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Example Design analog LPF that has pass band attenuation ot 2dB at 15 rad/sec and stop
band attenuation of 10 dB at 30 rad/sec.

Solution: |H(w)| dfl
4
Pass Band \Stop Band
0dB
-2
-10
» W
: 10-*a410 1
0010 ko710 — ]
n = 107
2logso 2 S g
W2 From table. B(s) = s™+v 2s+1
1
f1(s) = — I
ol st+v2s+1l_s
w,y 15 —
We = (10-%1710 — 1)172n — (10710 — 19173 17.2rad/sec
1
" H(S) = 5

/H(w)! dB
)
b) HPF (high pass filter)

0dB
k
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Stepl from the charactenstics of the filter 1n Irequency domain, you can Iind the order of the
filter;

10-k/10 —
'!-D-"-'-'hi':l |:'|[']—r-::'.'|.l:l ]]
n = e
210G, r
Step2 from the table, find the function B(s) related to the order n;
n Bi(s)
l s+l
2 5+ 2s+]
3 (s+1)s+s+]1)
_ 4 (5°+H0.7653s+1)( 57+1.8477s+1)
Stepd find the cutoff frequency:;
w. = W,
Step4 to find the transfer function in S-domain;
1
H(s) B(s)|_we vz

Example Design Butterworth HP analog filter having 3dB cutoff frequency of 5 rad/sec and
an attenuation of 15 dB at frequency of 2 rad/sec.

Solution:
n=187=2
From table, B(s) = s*+/2s+1
1
Hizg) = —
( 85+ 25+ 1l _we_ws
1 -
) = e T i svas+ s
NG s Vas
EJ V2(7) +1
Hiw)| dB
0 dB
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¢) BPF (band pass Tilter)

Stepl from the characteristics of the filter in frequency domain, you can find the order of the
filter;

107k4/10
logo W]
" 210G50(P)
1
p=—
W,
w, = min[|4| or |B|]
Al —wWi +w, Wy
T g (wy, —wy)
1-1.".-.: — W, W
|B| =— —

ws (W, —wy) H(w)| dB
F 1

0 dB

Step2 from the table, find the function B(s) related to the order n;

n Bi(s)

| s+l

2 sy 25+]

3 (s+1)is+s+1)

1 (s+0.7603s+1 ) 5+ 1.8477s+1)

Step3 to find the transfer function in S-domain;
_ 1
fi(s) = B(s)l__ s swywy
I LT

slwy =wy
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.3 C'Eesysﬁev Filter
a) LPF (Low Pass Filter) 'H(W)| dB

l) kl . _1010910(1 g 6'2) /

ky = —20log, A 0o
_|ar-1
g= | P
W,
Rt |
I Y -
2) . »W
I Wi=W, W
2 log:o(g+g°— 1)
logso(W, + w2 —1)
3) From table (3.4). we find the coefficients by, b,. b-....
Ky
1=
b
—2__  neven
3 v1+e€*
kn = b, n odd
V,(s) = by + b,s + b,s* + bys® + --- b, s™
k
HEeY i ==
O =706)..-
We
Example: Design Chebyshev LPF for the figure shown below:
IHiw)! dB
t Rinnle
Solution:
. k,=—10log,;x(1+€?) o0dB
-2 =-=10log,,(1+ €2) 3!
e = 0.7647
—20 =—-20log,, A=A =10
A —1 -20
g= [———=13
N [ » W (rad/se
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—{’) e ————————————————————————————
W, =~==1.3
W,
n=43=5
'o'n=5 0dd= k!:=b0
From table (3.4);

V,(s) = by + bys + b,s® + bys3 + --- by s®

= 0.1228+ 0.5805s + 0.97439s* + 1.6888s* + 0.9368s* + s°

kn
= v:z(s>|,=__f_
H(s) 2
_ 0.1228 | -
0.1228 + 0.5805(75) + 0.97439 (fﬁ) y 1‘6888(21%)3 » 0.9368(56), - (a%)

b) HPF (High Pass Filt
. ) (High Pass Filter) H(w)| dB
k, = —10logy,(1+ €2) t

laz-1
W,
W, = —
Wy
2)
_ log:o(g+yg*—1)
0G0 Wy +YwW,2 — 1)
3)
K,
H(s) = A

Va(S) _wa
5
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¢) BPF (Band Pass Filter)

1)
w, = min[|4| or |B|]
—wi +w,w
|‘||1| —_ ui [44 ‘!
w, (W, = wy)
W — W, Wy
B — & L i
IB| w (W, —w;)
2)
lﬂt 1 ‘H(w}| dB
| _1J| g2 1
3)
0= log,o(g+g*— 1)
logyo(w, + Jw, 2 —1)
4)
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Bilinear-Transformation (ITR Digital Filter)

To design an IIR digital filter then a suitable transformation called bilinear transformation 1s
used.

This transformation transforms the left hand side of the s-plane into interior inside of the unit

circle in z-plane.
_i"-"-' &
4

3
Stable H‘x // Unstable Unstable
“‘-\\\ //

M\“\«../‘/ \s Staple
\\./ >

s-plane z-plane
This bilinear transformation transforms the T.F H(s) of the analogue filter

1—2z"1
=2k 1421
[ : sampling frequency
=': delay element by T,
ifs=jw,z'=e?
where,
A: Dhigtal frequency (rad)
w: Analogue frequency (rad/sec)
To find a relationship between A & w

. 2 (1 — e'i"‘*) g2
s =jw=— .

