] —> Y

xg = TLI —> Y2—___ || ayithy,=2y ‘/

Example: Test the linearity of the system
y(n) = 1/3(x(n+1)+x(n)+x(n-1))

sol.
The input x1 then the output y1(n)= (1/3)a(x1(n+1)+x1(n)+x1(n-1))
The input x2 then the output y2(n)= (1/3)b(x2(n+1)+x2(n)+x2(n-1))
a y1(n)+b y2(n)= (1/3)a(x1(n+1)+x1(n)+x1(n-1))+ (1/3)b(x2(n+1)+x2(n)+x2(n-1))

The input: x(n)=ax1(n)+bx2(n), then the output
y(n)=1/3(ax1(n+1)+bxz(n+1)+axi(n)+bxz(n)+axi(n-1)+bxz(n-1))

= (1/3)a(x1(n+1)+x1(n)+x1(n-1))+(1/3)b(x2(n+1)+x2(n)+x2(n-1))
Then, y(n)=a y1(n)+b y2(n) — The system is linear.

Example: Test the linearity of the accumulator system

n
y(n)= 2 x(k)

k=—o0
sol.
The input x; then the output y1(n)= (1/3)a(x1(n+1)+x1(n)+x1(n-1))
The input x2 then the output y2(n)= (1/3)b(x2(n+1)+x2(n)+x2(n-1))
a y1(n)+b y2(n)= (1/3)a(x1(n+1)+x1(n)+x1(n-1))+ (1/3)b(x2(n+1)+x2(n)+x2(n-1))

The input: x(n)=ax1(n)+bxz(n), then the output
y(n)=1/3(ax1(n+1)+bxz2(n+1)+axi(n)+bxz(n)+axs(n-1)+bxz(n-1))

= (1/3)a(x1(n+1)+x1(n)+x1(n-1))+(1/3)b(x2(n+1)+x2(n)+x2(n-1))
Then, y(n)=a y1(n)+b y2(n) — The system is linear.

22



Digital Signal Processing / 4th Class/ 2022-2023

Let the input: x(n)=ax1(n)+bx2(n), then the output

n
y(n) = > axy(k)+bxa (k)

k=—o0

n n
=a > xk)+b Yxa(k)

k=—00 k=—00
Then, y(n)= a y1(n)+b y2(n) m===>> The system is linear.
Example: Test the linearity of the system

y(n) = x?(n)
sol.

Let the input: x(n)=axu(n)+bxz(n), then the output y(n)= [axi(n)+bxz(n)]?
= a2x12 (n) + 2abxg(n)x2 (n) + bzxg (n)

Then, y(n)= a y1(n)+b y»(n) ===> The system is nonlinear.

Time-Invariant (T1) and Time-Varying Systems:

A Time-Invariant (T1) system is one in which if y(n) is the output when the input x(n) is
applied, then y(n-no) is the output when x(n—no) is applied. In the other case, the system is called
time-variable. Conceptually, a system is Tl if the behavior and the input-output characteristics

do not change with time. For example the system y(n) =ax(n).

xq(m) ¥in)
L@H ,HT, )
System *
Xa( )=y (N— ) YolM=yy(n—ng)
! [1:1. 7, ol
g Shifted by ng samples Mo Shifted by ng samples

Example: Given the linear systems:
a. y(n) =2x(n—5)
b. y(n) =2x(3n)
c. y(n) = nx(n)
Determine whether each of the following systems is time-invariant.

sol.

a. Let the input and output be x1(n) and y1(n), respectively; then the system output is yi(n) =
2x1(n — 5). Again, let x2(n) = x1(n — no) be the shifted input and y2(n) be the output due to the
shifted input. We determine the system output using the shifted input as
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y2(n) = 2x2(n —5) = 2x1(nN —5— no):

Meanwhile, shifting y1(n) = 2x1(n — 5) by no samples leads to

y1(n — mo) = 2X1(n — no— 5)

We can verify that y2(n) = y1(n — no). Thus the shifted input of no samples causes the system

output to be shifted by the same no samples, thus, the system is time-invariant.

b. Let the input and output be xi(n) and yi(n), respectively; then the system output is yi(n)
=2x1(3n). Again, let the input and output be x2(n) and y2(n), where x2(n) = x1(n — no), a
shifted version, and the corresponding output is y>(n). We get the output due to the shifted
input x2(n) = x1(n — no) and note that x2(3n) = x1(3n — no):
y2(n) = 2x2(3n) = 2x1(3n — no):

On the other hand, if we shift y1(n) by no samples, which replaces n in

y1(n) = 2x1(3n) by n — ny, it yield

y1(n — no) = 2x1(3(N — no)) = 2x1(3n — 3no):

Clearly, we know that y2(n) # yi(n — no). Since the system output y»(n) using the input
shifted by no samples is not equal to the system output y1(n) shifted by the same no samples,

thus, the system is not time-invariant (time-varying system).

c. Let the input and output be x1(n) and yi(n), respectively; then the output is yi(n) =nxa(n).
Again, let the input and output be x2(n) and y2(n), where x2(n) = x1(n — no), a shifted version,
and the corresponding output is y2(n). We get the output due to the shifted input x2(n) = x1(n
— ng) and note that x2(n) = nx1(n — no):
y2(n) = nx2(n) = nx1(n — no):

On the other hand, if we shift y1(n) by no samples, which replaces n in

y1(n) = nx1(n) by n — no, it yield

y1(n — no) = (N-ng) X1(N — no):

Clearly, we know that y2(n) # yi(n — no). Since the system output y»(n) using the input
shifted by no samples is not equal to the system output yi(n) shifted by the same no samples,

thus, the system is not time-invariant (time-varying system).

Note: Linear Time Invariant System (LTI) is the system that satisfies both the linearity and the
time-invariance properties. Such systems are mathematically easy to analyze, and easy to

design.

Causal and Non-Causal Systems:

A causal system is one in which the output y(n) at time n depends only on the current

input x(n) at time n, its past input sample values such as x(n — 1), x(n— 2), . . . For example y[n]
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= gx[n] + Bx[n-1]. Otherwise, if a system output depends on the future input values, such as x(n
+1), x(n +2), ..., the system is noncausal. For example y[n] =ax[n]+ px[n +1]. The noncausal

system cannot be realized in real time.

Example: Given the linear systems:
a. y(n) =0.5x(n) + 2.5x(n — 2), forn>0
b. y(n) =0.25x(n — 1) + 0.5x(n + 1) — 0.4y(n — 1), for n >0,

2
c. y(n)= Y h(k)x(n—k)
k=-2

Determine whether each is causal.
sol.
a. Since for n > 0, the output y(n) depends on the current input x(n) and its past value x(n—2),
the system is causal.

b. Since for n > 0, the output y(n) depends on the input’s future value x(n+1), the system is
noncausal.
c. Since for n > 0, the output y(n) depends on the input’s future values x(n+1) and x(n+2),
the system is noncausal.
Stable and Unstable Systems:
A system is said to be bounded input-bounded output (BIBO) stable if and only if

every bounded input produces the bounded output. It means, that there exist some finite

numbers say My and My, such that

x(n)‘ <M <0o= |j.:‘(}?)| <M, <o

For all n, If for some bounded input sequence x(n), the output y(n)is unbounded (infinite), the
system is classified as unstable.

