Civil Engineering Department Lecture #1 Mathematics I

Infinite Series
The series give us precise ways to express many numbers and functions.
Infinite Sequences
A sequence is a list of numbers:
a, ay,as, Ay
An infinite sequence of numbers is a function whose domain is the set of positive integers:
a, = F(n) where:

e a,: Function of the sequence
e n: Positive integer numbers start from one to infinity (n = 1 to o) and are called the index
of a,

For example,

1- a, = 2n - thesequenceis:2,4,6,8,..,2n, ...

2- a, =n? - thesequenceis:1,4,9,16,25,....,n%, ...

Sequences can be described by writing rules that specify their terms, such as:
a, =Vn

by =~ (1)

Y[
d, = cos(;)
Or, by listing terms (list of function results)

(@)= WINZ B T, )

1 1 1
{bTL} {1! 213! 4r ln( ) )
1 2 3 n—1
{CTL}_ {015 r§ PZ)""’ n T }

T T T

{d,} = {cos(n) ,cos(=),cos(2), ....,cos(—), ... }
2 3 n

We also sometimes write a sequence as:

{a}={Vn}_,
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Convergence and divergence of sequences

If a sequence approach to a limit number (L), then the Sequence is convergent, while when it does
not approach a limit number or its numbers diverge with an increase in (n), then it is a divergent
sequence as shown in the figures:

Convergesto 0 diverges to «©

[ I S | n
ol 1 2 3 4 5
1 .
an =~ (Convergent sequence) an, =+/n (Divergent sequence)

To find the number (L) Whose the sequence approaches to it, limit law must be used:

L= lima,

n—-oo

If Lis the limit number - the sequence converges

If Lis infinity (o) - the sequence diverges

Example 1: find the first four terms of the following sequences:

1 1 1
2 an=g > {3 5g)

3- a, =2+ (-1)" > {1, 3, 1,3}

3n 6 12
+an=min ~ {1g L5

Example 2: Find the function formula of the following sequences:

{1,-1,1,-1,....} - a,=(—1)™?! analternating sequence

{1 11 1 } 1)+t ! It ti
—_— == — (> =(— —
'"2'9°' " 16" a, =(—1) — an alternating sequence
{1,5,9,13,17,...} - a,=4n-3
{0,3,8,15,24,...} » a,=n?>-1

Example 3: which of the following sequences converge or diverge, then find the limit of each
convergent sequence:
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_ -5

1- a, =

n2
: = 1
L= Al_r& a, = Al_r& 7= —STlll_rEO 2= -5 (5) = —5(0) = 0 — converges from 0
-1
2- an ::E;—
) .o n—1 ) 1
L= lima, = lim =lim1l-—-=1- (—) = 1 - converges from 1
n—oo n—oo n n—oo n o0
n?-2n+1
3- n n-1
L= _ n?-2n+1
N nl—rz}oan N nl—r>£10 n—1
2
on /n2 — 2n nz T 1/n2
= lim - 1
n—-oo /n2 _ /nz
y 1_2/n+1/n2 1- 2/00"‘1/002 1-0+0 1
= lIm = = = — =0
n-oo 1/n _ 1/n2 1/Oo — 1/002 0—-0 0

— diverges (no limit)
Some rules of limit

1- lim k = k where k is constant

n—-oo
lifk=0
2- lim (n)* = { wif k = positive value
e 0if k = negative value
0 iflkl<1
3 lim(k)"={o iflkl>1
e 1 ifk=1

4- lim Yn¥ =1 for any value of k

n—oo
1
5- lim(k)n=1 fork >0
n—-oo

Inn

6- lim =0

n—-oo N

7- lim (1 +S)” = e* for any value of k
n—->oo

8- lim i =0 forany value of k

n—-oo n

Infinite series

An infinite series is the sum of an infinite sequence of numbers and is expressed in the following
form:
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Zan= ata,+az+--+a,

n=1

Where the term (a,) is the n' term.

Examples:

1 1 1 1 1
1- Zfl"zlzzz+z+§+...+;+...