T, \1+e" 7% el diz
_ 2 (eli - 12
Ww=sl—7—"3
I elz + e 2
2 A & 1= 2 ; (WT,)
Lw=—tan— A=dtan ' | —
T, 2 2

Example: using bilinear transformation design and realize a digital LPF having the following
c/cs:

a) Monotone pass band

b) 3 dB cutoff frequency of n/2 rad.

¢) Stop band attenuation of 15 dB at 3n/4 rad. (T, = | sec).
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solution:
0 dB
-3
2 A -15
"= ']'T_,mni » W (rad/sec
wy = F!.rmrg= 2 rad/fsec
3
W, = EIME}T = 4.8 rad/sec
Monotone —-Euttemunh
-lna 1
m.ﬁlu [I'"" I0IE5710 — 7 l
n=
2log.w =5 4 5
From table, B(s) = s"+V 2s+1
1
His) = — |
(s) sP+v2s+ 1l _s o (rad)
We
We = {1{]—.'-.-]:‘10._ 1)t/2n = 2rad/sec
1

H(s) =

A
(3) +v25+1
To design digital filter

1—z71
* =2J’:(l+z")
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_ 1+2z7"+2z"7¢
C1—2z 14224 V2(1l—2z"2)+14+ 221422
Y(z) 1+ 2z7 4272
X(z) 34+058z77
1
sy(n) = 13 [x(n)+ 2x(n—1)+ x(n - 2) - 0.58v(n— 2)]
) 1134

H(z) =

win}

x(n) "
o x Z
+Jl_hl
234
I.|
E——
z'! 1/3.4 0.58/3.4
o/ \_/
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Example:
(A) Design a digital IIR filter by means of the bilinear transformation from the analog
filter with system function

s+0.1
H,(s) =
O = 1017 716

with a sampling time T =0.5 s.
(B) Realize the designed digital IIR in direct form II architecture
Solution:
Since the sampling time T =0.5 s, thus the desired mapping is
2 f1-z"" 1—z~!
s=2(5=) = 4(55)

Substitute every s-operator by the above mapping, thus

1—z7!
HG) = 4 (—1 T 3_1) +01 0128 +0.006z°! - 0.122272
P — 2 ~ 1+0.0006z-1 +0.975z2
(4 (H—Tr) + 'D.l) + 16

Note that the coefficient of the z' term in the denominator of H(z) is extremely small and can
be approximated by zero. Thus the system function will be
0.128 + 0.006z ' — 0.122z 2
H(z) = -
1+ 0.975z72
By long division the IIR filter coefficients can be found:
H(z) = 0128 +0.006z7" —1.1z72 —z 3 + 1.1z7* + z7° ...
Therefore, the digital 1IR low-pass Butterworth filter has the impulse response h(n) as the
coefficients of the system function H(z):
h(n) = {0.128,0.006,—1.1,-1,+1.1,1, ...}
Which can be checked by determining the difference equation of the digital 1IR filter
0.128 + 0.006z" ' — 0.122z7% Y(2)
H(z) = 1+ 0.975z2 2 “X@
(14 0.975z72)¥(z) = (0.128 + 0.006z~! — 0.122z72)X(z)
y(n) = —0.975y(n — 2) + 0.128x(n) + 0.006x(n — 1) — 0.122x(n — 2)
(A)Realize the designed digital IR in direct form II architecture

o) o %o

> pu—

./

O,

©

b

.
(+ ) - - +
N

Where, by=0.128, b;=0.006, by= - 0.122 and -a,= - 0.975
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Design by Approximation of Derivatives (backward difference):

Perhaps the simplest method for low-order systems is to use backward-difference
approximation to continuous domain derivatives.

The analog filter can be described by the linear constant-coefficient differential equation

N k M k
d y(t) d*x(t)
;ak Z k dfk

Where, x(t ) denotes the input S|gnal and y(t) denotes the output of the filter.
The derivative dy(t)/dt at time t = n T can be replaced by the difference equation

dy()| _ y@aT)—y(T —T)
dr =nT B T
_ym) = yln - 1)

T

The analog differentiator with output dy(t)/dt has the system function H('s ) = s, while the
digital system that produces the output [y(n) — y(n— 1) ]/T has the system function
H(z)=(1—z1)/T.Consequently, the frequency-domain equivalent for the relationship

1—z"1
T

The second derivative d?y(t)/dt? is replaced by the second difference, which
is equivalent in the frequency domain to:

, 127714272 1—z! 2
S = =
T2 T

It easily follows from the discussion that the substitution for the k™ derivative
of y(t) results in the equivalent frequency-domain relationship

SIS RN
Sk__.(.l__z_.)
T

Consequently, the system function for the digital IIR filter obtained as a result of the
approximation of the derivatives by finite differences is

H(z)= H, (s)|s=(]_z—1)/r

Where Ha(s) is the system function of the analog filter characterized by the differential

Equation
M
) _Bs'

B(s) i
As) N

E aks

5 =

Hy(s) =
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Example

Design a digital IIR filter, with a sampling time T =0.1 s, which is equivalent to the analog
band-pass filter with system function

1
HaS) = o7 79

by use of the backward difference for the derivative.