Note: The system is stable, if its transfer function vanishes after a sufficiently long time. For a

stable system:

S = i| h(k) |-::j: 0

k= —

Where h(k) = unit impulse response.

Example: Given the systems:
a. y[n] = (x[n])?
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n
b. Accumulator system y[n]= Y x[K],

k=—00
c. y[n]=eXN
Determine whether each is stable.
sol.

a. If [x[n]|<Bx< oo for all n, then |y[n]| <By= B)% < oo for all n. Thus, the system is stable.

b. If x[n]:u[n]:{f ::8 - bounded

n

Then yinl= 3 x[k] = iu[k]:{o <0 . ot bounded

Koo Koo n+l n>0

Thus, the accumulator system is unstable.

c. If|x[n]| < Bx< oo for all n, then |y[n]| < By:eBX < oo for all n. i.e., it is guaranteed that if the

input is bounded by a positive number By, the output is bounded by a positive number eBx.

Thus, the system is stable.

n 0 n<0
. ulk] =
Note: k—z [k] {n+1 n>0
=—00

System Representation Using Its Impulse Response:
Any discrete-time can be characterized by one of the representations:
1) Difference Equation
2) Impulse Response h(n)
3) Transfer Function H(z)
4) Frequency Response H(W)
In this section, a Linear Time-Invariant (LTI) system will be represented by its impulse
response (h(n)).
A LTI system can be completely described by its unit-impulse response, which is
defined as the system response due to the impulse input d(n) with zero initial conditions,

depicted in the following figure. Here x(n) = 6(n) and y(n) = h(n).

x(n) yin)
—» hin) —

Note: The unit step function u[n] is the running sum of the unit impulse d[n], so the step

26



Digital Signal Processing / 4th Class/ 2022-2023

response S[n] of a LTI processor is the running sum of its impulse response. Therefore, if we

denote the step response by S[n], we have

n
S[n] = y[n]| x[Nn]=u[n] = Z h[m]

m=—oo

Alternatively, h[n] is the first order difference of S[n]

h[n] = Y[n]| x[n]=8[n] = S[n]—-S[n-1]

Example: For a LTI system described by the following difference equation:

sol.

y(n) = 0.8y(n-1) + x(n)
a. Find and sketch the first four sample values of the impulse and step responses.
b. Determine the final value of the step response as n —oo.

a. By setting x(n)=8(n) in the system difference equation, then y(n)=h(n) so,

h(n)=0.8h(n-1)+a(n) h(n}
for n=0, h(0)=(0.8)h(-1)+6(0)=1 1 o5
for n=1, h(1)=(0.8)h(0)+ 5(1)=0.8 T 0.64

for n=2, h(2)=(0.8)h(1)+5(2)=(0.8)*=0.64
for n=3, h(3)=(0.8)h(2)+5(3)=(0.8)3=0.512

| | | 1 | |
b. By setting x(n)=u(n) in the system difference ' ' "' ' | 1, 2 .o e 7 5 g

equation, then y(n)=S(n) so,
S(n)=0.8S(n-1)+u(n)
for n=0, S(0)=(0.8)S(-1)+u(0)=1
for n=1, S(1)=(0.8)S(0)+u(1)=0.8+1=1.8
for n=2, 5(2)=(0.8)S(1)+u(2)=0.8(0.8+1)+1=1+0.8+(0.8)>=2.44
for n=3, S(3)=(0.8)S(2)+u(3)=0.8(1+0.8+(0.8)?)+1=1+0.8+(0.8)?+(0.8)3=2.952

o0
Then, for n=oo, S(o0)=1+0.8+(0.8)?+(0.8)3+(0.8)*+ . . . +(0.8)*= Z(O-S)n =_1 108 =5
n=0 e
S(H} 5S¢ o @
2.952
2.44
1.8
1I- - -
(TR TR N N T T | { R .
[ S S B LA B B
& 7 6 5 3 4 2 1- 12 3
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o0
n 1 n -
Note: nZ=I,O(X) 1—x an Zl, (x) 1—x

Example: Given the linear time-invariant system
y(n) = 0.5x(n) + 0.25x(n — 1) with an initial condition x(—1) =0
a. Determine the unit-impulse response h(n).

b. Draw the system block diagram.
C. Write the output using the obtained impulse response.

sol.
a. h(n)=0.58(n)+0.258(n — 1), where h(0)= 0.5, h(1) = 0.25 and h(n) = 0 elsewhere.

b.

xin) yin)
—| f{n)=0.54(n)+0.25§(n-1) —>

c. y(n) =h(0) x(n) + h(1) x(n—1)
From this result, it is noted that if the difference equation without the past output terms, y(n

—1),...,y(n—N), that is, the corresponding coefficients a,...,a,are zeros, the impulse

response h(n) has a finite number of terms. We call this a finite impulse response (FIR)

system.

In general, we can express the output sequence of a LTI system from its impulse response and

inputs as:
y(n)=....+h(-1) x(n+ 1) + h(0) x(n) + h(1) x(n—1) + h(2) x(n—2) +.....

This equation called the digital convolution sum.
Example: Given the difference equation
y(n)=0.25y(nh —1) + x(n) forn>0 and y(-1) =0,
a. Determine the unit-impulse response h(n).

b. Draw the system block diagram.

c. For a step input x(n) = u(n), find the output responses for the first three samples using
the difference equation.

a. Letx(n)=25(n), then h(n) =0.25h(n— 1) + 5(n)
To solve for h(n), we evaluate
h(0)=0.25h(-1)+3(0)=025(0)+1=1
h(1)=0.25h(0) +38(1)=0.25(1)+0=10.25
h(2)=0.25h(1) +38(2)=0.25 (0.5 )+ 0 =0.0625

With the calculated results, we can predict the impulse response as:
h(n) =(0.25) " u(n) =8(n) + 0.25 5 (N — 1)+ 0.0625 5 (N—2) + . . .

b. The system block diagram is given below
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xn) yin)
—* hin)=a(n+0.255(0-1)+- —*

c. From the difference equation and using the zero-initial condition, we have

win) =0.25p(n— 1)+ xin) forn =0 and v — 1)=0
n="0p0) =025 = 1)+ x(0) = u(0) =1
n=1,p01)=0250(0) + 1) = 0.25 = w(0) + wil)=1.25
n=2,92)=0.25(1) 4+ 2) =0.25 x 1.25 + w(2) = 1.3125

