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Design by Approximation of Derivatives (backward difference): 
Perhaps the simplest method for low-order systems is to use backward-difference 

approximation to continuous domain derivatives. 

The analog filter can be described by the linear constant-coefficient differential equation 
 

Where, x(t ) denotes the input signal and y(t) denotes the output of the filter. 

The derivative dy(t)/dt at time t = n T can be replaced by the difference equation 
 

The analog differentiator with output dy(t)/dt has the system function H( s ) = s, while the 

digital system that produces the output [y(n) — y(n — 1 ) ]/T has the system function 

H ( z ) = (1 —z -1) / T . Consequently, the frequency-domain equivalent for the relationship 

 

The second derivative d2y(t)/dt2 is replaced by the second difference, which 

is equivalent in the frequency domain to: 
 

 

 

It easily follows from the discussion that the substitution for the kth derivative 

of y(t) results in the equivalent frequency-domain relationship 

Consequently, the system function for the digital IIR filter obtained as a result of the 

approximation of the derivatives by finite differences is 
 

Where Ha(s) is the system function of the analog filter characterized by the differential 

Equation 
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Example 
Design a digital IIR filter, with a sampling time T =0.1 s, which is equivalent to the analog 

band-pass filter with system function 
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The designed digital IIR filter can be implemented in hardware as direct form II 

architecture; 

 

Example 
Design a digital IIR filter, with a sampling time T =0.5 s, which is equivalent to the analog 

low-pass Butterworth filter with cut off frequency Ωc = 1 rad/s with system function 
 

by use of the backward difference for the derivative. 

Solution: 
Substitution for 𝑠 = 1−𝑧

−1 

= 2 − 2𝑧−1 into H(s) yields 
𝑇 
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𝐻(𝑧) = 
1

 
(2 − 2𝑧−1)2 + √2(2 − 2𝑧−1) + 1 

= 
0.25 

1.957 − 2.707𝑧−1 + 𝑧−2 

By long division the IIR filter coefficients can be found: 

𝐻(𝑧) = 0.128 + 0.177𝑧−1 + 0.18𝑧−2 + 0.157𝑧−3 − 0.793𝑧−4 … 
Therefore, the digital IIR low-pass Butterworth filter has the impulse response h(n) as the 

coefficients of the system function H(z): 

ℎ(𝑛) = {0.128, 0.177, 0.18, 0.157, −0.793, …} 
Which can be checked by determining the difference equation of the digital IIR filter 

𝐻(𝑧) = 
0.128 

1 − 1.38𝑧−1 + 0.51𝑧−2 
= 

𝑌(𝑧) 

𝑋(𝑧) 
(1 − 1.38𝑧−1 + 0.51𝑧−2)𝑌(𝑧) = 0.128𝑋(𝑧) 

𝑦(𝑛) = 1.38𝑦(𝑛 − 1) − 0.51𝑦(𝑛 − 2) + 0.128𝑥(𝑛) 
To study the stability of the digital filter, the System function can be factorized into 

𝐻(𝑧)  = 
1

 
(1 − (−1 − 𝑗0.3)𝑧−1)(1 − (−1 + 𝑗0.3)𝑧−1) 

𝐻(𝑧)  = 
1

 
(1 − (−𝑒+𝑗16.5)𝑧−1)(1 − (−𝑒−𝑗16.5)𝑧−1) 

Then the system is at the verge of stability! 

 

The IIR filter design technique (Approximation of Derivatives) have a severe limitation of 

being appropriate only for low pass filters and a limited class of band-pass filters. 

 

6.5.1 Design by the Bilinear Transform: 
The bilinear transformation is a conformal mapping from the s-plane to the z-plane. That 

transforms the jΩ-axis into the unit circle in the z-plane only once, thus avoiding aliasing of 

frequency components. Furthermore, all points in the LHP of s are mapped inside the unit 

circle in the z-plane and all points in the RHP of s are mapped in to corresponding points 

outside the unit circle in the z-plane. 
The ideal mapping of a prototype analog filter to the z-plane is 

 

The Laurent series expansion for ln(z) is 

 
 

The bilinear transform method uses the truncated series approximation 
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With this transformation the digital filter is designed from the prototype using 
 

Example: 
(A) Design a digital IIR filter by means of the bilinear transformation from the analog 

filter with system function 

with a sampling time T =0.5 s. 

(B) Realize the designed digital IIR in direct form II architecture 

Solution: 
Since the sampling time T =0.5 s, thus the desired mapping is 
 
 
 
Substitute every s-operator by the above mapping, thus 

 

 
 

Note that the coefficient of the z-1 term in the denominator of H(z) is extremely small and can 

be approximated by zero. Thus the system function will be 

𝐻(𝑧) 
0.128 + 0.006𝑧−1 − 0.122𝑧−2 

= 
1 + 0.975𝑧−2 

By long division the IIR filter coefficients can be found: 

𝐻(𝑧) = 0.128 + 0.006𝑧−1 − 1.1𝑧−2 − 𝑧−3 + 1.1𝑧−4 + 𝑧−5 … 
Therefore, the digital IIR low-pass Butterworth filter has the impulse response h(n) as the 

coefficients of the system function H(z): 

ℎ(𝑛) = {0.128, 0.006, −1.1, −1, +1.1, 1, …} 
Which can be checked by determining the difference equation of the digital IIR filter 

0.128 + 0.006𝑧−1 − 0.122𝑧−2 𝑌(𝑧) 
𝐻(𝑧) = 1 + 0.975𝑧−2 

= 
𝑋(𝑧) 

(1 + 0.975𝑧−2)𝑌(𝑧) = (0.128 + 0.006𝑧−1 − 0.122𝑧−2)𝑋(𝑧) 
𝑦(𝑛) = −0.975𝑦(𝑛 − 2) + 0.128𝑥(𝑛) + 0.006𝑥(𝑛 − 1) − 0.122𝑥(𝑛 − 2) 

(A) Realize the designed digital IIR in direct form II architecture 
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Where 

 
Where, b0=0.128, b1=0.006, b2= - 0.122 and -a2= - 0.975 

 

HW: 
(A) Design a digital IIR low pass filter by means of the bilinear transformation from the 

analog Butterworth filter with system function 

𝐻(𝑠) = 
0.1716 

𝑠2 + 0.5858𝑠 + 1.7577 
with a sampling time T =2 s. 