Solution:
Substitution for s = I_Tz_l = 10 — 10z~ into H(s) yields
1
HE) = - T3 00259
B 1 B 1
~ (10.01-10z-1)24+9  109.2 — 200.2z~* 4+ 100z~2
0.009 Y(z)
H(Z) — — — =
1-18z"14+092z72 X(2)
(1-1.382"140.92272)Y(2) = 0.009X(2)
y(n) =1.38y(n—1) — 0.92y(n — 2) + 0.009x(n)
1
H(z) =

(1-(-1-03)z)(1-(-1+,03)z 1Y)
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-~ — —

1
i = (1 - (-0.949¢*/165)z-1)(1 — (—0.949¢-/165)z-1)

The designed digital IIR filter can be implemented in hardware as direct form II
architecture;
b

S ..@,____.. wan)
' |

nn

&

ey b|

|

'
I
|

)~ O
HeF
OO0

ey | ; b)
N |
?
/L\ =0y . 3 ' b
L4 - —
N : (M=N-2)
! o

-
|
=
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The designed digital 1IR filter can be implemented in hardware as direct form 11
architecture;

xn) /:\ﬁ_ 20 Q/:\L wn)
s i e
A :-l 1
ad b‘ /\
t 4+ ) . { +
S 1 N
| ]
(/‘\\ _U.' b: \
+ — -
: ot
i
e~} ‘ I
| l b :
/.\ Bt ) ,,/,\
p N
4 '
/"\ -Gy l by |
\ + ;
N : M=N-2
T -
/\‘ =ln.
\*/
t |
i S J

Example
Design a digital 1R filter, with a sampling time T =0.5 s, which is equivalent to the analog
low-pass Butterworth filter with cut off frequency Qc = 1 rad/s with system function

1
Hy(s) =
#() 2425 +1
by use of the backward difference for the derivative.

Solution:

Substitution for s = 1=z_
T

1

2 — 2z71into H(s) yields
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1

(2-2zD24+22-22D+1
B 0.25
©1.957 —2.707z 1 + z2

H(z) =

By long division the IIR filter coefficients can be found:
H(z) = 0.128 + 0.177z ! + 0.18z-2 + 0.157z73 — 0.793z* ...
Therefore, the digital 1IR low-pass Butterworth filter has the impulse response h(n) as the
coefficients of the system function H(z):
h(n) = {0.128,0.177,0.18,0.157, —0.793, ...}

Which can be checked by determining the difference equation of the digital 1IR filter

u 0.128 Y(2)

@) =1 138, 7705127 _ X2
(1 -1.38z"1 4+ 0.51z2)Y(2) = 0.128X(2)
y(n) = 1.38y(n — 1) — 0.51y(n — 2) + 0.128x(n)

To study the stability of the digital fillter, the System function can be factorized into

H(z) =

1-(-1 —j0.3)z—i)(1 —(—=1+4j0.3)z71)
H(z) =

(1 — (—et165)z-1)(1 — (—e—j165)z-1)
Then the system is at the verge of stability!

The IIR filter design technique (Approximation of Derivatives) have a severe limitation of
being appropriate only for low pass filters and a limited class of band-pass filters.

6.5.1 Design by the Bilinear Transform:
The bilinear transformation is a conformal mapping from the s-plane to the z-plane. That
transforms the jQ-axis into the unit circle in the z-plane only once, thus avoiding aliasing of
frequency components. Furthermore, all points in the LHP of s are mapped inside the unit
circle in the z-plane and all points in the RHP of s are mapped in to corresponding points
outside the unit circle in the z-plane.

The ideal mapping of a prototype analog filter to the z-plane is

Hy(s) — H(z)|,—er = 5 — —n(z) &> H(z) = Hy(s)|

g w;1]11(.:]

The Laurent series expansion for In(z) is

z—1 1 {fz=1\" 1 fz—1)\ A
In(z) =2 e e el (b ) (P YRR for R{z}>0,2#0
e [.—;—1 3(:4-1) +.-3<:_.+1> ] nefeta ey

The bilinear transform method uses the truncated series approximation

_ ‘ 1]11[“”” R |
) T T+
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In a more general sense, any transformation of the form

s=A i which implies z = — s+ A
z+1 T A

is a bilinear transform. In particular, when A = 2/T the method is known as
Tustin’s method.

With this transformation the digital filter is designed from the prototype using

H(z) = Hp(s)| ;g2 (==1)

Example:
(A) Design a digital IIR filter by means of the bilinear transformation from the analog
filter with system function

s+ 0.1
H,(s) =
(s) (s +0.1)2+16

with a sampling time T =0.5 s.
(B) Realize the designed digital IIR in direct form Il architecture

Solution:
Since the sampling time T =0.5 s, thus the desired mapping is

2 (1-z"1 1-z~1
s== =4
T \1+z"1 1+z~1

Substitute every s-operator by the above mapping, thus

1—2z"1
e 4 (_‘1 T Z-l) 0.1 0,128 +0.006z7! - 0.12272
AR — 2 ~ T1+0.0006z + 097522
(4(F5=) +01) +16