Notice that this impulse response h(n) contains an infinite number of terms in its duration due to
the past output term y(n — 1). Such a system as described in the preceding example is called an

infinite impulse response (1IR) system.
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Digital Convolution
The Convolution Sum or Superposition Sum Representation of LTI Systems:

The convolution allows us to find the output signal from any LTI processor in
response to any input signal. We can find the output signal y(n) from an LTI processor by
convolving its input signal x(n) with a second function representing the impulse response h(n)
of the processor. The convolution sum or superposition sum of the sequences x(n) and h(n)
can be represented by

yInl = X2 x[k]h[n — k] = X322 x[n — k]h[K]

N= N1+N2-1. Where N1 = number of samples of x(n), sz number of samples of h(n),

4]

and N= total number of samples. This operation is represented symbolically as x(n)*h(n).
Let nx is position of x sequence ,nh is position of h sequence ,then the position
sequence of y (ny) can be found as
ny=[nx(0)+nh(0) ... nx(N1-1)+nh(N2-1)]
Properties of Convolution:
1- Commutatively: Convolution is a commutative operation, meaning signals can be
convolved in any order.

x(n)*h(n) = hin)*x(n)

2- Associativity (Cascaded Connection)
Convolution is associative, meaning that convolution operations in series can be done
in any order.

(x(n)*h(n))*g(n) = x(n)* (hin)* g(n))

3- Distributivity (Parallel Connection)
Convolution is distributive over addition

x(n)* [hin) + g(n)] =x(n)*h(n) + x(n)*g(n)

The digital convolution can be performed by Direct method , graphical, table lookup,
matrix by vector methods.
Graphical Method:
The convolution sum of two sequences can be found by using the following steps:
Step 1. Obtain the reversed sequence h( - k).
Step 2. Shift h( - k) by n samples to get h(n - k). If n>0, h( - k) will be shifted to the right by n
samples; but if n <0, h( - k) will be shifted to the left by n samples.
Step 3. Perform the convolution sum that is the sum of the products of two sequences x(k) and
h(n - k) to get y(n).
Step 4. Repeat steps 1 to 3 for the next convolution value y(n).

Example: Find the convolution of the two sequences x[n] and h[n] given by x[n] = [3, 1, 2] and
h[n] = [3, 2, 1]. The bold number shows where n=0. Using:
a. Direct method.
b. Graphical method
c. Table Lookup Method
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o0
Sol: a. Using y[n]= Y x[k]h[n—k]
k=—00

x[n] =[3,1,2]and h[n] =[3,2,1] nx=[0,1,2],nh=[0,1,2] ,
then ny=[0+0 ... 2+2]=[0 ... 4]=[0 12 3 4]
Total number of samples N=N1+N-1=3+3-1=5 samples.
The values of k are equal to nx ,k =0,1,2

n=>0, p0)=x0A0) +x(Dh( = 1)+ x(2)( -2)=3x34+1x0+2x0=9,

n=1,y(1)=x0A(1) +x(DA0)+ x(2h( = 1)=3x 2+ 1x3+2x0=9,

n=2, 9(2)=x02)+x(Dh(1)+ x(2n0)=3x 1+ 1x242x3=11,
n=73y3)=x0n3) +x(DA2)+ x2(1)=3x0+1x1+4+2x2=35

n=4 v4)=x0n(4) + x(DA3)+ x(2h(2)=3x 04+ 1 x042x 1 =2,

n= 35, yin)=x(0h(n) +x(Dh(n— 1)+ x(2(n—-2)=3x04+1x04+2x0=0

b. Graphical method

hik) xik)

3 3
3] 2 l
1 1
] K ——1 k
-1 0 1 2 3 = 0 1 2 3
=k

3

2

P |
, | — K 3x3=9

3
2
1
[T 1, 2x3+3x1-9

hi=k+2)
3
']
1
N ¢ 1x3+2x1+3x2=11
-2 - 0 1 2
hi—k+3)
3
]
1 n
—1 1 . OX3+1x1+2x2+3x0=5 :
-1 0 1 2 3 10

1 ; f —k 0x34+0x1+1x24+2x0=2
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c. Table Lookup Method:

yo)  y()  y@)

y(0) =9 3 2 1
y(1) =9
3 9 6 | 3
y@ =1 —- - v(3)
y(3) =5 1 3 2 P

Matrix by Vector Method:

Example : Find the h*x of the two sequences x[n] and h[n] given by x[n] =[1121221 1] and
h[n] = [1 2 -1 1] by using matrix be vector .

Solution:
nx=[-2-1012345] ,nh=[-1012] — ny=[-2+(-1)...5+2]=[-3-2-101234567]
Nx=8 , Nh=4 , N=8+4-1=11
Dimension of matrix become Nx Nx =11x8
h = [1, 2,—1, 1]
x = [1, 1, 2, 1, 2, 2, 1, 1]
-1 0 0 0
2 1 0
-1 2 1
2

N = oo O
N O oSO

-1

N OOOCOCOoOOo
N=O OO OO OO O

OO OO =

= B B R DO = b
Il
R OW WA N WUTWWwR

OO0 O
cCooR

L0

Circular Convolution

N-

N-1
(M) @y x,(n) = Zrl( (n—k) modN)x,(k)= le (k) x,((n—Fk) modN)
k=0 k=0

The circular convolution can be performed by Direct method, Concentric Circle , graphical
methods.
Note: N =maximum( N1’ NZ)

Example: Use Direct, Concentric Circle and graphical methods to find circular convolution of
xl(n):[l 2 2] and xz(n):[g 123].
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Sol: N =maximum( 3, 4)=4 ,ny=[0 1 2 3] Applying the equation of circular convolution
1-Direct _method : y(n) = Xi_,x;(K)x,((n — k) mod4) = ¥3_,x;(K)x,((n—k) m4)
, @m=mod addition

n=0 , y(0) = i %1 (W%, ((—K) mod4)

y(0) = x;(0)x,(—0 m4) + x;(1)x,(—1 m4) + x,(2)x,(—2 m4) + x,(3)x,(—3 m4)
y(0) = x1(0)x,(0) + %, (1)x2(3) + %1 (2)x2(2) + %1 (3)x,(1)
y(0)=1x0+2%x34+2%x2+0x1=10

n=1,y(1) = Xi_o X1 (K)x,((1 — k) mod4)

y(1) = x;(0)x,(1 m4) + x,(1)x,(0 m4) + x,(2)x,(—1 m4) + x,(3)x,(—2 m4)

y(1) = x;(0)x,(1) + x1 (1)x,(0) + %, (2)x,(3) + %, (3)x,(2)
y(1)=1%x14+2x04+2%x3+0x2=7