(B) Realize the designed digital IIR in direct form II architecture 
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Digital FIR filter Design 

 
The frequency response of an ideal low-pass filter with linear phase and a cutoff frequency 

wc is given by; 
 

 
 
 
 
 
 

 
 
 
 
 

 

Where d stands for the desired response and α is constant representing the center point of the 

response in time. 

Because this filter is unrealizable (non-causal and unstable), it is necessary to relax the ideal 

constraints on the frequency response and allow some deviation from the ideal response. The 

specifications for a low-pass filter will typically have the form; 

1 − 𝛿𝑝 < |𝐻(e jω)| ≤ 1 + 𝛿𝑝 0 ≤ |𝜔| < 𝜔𝑝 

|𝐻(e jω)| ≤ 𝛿𝑠 𝜔𝑠 ≤ |𝜔| < 𝜋 
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Once the filter specifications have been defined, the next step is to design a filter that meets 

these specifications. The frequency response of an Nth order causal FIR filter is; 
𝑁 

𝐻(e jω) = ∑ ℎ(𝑛)𝑒−𝑗𝜔𝑛 

𝑛=0 
 

The design of a FIR filter involves finding the coefficients h(n) that result in a frequency 

response that satisfies a given set of filter specifications. FIR filters have two important 

advantages over IIR filters. First, FIR filters are guaranteed to be stable, even after the filter 

coefficients have been quantized. Second, FIR filters may be easily constrained to have 

(generalized) linear phase. Because FIR filters are generally designed to have linear phase, 

in the following we consider the design of linear phase FIR filters. 
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𝑀−1 

 
 

Digital FIR Filter Design Procedure Using a Fixed Window: 
The only design parameters available when using a fixed window are 

(1) The low-pass cut-off frequency ωc, 

(2) The choice of window type, and 

(3) The filter length M. 

Once these choices are made, the Design Procedure is as follows 

(a) Form the samples of the ideal low-pass filter of length M. 

 

 

(b) Form the length M window w(n) of the chosen type. 

(c) Form the impulse response h(n) where h(n)=hd(n)w(n) 

(d) Shift all samples to the right by 𝑀−1 samples. 
2 

 

Example: Design a low-pass FIR filter of (41) length with cut-off frequency ωc =0.4π using 

a Hamming window, (𝑛) = 0.54 − 0.46 cos 2𝜋𝑛 ; 0 ≤ 𝑛 ≤ 𝑀 − 1 . 
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High-Pass Filter: 
j ω j ω 

Given an ideal low-pass filter Hlp(e  ), a high-pass filter Hhp(e ) may be created: 
j ω j ω 

Hhp(e  ) =1 −Hlp(e  ) 

 
Then the impulse response of the filter is 

After windowing to a length M 

 

The impulse response is then shifted to the right by 𝑀−1 samples to make it causal as before. 
2 

Example: 
(A) Design a high-pass FIR filter with total number of filter coefficients = 11and cut-off 

low-pass frequency ωc =0.25π using a Rectangular window, 𝑤(𝑛) = 1; 0 ≤ 𝑛 ≤ 
𝑀 − 1. 

(B) Implement the designed digital FIR filter in hardware. 

 

Solution: 
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Figure A. FIR filter direct realization 

 

 
 

Figure B. Optimized realization structure of FIR filter 
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                                Band-Stop Filter: A band-stop or rejection filter Hbs(e 
j ω 

) may be designed from 
j ω j ω 

a pair of low-pass filters Hlpu(e ) and Hlpl(e ) with cut-off frequencies ωcu and ωcl 

respectively, 
j ω j ω j ω 

Hbs(e )= Hlpu(e )+(1−Hlpl(e )). 

 

Then 
 

Example: 
(A) Design a band-stop FIR filter with total number of filter coefficients = 11and cut-off 

low-pass frequencies ωcl =0.1π and ωcu =0.25π using a Rectangular window, 𝑤(𝑛) = 
1; 0 ≤ 𝑛 ≤ 𝑀 − 1. 

(B) Implement the designed digital FIR filter in hardware. 

 

Solution: 
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Figure A. FIR filter direct realization 
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 Figure B. Optimized realization structure of FIR filter 

 

j ω 

Band-Pass Filter: A band-pass filter Hbp(e ) may be designed from a pair of 
j ω j ω 

low-pass filters Hlpu(e  ) and Hlpl(e  ) with cut-off frequencies ωcu and ωcl respectively, 
 

j ω j ω j ω 

Hbp(e )= Hlpu(e ) − Hlpl(e  ). 
 
 

 

Then, 

 

Example: 
(A) Design a band-pass FIR filter with total number of filter coefficients = 11and cut-off 

low-pass frequencies ωcu =0.25π and ωcl =0.1π using a Rectangular window, 𝑤(𝑛) = 
1; 0 ≤ 𝑛 ≤ 𝑀 − 1. 

(B) Implement the designed digital FIR filter in hardware. 

 

Solution: 
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Figure A. FIR filter direct realization 

 

Figure B. Optimized realization structure of FIR filter 
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