Note that the coefficient of the z term in the denominator of H(z) is extremely small and can
be approximated by zero. Thus the system function will be
_0.128 + 0.006z-1 — 0.122z2
H(z) = TF0975z22
By long division the IIR filter coefficients can be found:
H(z) = 0.128 + 0.006z" ! —1.1z2 —z 3+ 1.1z* + z 5 ..
Therefore, the digital 1IR low-pass Butterworth filter has the impulse response h(n) as the
coefficients of the system function H(z):
h(n) = {0.128,0.006,—-1.1,—1,+1.1,1, ...}
Which can be checked by determining the difference equation of the digital 1IR filter
0.128'+ 0.006z-1 — 0.122z72  Y(2)
H(z) = T+ 097522 X
(14 0.97522)Y(z) = (0.128 + 0.006z-1 — 0.122z-2)X(2)
y(n) = —0.975y(n — 2) + 0.128x(n) + 0.006x(n — 1) — 0.122x(n — 2)
(A)Realize the designed digital 1IR in direct form Il architecture
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Where
by
xinl /:\= y :/:\.
L 1 N
! m— i
| =} l
b
! i
" i o ] b\ L
{ + \;‘ > - /¢ /'
N \/

Where, bp=0.128, b;=0.006, b>= - 0.122 and -a,= - 0.975

HW:

(A) Design a digital 1IR low pass filter by means of the bilinear transformation from the
analog Butterworth filter with system function
0.1716
H(s) =

s+ 0.5858s + 1.7577
with a sampling time T =2 s.
(B) Realize the designed digital IIR in direct form Il architecture
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Digital FIR filter Design

The frequency response of an ideal low-pass filter with linear phase and a cutoff frequency
W is given by;

jon _ e—jaw |w|£wc

Ha(e™™) [0 w. <|lw|<m
_sin(n —a)w,

" =S

Where d stands for the desired response and o is constant representing the center point of the

response in time.

Because this filter is unrealizable (non-causal and unstable), it is necessary to relax the ideal

constraints on the frequency response and allow some deviation from the ideal response. The

specifications for a low-pass filter will typically have the form;

1-68, < |[H(EI®)| <1+, 0 < |w| < wp
|H(e®)| < 5 ws < lw| <
,r |H (e?)]
144, FINUNINNINNNNINY
SR \NANNAN\ | |
i | |
i i E
«—— Passband — «—— Stopband ——>|
| | 1
5, | A

Transition l-(—
Band
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1§ f-m-t N 8; ~ Passband ripple

8, ~ Stopband rippl¢
w, ~ Passband edge ripple
w, ~ Stopband edge ripple

0

Once the filter specifications have been defined, the next step is to design a filter that meets

these specifications. The frequency response of an N™ order causal FIR filter is;
N

H(el®) = ¥ h(n)e-jon

n=0

The design of a FIR filter involves finding the coefficients h(n) that result in a frequency
response that satisfies a given set of filter specifications. FIR filters have two important
advantages over IIR filters. First, FIR filters are guaranteed to be stable, even after the filter
coefficients have been quantized. Second, FIR filters may be easily constrained to have
(generalized) linear phase. Because FIR filters are generally designed to have linear phase,
in the following we consider the design of linear phase FIR filters.
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FIR Filter Desien (Linear Phase Condition

For a certain FIR filter to be linear phase, the following equations must be satisfied:

x(n-2)

s y(m)

hin)=h(N—=1-n) n=012.N-1
And N 1s odd (N: number of coefficient)

# ForN=3 x(n) T xin-1) r
h{n) = h{2-n) : B4 z
h{0) =h(2)
hil)=h(l)

h(2) = h{0)
h(0) hil) h(2)
% *®

Procedures: Z
1) Convert the units of w from rad/sec to rad by:

1
W o = Wy - Jr: =W

Z

Waongw = Wz * T, =Wy
“"-r = “‘r] nEW
2)
3 2wk
B “'J:I!-:lﬂ u'1‘_|!n|.|'
N: number of samples must be odd number
3)
N-—-1
o= >
4)
h(n) = siniw.(n — a)} .
min—a)

5) We can find w, from table (1)
Note:

# If N =2 become N =3 (odd)
# If N =753.2 become N = 55 (odd)
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TABLE 8.1 WINDOW FUNCTIONS FOR FIR FILTER DESIGN

Name of Time-domain sequence,
window A(n),0<n<M-~-1
M-1
2n— 7 I
Bartlett (trian 1-
ett (triangular) 71
2mn 4rn
Black 0.42 - 0. —_— ,
lackman 5cosM_1+008cosM*_
27n
ammi 54 - 046
H ng 0.54 — 0.46cos o —1
) 1 2mn
Hanning 5 (1~cosM‘_1)

o[- - 55

;_....l

Kaiser [ Y. )]
a( -
alin (- 451) fo -]
Lanczos 2( FYpa ) (M L>0
i 2 / 2)
I, (n~— ; SQMZ Dce <l
l n—(1+a}M-1)/2 )]
Tukey 2I:1-+-cos( d—a)M -T2 n
G(M-l)/ZSH—M;IISM;1
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Window | Factor (k) Wa
Rectangular 2 l 0 <n=NI
0 elsewhere
Barlet 4 s O<<n<a
a
n
v TRy a<n=<=N-1
a
0 elsewhere
- . 2
Hanning A 0.5 - 0.5cos () 0<n<N-1
.IN - 1
0 elsewhere
= g 2mn
Hamming 4 0.54— 0.46¢0s () 0<n<N-1
0 elsewhere
Blackman 2 0.42 - 0.5cos (n;ﬂ—) + 0.08cos( mz_) 0=n=N-1
N —1. N-1
0 elsewhere

Example: design LP digital filter having linear phase (FIR) with 3 dB cutoff frequency of |
KHz and stop band attenuation of 28 dB at 2 KHz. Use f. = 8 KHz and Hanning window.