=2, y(2) = Nioo % (W%, ((2 — k) mod4)

y(2) = x;(0)x,(2 m4) + x;(1)x,(1 m4) + x,(2)x,(0 m4) + x,(3)x,(—1 m4)

y(2) = x1(0)x,(2) + %, (1)x(1) + x4 (2)x2(0) + %1 (3)x,(3)
y(2)=1%x2+4+2x14+2%x0+0x3=4

n=3 ,y(3) = $i-o%: (0%, ((3 — k) mod4)

y(3) = x;(0)x,(3 m4) + x,(1)x,(2 m4) + x,(2)x,(1 m4) + x,(3)x,(0 m4)

y(3) = x1(0)x,(3) + %, (1)x2(2) + x4 (2)x,(1) + %1 (3)x,(0)
y(3)=1%x3+2%x24+42%x14+0x0=9

2- Concentric Circle .
/—\ /\ 0
2
1 2
0 1
x1(K) T x1(k) T
0f 1 3|2 of 2 02
2 3
2

y(0)=1x0+2x3+2x2+0x1=10 y(1)=1x1+2x0+2x3+0x2=7
1

1
2 3
x1(k) x> x1(Kk)
0| 3 1]2 0l 0 2|2
0 1
2

2
y(2)=1x2+2x1+2x0+0x3=7 y(3)=1x3+2x2+2x1+0x0=9
33
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3- graphical method

x1(k) xa(-
3
2 2
1
0 >
01 2 3 k -3 -2 -1 0 k
x2((1-k) mod 4) x2((2-k) mod 4)
3 3
2 2
1 1
U ;’
0 1 2 3 k 0 1 2 3 k

y=[107 7 9]
Example: If x(n) = [1 2 3 2], and h(n) = [1 1 2]. Find y(n) such that linear and circular
convolution are the same.
Sol: The circular and linear convolution are the same by zero padding
N=4+3-1=6
Thenx(n)=[123200]andh(n)=[112000]
x(n) is arranged in clockwise direction ,while h(n) is arranged in the opposite clockwise direction
(bold numbers). Each time, only h(n) will be shifted with the clockwise direction to find y(n).

y@=1(1)=1 y()=1(1) + 2(1) =3 y(2)=2(1)+2(1)+3(1)=7
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y(3)= 2(2)+3(1)+2(1)=9 y(4)=3(2)+2(1)=8 y(5)=2Q)=4

Deconvolution:

The digital Deconvolution can be performed by Iterative Approach, Polynomial
Approach, and Graphical Method. In the following subsection, the polynomial approach will be
explained.

Polynomial Approach:

A long division process is applied between two polynomials. For causal system, the remainder is
always zero.

Example: If y(n) = [15-8 -5 2] and h(n) = [-3 1] find x(n) .

2 3
Solution: y=15-8x-5x +2x,and h=-3+ x. Applying long division, we obtain

2% +x =5
x-3| 2x° —5x* —8x+15
2x° —6x°
x’ —8x
x* —3x
—Sx+15
—Sx+15

Remainder 0

2
result = -5+ x+2x . Thenx(n) =[-51 2]

Example: If y(n) = [12 10 14 6] and h(n) =[4 2] find x(n) .
Solution: y=12+10x + 14 x2 +6 x3, and h =4 + 2 x. Applying long division, we obtain
result =3 +x+3 x2. Then x(n) =[31 3]
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Frequency response and Sinusoidal Steady State Response

The Frequency domain representation:
In continuous linear time invariant (CLTI) system, it was important to know the

frequency response of a system ( HGQ ) ) , which could be used to find the steady-state response
of the system. For discrete linear time invariant (DLTI) system, H(e/"¥) will be used to find the
frequency response of the system.

W=QTs rad/sample  digital frequency.

Q=2nxnf rad/sec. analog frequency.

Ts=1/fs sec. where, sampling rate = 1/ Ts.

Response to a complex exponential sequence:

If x(n) =el "W (4.1)
And Y =3 hk) x(n—k) = D h(k) e =e™ > h(k)e " (4.2)
k=—o0 k =—o0 k= —c0
Lt HE™)= D h(k) e (4.3)
k=—o0

~y(n) =™ H(e") (4.4)
HEY) = Hr (&) +jHi(EY) = | HEY) | &Y (4.5)
| HEY) | =/ {Hr (&) P+ {Hi(e")}¥*] 2 (4.6.2)
@(e) =argument(H(e'V) )= tan * [Hi(e") /Hr(e") ] (4.6.b)

Response to a sinusoidal sequence:
A i@ A Won —j@ A—JWon
Ifx(n):Acos(WonJre):E(e erT+re € ) (4.7)
Substituting equation (4.7) into equation (4.4), and rearrange the terms, then:
jnWo

y()=2Re[05AH(E °) € el? |

jW .
y)=A | HE )| cos[nWo +0+a(e)] (4.8)
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Note: the output to a sinusoid is another sinusoid of the same frequency but with different phase
and magnitude.
Example (1): A discrete time system has a unit sample response h(n)
h(n) = 0.5 §(n) + 8(n — 1) + 0.5 &(n — 2)
a) Find the system frequency response. Plot magnitude and phase.
b) Find the steady-state response of the system to x(n) = 5 cos ( © n /4).
c) Find the steady-state response of the system to x(n) =5 cos ( 3 ©n /4).

d) Find the total response to x(n) = u(n) assuming the system is initially at rest.

Solution:

3 H(ejW): Zh(n) e_Mh —05¢e0+¢e W 405 ei2W

N=—o0
=e ™W[05eW+1+05eW]=e W (1+cosW)
| HEe™)|=]e ™ |.|(1+cosW)|=1+cos W
de™)=tan? (e W) +arg (1 +cos W)=—W

Al HEW) | f(ejW)

T 2~ W

EV

H Applying equation (4.8), where, Wo=m /4
" _
| H(eJ )= |He™)|=1+cos (n/4)=1.707

(W) =—7/4
Then y(n)=5(1.707)cos [ (nwt/4)—(n/4)]=8.535cos[n(n—-1)/4]

C) |H(e®™/*)|=1+cos(3n/4)=02928
oMy =—37/4
y(n)=5(0.2928) cos [ (nm/4)— (37n/4)]=1.4644cos[3n(n—1)/4]

In part (b) the input signal is amplified, while in part (c) the input signal is attenuated.

d) y(n) =x(n) ® h(n) L5 y(n) 2
=0.5x(n) +x(n—1) + 0.5 x(n-2) osg 1 |-
=0.5u(n) +u(n-1)+0.5u(n-2) 01 2 3 n

Note: S(t—t)® f(t)=f(t—t)
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Properties of frequency response:

1- H(e!") is a continuous function in W.

2- H(e W) is periodic in W with period 2.

3- |H(e™)| is an even function of W and symmetrical about 7.

4- d(e W) is an odd function of W and anti-symmetrical about .