2- Yy i In2n=In2+In4+In6+--+In2n+--

n 1 2 3 n

3- ¥ = =ttt
Zn—11+2" 1421 1422 1423 1+42M

Convergence and Divergence of Series

If the sum of infinite series (3. a,) converges to a limit value, we say that the series is convergent,
while when this sum diverges and does not converge to a limit value, we say that the series is
divergent.

a,=n+1

kg e e b
I
[ ]

H

I T T N A B
1 234567829 Zandivergestooo

Harmonic series

The harmonic series is a divergent series with decreasing and positive terms. The form of this
series is:

il 1+1+1+1+ 1+
n 2 3 4 n

n=1

The series does not follow from nth term test. The reason it diverges is because there is no upper
bound for its partial sum.

P- series

The P- series is the series of decreasing and positive terms. The form of this series is:
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1 1 1 1 1 1
P TR TR TR TR R
n=1

Where: pis a real constant
If p>1 - The p - seriesis convergent

If p< 1 - The p - seriesis divergent

. ww 1 1 1 1
Example. anlp— 1—2+2—2+3—2

:1+i+%+m
p=2>1 . convergent
Example: Zfﬂﬁ =+ +—
=1+4+9+..
p=-2<1 . divergent

Alternating series

Z(_l)n+1l_1_l+l_i+"
n2 = 4 9 16

nth term test
This type of test is used for detecting the divergent series only.

1. Determine a,
2. Take lim a,
3
[ ]

n—oo

Check with the theorem
If lim a, # 0 or it fails to exist, then:

n—oo
Yn=1 Qy is divergent series

e If lim a, = 0, then the test is inconclusive

n—oo

Mathematics I

Example: use nt" -term test to show that the following series is divergent or that the test is

inconclusive.
-0 n?:  limn? = wo?=0c0*0 . divergent
n—>oo
2 —Z;’len—ﬂ: lim 22 = lim (1 + l) = (1 + i) = 1+ 0 . divergent
n n—-oo N n—oo n o

5
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3_2%0:1(_1)n+1: lim (_1)n+1 — (_1)oo+1
n—>oo

does not exist - divergent

oo n? . n? T " = | 1
4- Z"=1_n2+3 1lll_r>£10 (n2+3) = rll_)oo </—+3/> - 111_{{)10(123_2)

1 1 :
=—= = — =1 # 0 = divergent
1+m 1+0

1 1 1 . .
5- Z{'f:lz—n' llm —=—= ==0 - inconclusive

6- ey —:1i = lim im ———
Zn_llnn“+n n—-oo Innt+n n-oo ninn+n n-oo #(lnn+1)

. 1 1 1 ) )
= lim = = = 0 . inconclusive
n—ooo Inn+1 Inoco +1 o+1

Homework #1

Exercise 1: Find the first four terms of the following sequences:

—-1)"t? n+3
1- an ==( ) 2-an [ —

2n-1 n2+5n+6

2n 2
3- a, = 4-a, =nl—n

2n+1

Mathematics I

Exercise 2: Find the function formula (sequence’s formula) for the nth term of the following

sequences:

1- {2, 6,10,14,18, ...} hint: every other even positive integer

2- {2,5, 8,11,14, ...}
3- {2,8,18,32,50,...}

2 4 8 16 32
g- {2 2 2 = .
1 2 ‘6 24- 120

Exercise 3: Find the limit number of the following sequences and which of them is convergent or

divergent:
1-5n*
1- a, =2+ (0.1)" 2-a, = iren3
n _ 1+n3
4- a, = 10n 5-a, = Cotan?

7
3-a,=(1 +;)n

3n+1\"
6-an = (3n—1)

Exercise 4: Find the nature of the following series using n™ - term test.

- 1 o 1 n(n+1)

-7 cos— 2= Yot ln; — Xn=1 (n+2)(n+3)
on 1 3,5 7

4—271 1m 5-— Zn 1n2+3 6_(5+5+Z+E)