Solution:
Wi ey = 278 X 10% X 8% 103 =0.7854=0.251 rad
. 1
Woiow = 47 x 10° % é—x—l“b'—a =157 = 0.5 rad
W, = Wy = 0257 rad

From table (1) the k for Hanning window equal to 4,

2w X 4
N e e aaledd)
e L
2 2
[ 05-05cos(] D<n <32
= { 0 ) elsewhere

» W (rad/sec)
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S W T — &)

hin) = ro— w,.
sin[0.25m(n — 16]] T
h(n) = = = (05 - ﬂ.Eeas(EJj

hin) = h(N-1-n) = h{32-n)

h(0)=h{32), hi1)="h{31). h(2)=h{30), h(3)=h(29), hi4) = h(28), hi5) = h{27), h{6) = h{26),
h(7) = h(25), h(8) = h{24), h{9) = h{23), h{10) = h{22), h(11) = h(21), h(12) = h{20), h(13) =
h(19), hi14) = hi1R), h(15) = h(17), h{16) = h(16), h{17) = hi15). h{18) = h{14). h(19) =
h(13), h(20) = h{12), hi21) = h{11), h{22) = h{10), h(23) = h(9), h{24) = h(8), h(25) = h(7),
h(26) = h(6), h(27)=hi5), h(28) = h(4), h{(29) = h(3), h(30)=h(2), hi31)=h(1), h(32) = k0).

n [0 1 2 3 4 5 6
hin) [ 0 | -1.44*%107 | -8.65%10° | -1.459%10° | 0 | 4.547*10° | 9.825*10"
n 7 8 9 10 11 12 13
hin)| 10%10° | 0 -19*% 10~ -30*107 -35%10° 0 63*10”
n 14 15 16
hin) | 153.1%107 | 223*10™ | 0.25
xinl > I': z" _——— E-I
i ) hily h{2} h{32)
E ——— vinl
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Digital FIR Filter Design Procedure Using a Fixed Window:

The only design parameters available when using a fixed window are
(1) The low-pass cut-off frequency ac,

(2) The choice of window type, and

(3) The filter length M.

Once these choices are made, the Design Procedure is as follows

(a) Form the samples of the ideal low-pass filter of length M.

in(w T o M-1 M-1
M””% for ———sns —

(b) Form the length M window w(n) of the chosen type.
(c) Form the impulse response h(n) where h(n)=h4(n)w(n)

(d) Shift all samples to the right by%samples.

Example: Design a low-pass FIR filter of (41) length with cut-off frequency wc=0.4n using

a Hamming window, (n) = 0.54 — 0.46 cosﬁ; 0<n<s M-1.
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Solution:

The available design parameters; (1) the low-pass cut-off frequency wc - 0.4n, (2) Hamming
window, and (3) the filter length M =41. Once these choices are made, the procedure is as
follows

(a) Form the samples of the ideal low-pass filter of length M = 41.

sin(w.n M-1 M-1
hy(n) = % for — <n<
sin(0.4mn)
ha(n)=T for —=20<n< 20

(b) Form the length M window w(n) of the chosen type.

(n) = 0.54 — 0.46 2T _ .54 — 0.46 cos 2
. w(n) =0. 46 cospr—==0. 46 cos——
(c) Form the impulse response h(n) where h(n)=ha(n)w(n)

sin(0.4mn) ( 2mn
m

h(n) = 0.54 — 0.46 cos —)
40

(d) Shift all samples to the right by % = 20samples.

sin 0.4m(n — 20) 2m
= 54— 0. —(n- <n<
h(n) = === (0 54 — 046 cos— (n 20)) for0<n< 40
Evaluate the impulse response of the digital band-stop FIR filter with h(20) = %

h(n)

= {0,-0.0158,—0.0102,0.0105,0.0173, 0, —0.0175, —0.0108, 0.0106, 0.0168, 0,
—0.0157,0.0093,0.0089, 0.0136,0,—0.0127, —0.0081, 0.0096, 0.0259, 0.4, 0.0259, 0.0096,
—0.0081,-0.0127,0,0.0136,0.0089, —0.0093, —0.0157,0, 0.0168, 0.0106, —0.0108, —0.0175,0,
0.0173,0.0105,—0.0102, —0.0158,0}

Example: Design a linear phase low-pass FIR filter of a length 31 with the specifications:
0.99 < |H(e’")| < 1.01 0<|w <0.197
|H(e’")| < 0.01 02Iln < |lw| <7

1 -8, < |H(E) <1 + 4, 0 < |wl <o,
|H(e!™)| < & ws < ol <7

SlpM=1
Use a Bartlett window, w(n) = 1 —'7;4—_12;0 <ns< M-1

Solution:
we=(Ws+wp)/2=02m.
(a) Form the samples of the ideal low-pass filter of length A7 = 31.
sin(w.n) M-1 M-1
hy(n) = ———— for -— <n<
mn
sin(0.2 mn)

hy(n) = —= for -15<n< 15

mn
(b) Form the length M window w(n) of the chosen type.
P Lo MR
whn) =1 —M—_lz-— 1 —;In —15]-

(c) Form the impulse response /(n) where h(n)=ha(n)w(n)
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sin(0.2mn 2
< SO2TR 2 )
m 30
(d) Shift all samples to the right by ? = 15 samples.
sin0.2 m(n — 15)

h(n) = (1-=In-30])
W T a(n-15) Tk
Evaluate the impulse response of the digital band-stop FIR filter, but h(15) = %