Example 2 :
Determine the magnitude and phase of H(w) for the three-point moving average
(MA) system
vim) = i{xtn + 1)+ x(@) + xin = 1)
and plot these two functions for 0 <= w < x.
Solution  Since
hin) = 15, L4
,T.
it follows that
Hiw) = 1" +14 ¢7%) = 1{1 + 2cos w)
Hence
[H{w)Y = _';!1 + 2 cos wl {4.4.16)
Q. 0<w=<23/3
Ow) =
T, 2r/3 2w <
Figure 4.37 illusirates the graphs of the magmitude and phase of H{(w). As indicated
previously. |H (w)| 15 an even function of {requency and ®(w) is an odd function of
1.0
0.8
3 06
ES
(4
0.2
0 b x Ll .
4 p 4
x
x
2
‘5‘ L i L L
z ° x a b2y .
n 4 2 4
. Figure 437 Magnitude and phase
— responses for the MA system in

Exampie 4.4.2.
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Example 4.4.1

Determine the output sequence of the system with impulse response
h(n) = (3)'u(n) {4.4.6)
when the input is the complex exponential sequence

¥ ~
x(n) = Ae/™" —oc =N < OC

Solution First we evaluate the Fournier transform of the impulse response fin), and
then we use (4.4.9) to determine v(n). From Example 4.2.3 we recall that

2. 8
1
" =jJuar ”
Hiw) = ”FZ_DL hinie = T %c""’ i+.4.7)
At w = r/2, (4.4.7) vields
n(3) =i e
2 1+ ji 5
and therefore the output is
2 i 7 : . -t
}’(n) = A __e--,,’a.ﬁ.l‘- )e_p?rn“
NG
. (4.4 .8}
yin) = —=Ap/tTnE-0E e e s

V3
Example 3:
Determine the response of the system in Example 4.4.1 to the input signal

x(n)=10-55in%n+20coszm —oo < < OO

Solution The frequency response of the system is given in (4.4.7) as

Hw) = ——
1- EP_“”

The first term in the input signal is a fixed signal component corresponding to w = 0.
Thus

The second term in x(n) has a frequency n/2. At this frequency the frequency
response of the system is

Him)=1%
Hence the response of the system te x(n) is
1 40
y(n]=20—-;/%sin(g—~n—26.6°)+—3—c051rn -0 < h <0
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Example 4: Find and plot the frequency response of a rectangular window filter if :

h(n)=1 0<n<N-1 h(n)
0 elsewhere 1
0 1 2 N-1 n
Solution:
o N -1 1_— e—jWN
HeW)=>" h(k) e W= g M=
K = —0 k=0 1-e ™
By using Zn:ak _1-a a=l
k=0 l1-a '
H(ejw)e—jWN/Z(ejWNIZ_e—jWNIZ) :e_jw(N_l)/z SII‘](WN/Z)
e—jW/Z( ejW/2_ e—jW/Z) Sln(W/ 2)
lH(ejW)l _ Sin(WN/2)
sin(W/2)
i sin(WN / 2)
OeM)y=-W(N-1)2+ar —
€™) ( ) g{ sin(W/2)}
6 T T T T T T
)
S 4t -
<
L
= 2t -
I
&
s 0r i
7]
-2 | 1 | 1 l 1
0 0.5 1 2n/5 15 2 41t/5 3 3.5
w
6 T T T
S
2
c4 §
&L
Q
s -
<4
o
0
0 0.5 1 2n/5 15 2 4n/5 3 3.5
w
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A |Hie' =)

Periodic
. - - " - : $ P
U 2i5 S 4z/5 z 6345 8x/5 3% &
Magnitude
S(w) = —w(N —1)/ 2+ Arg| SMWN /2)
sin(w/2)

it sm@vN/Z)>0

0,27, ... : >
z sinfw/2)
sin(wN /2)) _ if SINWN/2)
r ( Sin(w/2) ]— 7,37, ... if ———22<0
sinfw/2)
i N/2 ]
W20:>S|n(WN/2)ZO|:;>OSWN/ZSﬂ, 2r<SWN/2<3r ...

0<Sw<L2z/N, 4z/N <w<6x/N

9 eoe

sinfwN /2)

W<O|::> Sln(WN/2)<0|::> ﬂ'SWN/ZSZﬂ', 3r<wWN/2<4rx 5 eee

27/ N <w<4z/N, 62/N <w<8x/N

Sopw)=-w(N-1)/2+0 at 0sw<2z/N
=-W(N-1)/2+7 at 22#/N<w<4x/N
=-W(N-1)/2+27 at 4z/N<w<6x/N
=-W(N-1)/2+37 at 62/N<w<8x/N

For w <z rad, let N=5 samples

Lhw)==2w at 0<w<2x/5
=2W+x at 2zx/5<w<4x/5
=-2W+27r at 4zx/5<w<6x/5
=-2w+37r at 6x/5<w<8x/5

9 oo
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arg H(el™)

= —(N - =i\
(5= Dx§ =~4%/§
Slopeis (5= 1)/2= -2

Phase
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5.1 Definition of Z.T

Z-Transform

The z-transform is a very important tool in describing and analyzing digital systems. It

also offers the techniques for digital filter design and frequency analysis of digital signals. The z-

transform of a causal sequence x(n), designated by X(z) or Z(x(n)), is definedas:

)

n=0
= x(0)z27" + x(1)z

X(z2) = Z(x(n)) = Z.\'{u}: "

| i ,\(2}

.

(5.1)

Where, z is the complex variable. Here, the summation taken from n = 0 to n = « is according to the

fact that for most situations, the digital signal x(n) is the causal sequence, that is, x(n) = 0 for n <0.

For non-causal system, the summation starts at n = -oo. Thus, the definition in Equation (5.1) is

referred to as a one-sided z-transform or a unilateral transform. The region of convergence is

defined based on the particular sequence x(n) being applied. The z-transforms for common

sequences are summarized below:

Fegion of

Line ™Moo x(r), r=1) z=-Transform A=) Convergence
1 200 r) i aolrhz "
2 Sir) ;=ﬂ =] = 0
3 el Frl :{f ] =zl = 1
4 Fanal 71 — _:]f |z =1
s m2u(n) i:__'_] 13 l=| =1
G atuin) :i 1=l = |=|
7 e () = —:4_'—-“,': Izl = e
= Fra el 1) - i":“f =] = |e=|
9 sim (ar ue(ra) _=sinla) |z =1
= — Z2zoeos{a) + 1
0 costamun A el =
11 a't sim (B el Fd = [é{;l:_l:s[ﬁ;ij: " l=|l = |a|
1= " cos (Gn)(n) = —:[ll:"a_i;cfﬁi_-[z;jjfﬂ a2 121 = lal
12 e~ sin (ber )l r1) — l:l:'_:“;:z [EE}}JJ::_F — |z| = e
14 e Cos (Brabed n) — —:[lz_:-—_u i;:;::l_iﬁij — Iz > &=
15 24| PI* cos(rn8 + eelr) A= A=

where P and 4 are
complex constants

defined by 7 = | PlA0.A = |AlSch

— P - p
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Example (1): Find Z.T including region of convergence of x(n) = a" u(n)

Solution:

X)=Nd"z2"=N(az?)" = = . lazZt (1
@ ; g( ) 1-aZ? Z-a ‘ ‘

or|z|>]al

The region of convergence (ROC) 15 outside the unit circle

only.

