Prof. Dr. Ali Hameed Aziz

Theory of Structures

Analysis of Indeterminate Structures

Slope Deflection Method

This method related slope (0) and deflection (A) with fixed end moments (FEM). The method is
applicable for the analysis indeterminate structures including: Beams, Frames.

Fixed End Moment-Beams with Constant El
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Slope-Deflection Equations

When the structural member subjected to general load,
the final member moments (Mag) and (Mga) can be
calculated by using the concept of superposition, by
sum the following cases:-

Case-1 Applied Load

(M1ag) and (Mlga) are the moments due to applied
load on the member taken as fixed on both ends, called
(Fixed End Moment) —(use Tables !).

M1ae=MFag and M1ga=MFga

Case-2 Rotation at the left Support (64)
(MZAB):4EI/L OA

(MZBA):]./Z(MZAB): 2EI/L. GA

Case-3 Rotation at the left Support (6g)
(M3BA):4EI/L. 0s

(M3A5)=1/2(M3|3A): 2EI/L. GB

Case-4 Settlement at the Support (A)
(M4ag) = (M4ga)= (6EI/L?). A

Then;

Mag=M1ag +M2ag +M3ag +M4ag

Mag= MFag +4EL/L. 05a+2EI/L. 05 - (6EI/L?). A
Mag = MFag +2E|/L(2 O+ 05-3 A/L)
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Also,

Mga = MFga +2E|/L(2 Og+ 04-3 A/L)

Actual Slope- Deflection Equations

. 2EI 3A
MAB = MAB +T(29A + 93 _T)

. 2EI 3A
MBA = MBA +T(293 + GA _T)

Modified Slope- Deflection Equations

Mug = Mg + Kyepag (26, + 65 — 3Rrel)AB)

Mg, = MgA + krel)AB (293 + 60, — 3Rrel)AB)

General Slope- Deflection Equations

3A
+6,~7)

. 2EI

Where:
Mag

is internal moment in the near end of the span

E, K modulus of elasticity of material and span stiffness
04, 05 near and far-end slopes or angular displacements of the span at the supports.

R is span rotation of its cord due to a linear displacement=A/L
MFap is fixed end moment at the near-end support
A is difference between the two ends of the member normal to the member
M, MF =+ if clockwise
- if counterclockwise
0 = + if clockwise
- if counterclockwise
R = + if clockwise

if counterclockwise

Procedure for Analysis

1. Label all the supports and joints (nodes) to identify the spans of the beam or frame between the nodes

(members). Each node is either support, internal hinge, or where El value changes, the cantilever

portion is not considered as a member.

2. ldentify the number of degrees of freedom (DOF). Each node can possibly have an angular

displacement (0) and a linear displacement (A).

No. of unknown = 0+A

Fixed

Hinge Roller

Internal Hinge Rigid Part

0=0, A=0

0=?, A=0

0=?, Av=0, Ah=0

A=?, OL=?, OR=? | A=?, 0=
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3. Compute the fixed end moment (MFE) for each member.

4. Apply the slope deflection Eq. to each end of the span that each member has two Eq’s.

5. Write an equilibrium equation for each unknown degree of freedom for the structure. Each of these
equations should be expressed in terms of unknown internal moments as specified by the slope-
deflection equations. At each joint with 6, the equilibrium equation is XM;=0.

6. If there is sidesway, shear equations related to the moments at the ends should be applied equal to the

No. of unknown displacement A.

N

Solve the equations simultaneously to find 6 and A.

©

Find the values of internal moment and hence the reactions at supports can be calculated.
9. Draw the Axial, Shear and Bending Moment diagrams.

Note
1-When calculating A, it must be normal to the member.
2-For internal hinge or roller, there is two rotation angles 6right and Oje:.

Example-1: Draw the shear and bending moment diagrams for the beam shown below by Slope-
Deflection method EI is constant.
Solution: 6kN/m

4 m

M
2. R values: R=0 since A =0, R=A/L 7 | 8m ﬁ om
3. F.E.M’s: since there is no load on span AB, M xz= M 5=0

—wl*  —6(6%)

1. Degree of Freedom: 05, 6,= 6.=0

C

ME . = = = —7.2 kN.
BC = T3 30 7.2 kN.m
wl?  6(62)
ME, = — = = 10.8 kN.
8 =20 = g0 _ 10BKN.m
4. Slope-Deflection Equations:
r  2EI 3A
2E1 3A El
Myp = ?(29A + 65 — T) = Myp = Z(HB) - (D)
2EI 3A El
MBA__(ZHB-I_HA__)_) MBA=_(QB) (2)
8 L 2
2EI 3A 2E1
2E1 3A El
MCB —_ ?(29(: + HB - T) + 10.8 - MCB = ?(93) + 10-8 sen s (4‘)
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5. Additional Equations:

No. of additional Equation= No. of degree of freedom

In this Example, we need one additional Equation which comes from applying equilibrium Equations at
joint (B).

ZMB=O_)MBA+MBC=0

..(5)
Substituting Eq’s.(2) and (3) in (5) yields:

MBA/\ MBC

e SN

3.09 kN.m

= —3.09kN.m
(+ve) sign of moment means that the moment acts clockwise, (-ve) sign mean it acts counterclockwise.

0, = 6.17/EI

Substituting B value into Eq’s.(1-4) yields:

MAB=154kNm MBA

MCB = 1286 kNm MBC

6. Final Reactions: To find the reactions at supports, make a section at a point just left and right the

roller (B).
MAB + MBA
ZMA =0- f = By)L 6kN/m
1.54 + 3.09 A7
T = 0.578kN T A (C
< 8m E@ 6m ,‘
Z F,=0- A,=0578kN | 0578 195 13.63
. 437
12.86 — 3.09 — (0.5 «6%6 x §)
Z Mg =0 - By = ; = 437kN 1 304,
0.578
Mas=1.54 Mga=3.09
N\
A )
«————8m 5.52
}-{y By)L 13.63
6kN/m
1.54
Msc=3.09 _
6 A(C
- || B 3.09
By)r Cy=13.63 12.86
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