High-Pass Filter: _ _
Jo Jo
Given an ideal low-pass filter Hip(e ), a high-pass filter Hyp(e ) may be created:
jo

jo
Hip(e ) =1 —Hip(e )
AHp(el9) A Hpglel®)
1 - I
|
—> |
|
|
|
|
|
T I T
o a, s 0 P ,? ol

Then the impulse response of the filter is
(hip(n)} = IDFT {1} — IDFT {Hy(*)}
2 W, sin(w,.n)
= d(n) — ——

w Well

After windowing to a length M
We ..‘. {‘u,',; ) ;
h(n) = w(n) (5( n) — =2 ’”) ; |n| < M-1/2.

m Wwen

The impulse response is then shifted to the right by M;_lsamples to make it causal as before.

Example:
(A) Design a high-pass FIR filter with total number of filter coefficients = 11and cut-off
low-pass frequency mc =0.25x using a Rectangular window, w(n) =1;0<n <
M —1.
(B) Implement the designed digital FIR filter in hardware.

Solution:
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(A)_ The available desigﬁ parameters; (1) the low-pass cut-off freque_ncy ®c = 0.25m, _(2)
Rectangular window, w(n) =1;0 <n < 10, and (3) the filter length M =11. Then, the
Design procedure is as follows

(a) Form the samples of the i1deal high-pass filter of length M = 11.

_ sin(w.n) M-1 M-1
ha(n)—5(n)—T025 for - 2 =ns 7
ha(ﬂ)=5(n)—¥ for —-5<n<?5

(b) Form the length M window w¢n) of the chosen type.
wn)=10<n< 10
(c) Form the impulse response h(n) where h(n)=h,(n)w(n)

sin(0.25mn)
b = (800 - )
(d) Shift all samples to the right by ? = 5 samples.
sin0.25m(n — 5)
= — — <n<
h(n) = §(n —5) T —5) for0<n< 10
Evaluate the impulse response of the digital band-stop FIR filter, but h(5) = 1 — %

h(n) = 1-{-0.045,0,0.075,0.159, 0.225, 0. 25,0.225, 0.159, 0.075, 0, —0.045}
h(n) = {1.045,1,0.925,0.841,0.775,0.75,0.775,0.841, 0.925, 1, 1.045}

(B) The Figure A below illustrates the direct realization of designed FIR filter, whereas
Figure B illustrates the optimized realization of designed FIR filter, which is based on the
fact that all FIR filter coefficients are, for the sake of linear phase characteristic, symmetric
about their middle element.



Dr. Sarmad K. Ibrahim & Lect. Ayam Mohsin

DSP

Dept of Comp. Eng

x[n]

y[n]

Figure B. Optimized realization structure of FIR filter
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Band-Stop Filter: A band-stop or rejection filter Hps(e Jm) may be designed from
j o j o

a pair of low-pass filters Hpu(e ) and Hipi(e ) with cut-off frequencies wcu and
respectively,

Hise )= Hine Y+(1-Hipe )

)kHbE{&fff’]
! |
|
|
|
|
|
|
|
|
| T
0 ey ey 7@
Then
o Wy SN Wy T . W 8w , ,
hie(n) = w(n) ( -“M +4(n) — —"ﬁ'!;) . In| < M-1/2.
™ u.r‘!'-” n m L.Lp'rlf n
Example:

(A) Design a band-stop FIR filter with total number of filter coefficients = 11and cut-off
low-pass frequencies wq =0.17 and wcy =0.257 using a Rectangular window, w(n) =
,0<n<M-1

(B) Implement the designed digital FIR filter in hardware.

Solution:

(A) The available design parameters; (1) the low-pass cut-off frequencies w, =0.11 and
=0.25n, (2) Rectangular window, w(n) = 1;0 <n < 10, and (3) the filter length M =11.
Then, the Design procedure is as follows

(a) Form the samples of the ideal high-pass filter of length M = 11.

hd(n)=w+5(n)—w for —Mz_lsnsM_l
in(0.25 in(0.1
hd(n)=M+6(n)—¥ for —5<n<5

(b) Form the length M window w(n) of the chosen type.
wn)=10<n< 10
(c) Form the impulse response h(n) where h(n)=hy(n)w(n)
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i) = Wi (sin(O.ZSnn) +8(n) — sin(O.lnn))
mn mn
(d) Shift all samples to the right by -MT—{ = 5 samples.
sin(0.257(n — 5)) sin0.1m(n —5)
m(n—>5) " w(n-5)
Evaluate the impulse response of the digital band-stop FIR filter, but h(5) = 1 —
h(n) = {0.891,0.924,0.989,1.066,1.127,0.85,1.127, 1.066, 0.989,0.924, 0.891}

h(n) = +d6(n—75) for0<n< 10

Weu—Wel

(B) The Figure A below illustrates the direct realization of designed FIR filter, whereas
Figure B illustrates the optimized realization of designed FIR filter, which is based on the
fact that all FIR filter coefficients are, for the sake of linear phase characteristic, symmetric
about their middle element.