5.2 Properties of Z.T:

5.2.1 Linearity: The z-transform is a linear transformation, which implies
Z(ax(n)tbx,(n))=a X, (Z)xb X,(Z) (5.2)
Where; a and b are constants. ROC = ROC1N ROC2

5.2.2 Shift_theorem (Delay) (without initial conditions): Given X(z), the z-transform of a

sequence x(n), the z-transform of x(n - m), the time-shifted sequence, is given by;

Zix(n —m)}=2" X(Z) (5.3)

5.2.3 Convolution: Given two sequences x1(n) and x2(n), their convolution can be determined as
follows:

W) =50 @ = 3 1k -k = Tx -k x(h (54)

Where @ designates the linear convolution. In z-transform domain. we have

X(Z)=X,(2).X,(Z) (5.5)

Basic Steps:

1. Compute z-Transform of each of the signals to convolve (time domain — z-domain):
Xy @) =Z[x;m)] .X; () =Z[xz(n)]

2. Multiply the two z-Transforms (in z-domain): X(z)= X, (z) X5 (=)

3. Find the inverse z-Transform of the product (z-domain — time domain):

x(n)=z7*[X(2)]

2
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5.2.4 Multiplication by exponential:

Z{a" x(m}=X(2Z) |Z z (5.6.a)

Z{e" A(n)  =X(2) ‘ 7 Gy (5.6.b)

5.2.5 Initial and final value theorems:

lim x(n) =lim X(Z)=x(0) initial value theorem (5.7.a)
n—=0 Z=m
lim x(m) =lim Z~ (Z-1) X(Z) final value theorem (5.7.b)
H—0 Il

5.2.6 Multiplication by n (Differentiation of X(z)):

d
Z{nl(n}}——ZEX(Z} (5.8)

5.3 Inverse of Z.T
x(m)=Z7 {X(Z)} (5.9)

The inverse z-transform may be obtained by the following methods:
1. Using properties.
2. Partial fraction (P.F) expansion method.

3. Power series expansion (the solution is obtained by applying long division because the
denominator can't be analyzed. It is not accurate method compared with the above three
methods).

Example (2): Find x(n) using partial fraction method, if:

I
(1 —z=1)(1 —0.5:71)

X(z)

Solution:

Eliminating the negative power of = by multiplying the numerator anc
¥
denominator by =< yvields

-

=2(1 —z=1)1 — 0.5z

y.

X(=)

(z— 1)}z —0.5)

Dividing both sides by = leads to

Xiz) =
=z (z— 1}z — 0.5
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Again, we write

Xiz) A " B
z (z—1) (z—10.5)
Xi=) = -
4 _[-_ 1} = ‘:=|_ [: —ﬂ._"_l‘]‘:=|__‘
X z
B~ (z— 0.5 _—‘ S—
Z lz=0s (= — =05
Thus
X(z) 2 + —1
z (z—1) (z—035)
Multiplying = on both sides gives
D = —
X(z)=—+ — .
(z—1) (z-—0.35)

xn) = 2uln) — (0.5)"u(n).

Example (3): Find the inverse transform of X(z) using partial fraction method.

zZ
X(z) =———
(2) 3z2—4z+1
Solution:
Dividing both sides by z leads to
X(z) _ 1 _ 1 1 A, B

Z 3zZ-4z+1 3z ——z—l—} 3(z— 1}(2——] Szl oz

X{z

-1} | z=1 -— T : A=1/2
@D =
B=2 Y5 z=2 - L B=-12
z 3 3 3(z—1)
Therefore,
X(z) _1/2 . —1;53
s £-1 z_a

X(z) = 2 LGk
x(n)= Y2 u(n) — V- {%]"u(n}
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Example (4): Find the inverse z-transform sequence of the following signal using power series
expansion (Long Division) method.

Solution:
Represent the z-transform function X(z) in terms of z! by dividing z2 for both numerator and
denominator.

24 -
X{E‘) 542 14z

T 223744 T 1-3z14472

144z 14827248273

1-3z71+477° ‘1 + 77!
1-3z" 144772

47! - 4277

4z7'-1227%+ 16271

827%. 16277
8z27%-24z73432274
8273327274

By examination, the sequence x(n) is

x(n) = d(n) + 4 o6(n-1) + 8 6(n-2) + 8 4(n-3) + ...

x(0)=1, x(1)=4, x(2)=8, x(3)=8, ...

The long division procedure used in the example above can be carried out to any desired number of
steps.

The disadvantage of this technique is that it does not give a closed form representation of the
resulting sequence. In many applications, we need to obtain a closed-form result to infer general
qualitative insights into the sequence x(n). For most engineering investigation, the method of partial

fraction expansion and a good z-transform table is often sufficient to generate the desired closed form

solution.
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5.4 Solution of linear constant coefficient difference equation using Z.T

Zix(n —m)}=Z2"{X(2)+ _Zl: x(k) Z7F 1

(5.12)
f=—m

Example (5): Solve y(n) — (3/2) y(n—1) + (1/2) y(n — 2) = (1/4)", y(-1) =4, y(-2) =10 forn>0

Solution:
. 3 _ 1 5. _
Y(Z) -5 {¥(2).Z7 +y(-D}+SH{Z7 Y(2)+ Z7 y(-D+ y(-D}=—"
2 2 7 1
4
3.4 1 o z _
Y(Z){1-—z ' +=—Zz7}= +1-227"
g b : 1
2 2 7 1
4
, 9 1
Z(Q2z-—Z+7)
Y(Z) = 4 2

. 1. 1 .
I.Z—I} (Z_E) (Z-1)

3 7
ray-UDZ, _Z_,CZ
(Z——) Z-—— -
4

) 1.1, 1. 2
y(n)= EE [.]Jn + [.?JH + 3 ()

5.5 Relations between system representations:

Take Z.T and solve for Y{Z)/X(Z) inverse of £.T

/ e ]\ ﬁ »hi)
ZT
Write in terms of Z' then

Cross multiply and take inverse

Differenge eq.

Ifstable Z= " ——p H(")

Continuous time system Discrete time system
Differential equation Difference equation
H, (S) H(Z)

H(Q) H(E)
Hy()=L" { H, (S)} h(n)=Z" {H(Z) }
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Example (6): DSP system is described by the difference equation y(n)=0.2y(n-1)+x(n), find the
impulse response h(n).