0.891

x[n] T +) y[n]
z' 0.924
| S +
z" 0.989
| +
z' 1.066
F +
z' 1127
| — +
z' 0.85
| +
z' 1.127
| +
z" 1.066
" +)
> 0.989
| S
7" 0.924
| S +
z' 0.891

o >

Figure A. FIR filter direct realization
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Figure B. Optimized realization structure of FIR filter

. jo
Band-Pass Filter: A band-pass filter Hyp(e ) may be designed from a pair of
jo jo
low-pass filters Hipu(e ) and Hipi(e ) with cut-off frequencies wcu and we respectively,

j o

Hinle )= Hie )~ Hie )

AHip(e/?) A Hyp(€/2)
1 - — — —
0 ey ey < > o 0 el Wy T > @
Then,

Weu Sin(wcl 'n) Wel Sin("‘f'cln) % AT
hyp(n) = w(n) = , In| < M/2.

vy WeyN /[y WeN

Example:

(A) Design a band-pass FIR filter with total number of filter coefficients = 11and cut-off
low-pass frequencies wcy =0.25x and wa =0.1x using a Rectangular window, w(n) =

,0<n<M-1
(B) Implement the designed digital FIR filter in hardware.

Solution:
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(A) The available design parameters; (1) the low-pass cut-off frequencies w., =0.1m and oy
=0.257, (2) Rectangular window, w(n) = 1;0 < n < 10, and (3) the filter length M =11.
Then, the Design procedure is as follows

(a) Form the samples of the ideal band-pass filter of length M = 11.
sin(w,,n) sin(wgn M-1 M-1
hd(n) — ( cu )_ ( cl ) fﬂr _ 2 S n S
hg(n) = m

mn
sin(0.25mn) sin(0.1mn)
mn
(b) Form the length M window w(n) of the chosen type.
wn)=10<n< 10
(c) Form the impulse response h(n) where h(n)=has(n)w(n)

sin(0.257n) sin(O.lfm))

mn mn

h(n) = w(n) (
(d) Shift all samples to the right by % = 5 samples.
sin(0.25m(n —5)) sin0.1m(n —5)
m(n—>5) m(n—1>5)
Evaluate the impulse response of the digital band-stop FIR filter, but h(5) =

h(n) = for0<n< 10

Weu—Wel

h(n) = {-0.1087,-0.0757,-0.0108,0.0656, 0.1267,0.15,0.1267, 0.0656, — 0.0108, — 0.0757,—0.1087}

(B) The Figure A below illustrates the direct realization of designed FIR filter, whereas
Figure B illustrates the optimized realization of designed FIR filter, which is based on the
fact that all FIR filter coefficients are, for the sake of linear phase characteristic, symmetric
about their middle element.
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x{n]
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Figure B. Optimized realization structure of FIR filter
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Adaptive Filter

A digital filter that automatically adjusts its coefficients to
adapt input signal via an adaptive algorithm.

Applications:

= Signal enhancement
= Active noise control
= Noise cancellation

= Telephone echo cancellation

Simplest Noise Canceller

Signal and noise Error signal

d(n)= —d(n)—vim=5&
)))l: e (n)=s(n)+n(n) e(n)=d(n)- y(n)=8(n)
e i W —» DAC 4[<]

yim=w,xn) | Y
(O apc Adaptive filter
Noise Z
W, 1= w,+0.01e(n)x(n)

LMS algorithm

Copyright © 2007 by Academsc Press, A% rights reserved. \

Controls speed
n(n) is a linear filtered (delayed) version of x(n). of convergence
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Simplest Noise Canceller - contd.

v(n) = w,x(n)

e(n) = d(n) — y(n) Initial coefficient wo = 0.3
Wpr1 = wp + 0.01e(n)x(n).
" i x(n) ‘ Measured
0 —0.2947 —0.5893
| 1.0017 0.5893

| 7 =0] »(0) = wex(0) = 0.3 x (—0.5893) = —0.1768
e(0) = d(0) — p(0) = —0.2947 — (—0.1768) = —0.1179 = 5(0)
w1 = wo + 0.01e(0)x(0) = 0.3 + 0.01 x (—0.1179) x (—0.5893) = 0.3007

ln=1] yp(1) = wix(1) = 0.3007 x 0.5893 = 0.1772
e(l1) =d(1) — y(1) =1.0017 — 0.1772 = 0.8245 = 3(1)
wy = w + 0.0le(1)x(1) = 0.3007 + 0.01 x 0.8245 x 0.5893 = 0.3056

Wiener Filter & LMS Algorithm

Signal and noise + Clean signal
d(n)=s(n)+n(n + >
(n)=s(n)+n(n) —
- e(n)
Noise

—> Wiener filter
x(n)

y(n)

Copyright © 2007 by Academic Press. Al rights resensed.

Consider, single weight case, y(n) = wx(n)
Error signal, e(n) = d(n) — wx(n)
Now we have to solve for the best weight w*

e2(n) = (d(n) — 11‘.\;{}1))2: d*(n) — 2d(n)wx(n) + w?x%(n)
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LMS Algorithm

Taking Expectation of squared error signal

E(ez{n)) = E(cr’z(rr)) — 2wE(d(n)x(n)) + II‘EE(.\'E(H))

J = E(e*(n)) = MSE (mean squared error)
o = E(d*(n)) = power of corrupted signal
P = E(d(n)x(n)) = cross-correlation between d(n) and x(n)

R — E(x*(n)) = autocorrelation

J
ForlargeN, J =0>—2wP+ w’R
Optimal w* is found when minimum J is achieved
1J
= 2P+2wR=0
J dw
min :
— w w*=R7'P
w 5

LMS Algorithm - Example

Given MSE function for the Wiener filter:

di: —20+ 10 x 2w =0
e
Solving for optimal, we get w' =1
Finally we get
Jain = J|,,—pe = 40 — 20w + 10w?| _, =40 —-20 x 1 +10 x 1 =30
large N w*=R!P R1: Matrix inversion

N

Makes real-time implementation difficult
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Steepest Decent Algorithm

dJ

Wnit = Wy — .uﬁ

1 = constant controlling the speed of convergence.

Case£<03nd—gﬂ>0 Case£>0and—pﬂ<0
dw aw aw dw

* *
WonWphi1 w w w” Wpi4 Wy w
> Copyright © 2007 by Academsc Press. Al rights reserved. <

Steepest Decent Algorithm: Example

: 5 Solution:
Given: 7 — 40 — 20w + 10uw?
{J
w=004 wo=0 2T — 20+ 10 x 2w,
dw
[teration three times
Forn=0,

i
o = 0.04 x (=20 + 10 x 2wo)|,,,_o = —0.8

Find optimal solution for w* dw 7
Wi = o — ,u% —0—(—0.8) =08
Forn=1, — e
dJ
poo= 0.04 x (=20 + 10 x 2wy)|,, _gg = —0.16
oaw
1J 2
Wy = Wy — u({— — 0.8 — (—0.16) = 0.96 Jmin = 40 — 20w + 1007°|,_0 992
aw
Forn=2, = 30.0006
dJ
po = 0.04 x (=20 + 10 x 2wy)|,, _g9¢ = —0.032 -

dJ e —
Wy = Wy — ot = 0.96 — (—0.032) = 0.992. : " w3 = 0.992

dw
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Steepest Decent Algorithm - contd1.

To make it sample-based processing, we need to take out estimation.

I= t,3(,‘;:) = (d(n) — 11‘.\'(3?))2

d_‘f = 2(d(n) — wx(n)) () — wxm) = —2e(n)x(n)
dw dw

Updating weight w1 = wy + 2e(n)x(n)

For multiple tap FIR filter:

1) = wu(0)x(n) + wup(I)x(n — 1)+ - -+ wy(N — Dx(n — N+ 1)

Wy 1(7) = w,(i) + 2ue(n)x(n — i).

Choose convergence 0 <y <
constant as H NP,

P, : maximum input power

Steepest Decent Algorithm - contdz.

Steps:

I. Initialize w(0), w(l)...., w(N — 1) to arbitrary values.
2. Read d(n), x(n), and perform digital filtering:
wn) = wO)x(m) +w(Dx(n—1)+--- +w(N — Dx(n— N + 1).
3. Compute the output error:
e(n) = d(n) — y(n).
4. Update each filter coefficient using the LMS algorithm:

fori==0 ...; N -1
w(i) = w(i) + 2ue(n)x(n —1).
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Noise Canceller Using Adaptive Filter-1

Perform adaptive filtering to obtain outputs ¢(n) =n =10, 1, 2

Given: |x(0)=1, x(1) = 1x2) = -1, d0)=2,d(1) =1, d?2)= -2
Initial weights:  w(0) = w(l) = 0. w=0.
Signal and noise &
_ . >
il Output
. B e(n)
Noise Adaptive filter
x(n) y(n) = w(0)x(n) + w(1)x(n—1) =
Copyright ® 2007 by Academic Press. Al rights reserved. Updatlng
Solution: / weights:

Filtering:  y(n) = w(0)x(n2) + w(l)x(n — 1) ‘ w(0) = w(0) + 2pe(n)x(n) ‘

Output: e(n) = d(n) — v(n) w(l) = w(l)+ 2pe(n)x(n — 1)

Noise Canceller Using Adaptive Filter

| For n = ol
Digital filtering:

(0) = w(O)x()+w(D)x(—1)=0x1+0x0=0
Computing the output:
e(0)=d0)—p0)=2-0=2
Updating coefficients:
w(0)=w(0)+2x0.1 xe(0)x(0)=0+2x0.1x2x1=04
w(l)=w(1)+2x0.1 xe(x(—1)=0+2x%x0.1%x2x0=0.0

| Forn =11
Digital filtering:

(1) =wO)x(1) +w(l)x(0)=04x1+0x1=04

Computing the output:
fl)=d(l)—y(1)=1-04=0.6
Updating coefficients:

w(0) =w(0) +2x 0.1 xe(l)x(1) =04 +2 x0.1 x0.6 x1=0.52
w(l)=w(l)+2x0.1 xe(1)x(0) =0+2x 0.1 x0.6 x1=0.12
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Noise Canceller Using Adaptive Filter

| Forn=2 |
Digital Tiltering:

y2) = w0)x(2) + w()x(1) =052 x (- 1)+0.12x 1 =-04
Computing the output:
e2)=d2)—y2)=-2—-(-04)=-1.6

Updating coefficients:

w(0) = w(0)+2 x 0.1 x e(2)x(2) =0.52 +2 % 0.1 x (— 1.6) x (— 1)=0.84
w(D)=w(1)+2x0.1 xe2)x(1)=0.12+2x 0.1 x(—1.6) x 1 =—0.2.

Output (noise-cleaned signal):

e(0) =2, e(1) = 0.6, e(2) = —1.6
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