Solution:
Take the Z transform of the both sides

Z{y(n) =0.2y(n— 1) + x(n)}
Y(z) =0.2z7'Y(2) + X(2)
Y(2) — 0.2271Y(2) = X(2)
Y(2)(1 - 0.2z"1) = X(2)
Divide Y(z) by X(z) to get H(z)

Y(z) _ 1 _z
X(z)  1-02z"1  z-0.2

H(z) =
Take inverse Z transform

h(n) = 21 {ﬁ} = (0.2)"u(n)

Example (7): A relaxed (zero initial conditions) DSP system is described by the difference equation
y(n)+0.1y(n—1) —02yp(n — 2) = x(n) + x(n — 1)

a. Determine system response due to the impulse input sequence (i.e. determine the impulse response
h(n)).
b. Determine the system response due to the unit step input sequence (i.e. determine the step response

s(n)).

Solution:
a. Applying the z-transform on both sides of the difference equation, we yield

Y(2)+0.1Y(2)z"' —02Y(2)z72 = X(2) + X (=)=~ .

Factoring out Y(z) on the left side and substituting X(z) = Z(6(n))
the right side in Equation (5.15) achieves

Y1 401271 = 02272y = 1(1 + =7 1).

Then Y(z) can be expressed as

| 4+ =71
Y(z) = )
(2) 1 +0.1z71 —0.2z72
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To obtain the impulse response, which is the inverse z-transform of the
transfer function, we multiply the numerator and denominator by 2%,
Thus

224z Z(z+ 1)

YO = T 002 G0+ 05

Using the partial fraction expansion method leads to

Y(z) z+1 _ A B
- (z—=04)(z+05) z—-04 405
Y (z2)| z+1 | 0.4+ 1
here A =(z—0.4 - = - =————=1.5556
Where 4 = ( o 05, 04405
Y (z)| z+1 | —0.5+1
B=(z+05—" — - - T ().5556.
Z l_os 2—04__ ,s —-05-04
Thus
1.5556z —0.5556z
Y(z) =

+ \
(z—04) (z+0.5
which gives the impulse response:

v(n) = 1.5556(0.4)"u(n) — 0.5556( — 0.5)"u(n).

b. To obtain the response due to a unit step function, the input sequence is
set to be

x(n) = u(n)

and the corresponding z-transform is given by

Then the z-transform of the output sequence y(n) can be yielded as

N Z 1 471 B 2(z+1)
ey = (z — l) (l +0.1z71 — 0.2:_2> = D(Ez=04)(z+0.5)°

Using the partial fraction expansion method as before gives
22222z N —1.0370z N —0.1852z
- z—04 z+0.5

and the system response is found by using Table 5.1:

y(n) = 2.2222u(n) — 1.0370(0.4)"u(n) — 0.1852( — 0.5)"u(n).

Y(z)
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Discrete Fourier Transform (DFT)

6.1 Definition of DFT
In time domain, representation of digital signals describes the signal amplitude versus the
sampling time instant or the sample number. However, in some applications, signal frequency

content is very useful than as digital signal samples.

The algorithm transforming the time domain signal samples to the frequency domain
components is known as the discrete Fourier transform, or DFT. The DFT also establishes a
relationship between the time domain representation and the frequency domain representation.
Therefore, we can apply the DFT to perform frequency analysis of a time domain sequence. In
addition, the DFT is widely used in many other areas, including spectral analysis, acoustics,

imaging/ video, audio, instrumentation, and communications systems.

6.2 Fourier Series Coefficients of Periodic Digital Signals
To estimate the spectrum of a periodic digital signal x(n), sampled at a rate of fs Hz with

the fundamental period To=NT, where there are N samples within the duration of the fundamental

period and T=Ts= 1/fs is the sampling period. Fig. 6.1 shows periodic digital signal.

. . . . , , )] N+ 1)=x(1)

Fourier series expansion of a periodic signal v 4 \ g
AN : B T ' 2
x(t) in a complex form 1s: . y |
1 _ kI, ol ] 4 ]T
JRENGT 4 -
— i — o W o, I

C, J‘J(IJ e dr., —o=zk<w . R

j:] I Ta=NT x(N)=m{0}

(6.1)

Fig. 6.1 periodic digital signal

Where, k is the number of harmonics corresponding to the harmonic frequency of kfo and
Wo=2n/To and fo=1/To are the fundamental frequency in radians per second and the fundamental
frequency in Hz, respectively. To apply Equation (6.1), we substitute To=NT, Wo=2n/To and
approximate the integration over one period using a summation by substituting dt=T and t=nT. We
obtain:

1 N-1 — 2xknm
~ x(n) e N, —wm<k<w (6.2)
4

=

Ci':

[

Il
=

Since the coefficients ck are obtained from the Fourier series expansion in the complex
form, the resultant spectrum ck will have two sides. Therefore, the two-sided line amplitude

spectrum | Ck | is periodic, as shown in Fig. 6.2.
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OC component ki, =0xf,=0 Hz
|c | 1=t harmonic kfs=1xfa="1, Hz
Other harmonics ... " / Other harmonics ...

2nd harmonic kfy=2xf,=2f; Hz

Fig. 6.2 Amplitude Spectrum of periodic Digital signal

As displayed in Figure 6.2 we note the following points:
a. Only the line spectral portion between the frequency —fs/2 and frequency fs/2 (folding
frequency) represents the frequency information of the periodic signal.
b. The spectrum is periodic for every Nfo Hz.

c. For the ki harmonic, the frequency is f = kfo Hz. fo is called the frequency resolution.

Example (1): The periodic signal x(t) = sin (2xt) is sampled using the rate fs = 4 Hz.
a. Compute the spectrum cx using the samples in one period.

b. Plot the two-sided amplitude spectrum | Ck | over the range from —2 to 2 Hz

Solution:
|
The fundamental frequency We= 2x radians per x(n) -
second and fy = 1. and the fundamental period Ty = 1 1 “"_- ‘ |
second. Since using the sampling interval T = 1/, =0.25 x() @ . )
second. The sampled signal 1s x(n) = sin (0.5 7 n ), and 0 3 1 J -
the first eight samples of it are plotted as shown ri:=4
|

a. Choosing one period, N = 4, we have x(0) = 0; x(1) = 1; x(2) = 0; and x(3) = —1. Using Eq. (6.2),
| ¢ | | o |
co=—Y x(n)=—(x(0)+x()+x2)+x(3) ==0+14+0-1)=0
4 i~ - 4

n=i

| & N ,
) Ez.unh-"-“""-‘“ 1[.a{m+.x{11.-‘“'-'-+.u‘21--‘“'+.u‘.‘41.-—ﬂ“-—)

n={
I I _
I,.a{ﬂ} — () = x(2) + jx(3) 3'" — (=04 =1)) = —=j0.5
Similarly, c,= 0 and ¢z = j0.5. Using periodicity, it follows that c.1 = ¢1= - j0.5, and c. = ¢ =0.
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b. The amplitude spectrum for the digital signal is sketched below:

|l

0.5 0.5 [05 05 ] 0.5 0.5
1 . " ¥

' fHz
5 -4-3-2- |21 | 3 3
ff2=2
f=4
6.3 Discrete Fourier Transform Formulas
Given a sequence x(n), 0 <n <N — 1, its DFT is defined as:
o x(n) XIK) = Ne,
I“:I '
~4. 11 n=01,+,N-1 k=01, N-1
— DFT f—b
Af=f;/ N
N1 2xkh N
- T * 1
Xk)=> x(me ¥ => xmP", for k=01.N-1 6.3)
n=0 n=0

Where the factor Wy (called the twiddle factor in some textbooks) is defined as
SpELs 2 2
W,=e N = caf{ v ]— J 511:{ (6.4)

The inverse DFT is given by:

1 A ; Iﬂfn ] M .
.Y(n):gréX(ﬂ'}e . = ; X(h)y W™, for n=0.1..N-1 6.5)

Example (2): Given a sequence x(n) for 0< n < 3, where X(0) = 1, X(1) = 2, x(2) = 3, and x(3) = 4.
Evaluate its DFT X(K).

Solution:
—jn/2
Since N=4, Ws=e : , then using:

3 3

X(k) = Z x(7) Wff” = Z x(n)e*-/#.

n=>0 n=0
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Thus, for k =0

3
X(0) =) x(me = x(0)e ™ + x(He ™ + x(2)e” + x(3)e 7
n=0

= x(0) + x(1) + x(2) + x(3)
—14+2+3+4=10

for k =1
3 : ; : ; 3
X(1) =Y x(me’? = x(0)e ™ + x(1)e 2 + x(2)e 7™ + x(3)e T
n=0
= x(0) —jx(1) = x(2) 4 jx(3)
=1—j2-344=-2+,2
for k =2
X(©2) =Y x(me?™ = x(0)e ™ + x(1)e ™™ + x(2)e T + x(3)e 7
n=0

= x(0) — x(1) + x(2) — x(3)
=1-2+3-4=-2

and for k =3

3
X@p:ij;;ﬂ@—wmyﬂtkun T4 x2)e P + x(3)e VT
=()

= X(0) + jx(1) — X(2) — jx(3)
=14/2-3—j4=-2-)2

Example (3): Find the inverse DFT for X(k) in Example 2 to determine the time domain sequence
x(n).

Solution:

a. Since N =4 and W, ! = ¢/2, using Equation (4.10) we achieve a simplified
formula,

3
lg)m YW,k ZXA

Then forn =0

3
= > Xk =< X(O) S0+ X (e + X(2)e” + X(3)e )
4 k=0 4
Z%UO+(—2+Q)—2+(—2aﬁn:
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forn =1

3
(1) =1 N X(k)elF = : ( 0)e® + X(1)e’? + X(2)e/™ + X (3)e )

7 2 4
%( X(0) +jX(1) — X(2) — jX(3))
%(“HJ( 24/2) = (=2)—j(-2-j2) =
forn =2
Z;i: f’”:%(X(O) T+ X(1)e!™ + X(2)e T + X(3)e”T)
l(X(O) X(1) + X(2) — X(3))
411(10 (=242 +(=2)—(-2-)2) =

and forn =3

3
3 =23 Xke!T = (X(O) P4 X(1)elF + X(ePT + X(3)e’T )
4 k=0
I
= Z(X(O) —JjX(1) - X(2) +/X(3))
I
1(10 —J(=2+j2)—(=2)+j(=2-,2)) =

Mapping the frequency bin k to its corresponding frequency is as follows:

Koo _
w = — (radians per second),

A (6.6)
Since ws= 2 = f, then:
Kifs
N (6.7)

f

We can define the frequency resolution as the frequency step between two consecutive DFT

coefficients to measure how fine the frequency domain presentation is and achieve.

Aw % (radians per second),
' (6.8)

af =2 (1),
A (6.9)
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Example (4): In example (2), if the sampling rate is 10 Hz,
a. Determine the sampling period, time index, and sampling time instant for a digital sample
X(3) in time domain.
b. Determine the frequency resolution, frequency bin number, and mapped frequency for each of

the DFT coefficients X(1) and X(3) in frequency domain.

Solution:

a. In time domain, we have the sampling period calculated as
I'=1/f, = 1/10 = 0.1 second.
For data x(3), the time index 5 n = 3 and the sampling time instant is
determined by

{t =nT =3-0.1 = 0.3 second.

b. In frequency domain, since the total number of DFT coefficients is four,
the frequency resolution is determined by
10
Af =—=—= 15Hz.
’ N E
The frequency bin number for X(1) should be & = 1 and its corresponding
frequency s determined by
kfy 1x=10

2.5Hz.
N +
Similarly, for X(3) and & = 3,
Ok, 3% 10
! ~ 7.5Hz

6.4 The DFT as a Linear Transformation

The formulas for the DFT and IDFT may be expressed as:

N-1
X(k) =Y x(mWy k=01 N-1

n={)

N-1
x(n) = %mew;*" n=0.1....N~1
=0

WN — e—jln /N
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~— I(O) L
x(1)
Xy = . ' Xw
Lx(N-1)_
-1 1] 1...
1 Wy w3
L wN-l  g2N=1)
l-]. W: 1 WN !) e

- X(O) -
X()

_X(N.— 1)

wh-1

WLN—I)(N-I)

With these definitions, the N-point DFT may be expressed in matrix form as

X,\i = W,yx,,

(5.1.24)

In fac;t, the IDFT as given by (5.1.21), can be expressed in matrix form as

1
Xy = )—V—WXN

Cyclic property of twiddle factors
For a 4-point DFT

Wi=q Wi= Wiz 1 Wi=j

(5.1.26)

o 117l
= W, =1

Wy =—j

{a} 4-point DFFT

For an 8-point DFT

W¢=1  Wizo707-0707j  Wi=.j

We=_o707+0.7077  Wi=j

57
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Wiz 4



Digital Signal Processing / 4th Class/ 2022-2023

“.‘r- -

W, =—0.707 - j0.707 W, =0.707 + j0.707

Wy =l

W, =-0.707 — j0.707 W! =0.707 — j0.707

(b} &-poimnt DFT

Example (5): Compute the DFT of the four-point sequence

my=(0 1 2 3

Solution The first step is to determine the matrix W,. By exploiting the periodicity
property of W, and 1the symmetry property

kN2 3
w.vv - = WA'

the matrix W, may be expressed as

wyow o owow I N
W weow owlow] 1wl W)W
TTlwe o owrowi owe |1 owRow) oW
3 2 1
w) W) W ow) bW WS W,
“'._1.=r
W, =—1 |e /= Wy =1
.—-—-—"’f
Wy ==
{a} 4-point DFT
1 1 1 1
| =5 -1 j
B B S S Q-
1 Jj -1 —j
Then
6
-2+4+2j
x4=w414= -9 I
~2-2j
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