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Infinite Series 

The series give us precise ways to express many numbers and functions. 

Infinite Sequences 

A sequence is a list of numbers: 

𝑎1, 𝑎2, 𝑎3, ⋯ 𝑎𝑛 

An infinite sequence of numbers is a function whose domain is the set of positive integers: 

𝑎𝑛 = 𝐹(𝑛)   where: 

 𝑎𝑛: Function of the sequence 

 𝑛: Positive integer numbers start from one to infinity (𝑛 = 1 to ∞) and are called the index 

of 𝑎𝑛  

For example, 

1- 𝑎𝑛 = 2𝑛 → the sequence is: 2 , 4 , 6 , 8 , … , 2𝑛 , …. 

2- 𝑎𝑛 = 𝑛2 → the sequence is: 1 , 4 , 9 , 16, 25 , … . , 𝑛2, …. 

Sequences can be described by writing rules that specify their terms, such as: 

𝑎𝑛 = √𝑛     

𝑏𝑛 =
1

𝑛
(−1)𝑛+1             

𝑐𝑛 =
𝑛−1

𝑛
             

𝑑𝑛 = cos(
𝜋

𝑛
)    

Or, by listing terms (list of function results) 

{𝑎𝑛} =  {√1 , √2 , √3  , … , √𝑛 , …  } 

{𝑏𝑛} =  {1 , −
1

2
 ,

1

3
 , −

1

4
 , … . ,

1

𝑛
(−1)𝑛+1  , ….  } 

{𝑐𝑛} =  {0 ,
1

2
 ,

2

3
 ,

3

4
 , … . ,

𝑛 − 1

𝑛
 , ….   } 

{𝑑𝑛} =  {cos(𝜋) , cos(
𝜋

2
) , cos(

𝜋

3
) , … . , cos(

𝜋

𝑛
) , … . } 

We also sometimes write a sequence as: 

{𝑎𝑛} = {√𝑛}
𝑛=1

∞
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Convergence and divergence of sequences 

 If a sequence approach to a limit number (L), then the Sequence is convergent, while when it does 

not approach a limit number or its numbers diverge with an increase in (n), then it is a divergent 

sequence as shown in the figures: 

Converges to 0                                                                                                              diverges to ∞ 

                                                                   

  𝑎𝑛 =
1

𝑛
    (Convergent sequence)                                                    𝑎𝑛 = √𝑛    (Divergent sequence) 

 To find the number (L) Whose the sequence approaches to it, limit law must be used:  

    𝐿 =  lim
𝑛→∞

𝑎𝑛 

 If L is the limit number    →   the sequence converges 

 If L is infinity (∞)              →    the sequence diverges 

 

Example 1: find the first four terms of the following sequences: 

1- 𝑎𝑛 =
1−𝑛

𝑛2  →  {0, −
1

4
, − 

2

9
, − 

3

16
} 

2- 𝑎𝑛 =
1

𝑛!
   →   {1,

1

2
 ,

1

6
 ,

1

24
} 

3- 𝑎𝑛 = 2 + (−1)𝑛   →   {1 , 3 , 1 , 3} 

4- 𝑎𝑛 =
3𝑛

2𝑛+1
  →  {1 ,

6

5
 , 1 ,

12

17
 } 

 

Example 2: Find the function formula of the following sequences: 

{1 , −1, 1 , −1, … . }   →  𝑎𝑛 = (−1)𝑛+1    an alternating sequence 

{1 , −
1

4
 ,

1

9
 , − 

1

16
 , … . } →   𝑎𝑛 = (−1)𝑛+1

1

𝑛2
  an alternating sequence 

{1 , 5, 9 , 13,17 , … . }   →  𝑎𝑛 = 4𝑛 − 3 

{0 , 3, 8 ,15, 24 , … . }   →  𝑎𝑛 = 𝑛2 − 1 

Example 3: which of the following sequences converge or diverge, then find the limit of each 

convergent sequence: 
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1- 𝑎𝑛 =
−5

𝑛2
  

 𝐿 =  lim
𝑛→∞

𝑎𝑛 =   lim
𝑛→∞

 
−5

𝑛2
 = −5 lim

𝑛→∞
 

1

𝑛2
= −5 (

1

∞2
) = −5(0) = 0 → converges from 0 

2- 𝑎𝑛 =
𝑛−1

𝑛
 

 𝐿 =  lim
𝑛→∞

𝑎𝑛 =   lim
𝑛→∞

 
𝑛 − 1

𝑛
 = lim

𝑛→∞
 1 −

1

𝑛
= 1 − (

1

∞
) = 1 → converges from 1 

3- 𝑎𝑛 =
𝑛2−2𝑛+1

𝑛−1
 

𝐿 =  lim
𝑛→∞

𝑎𝑛 =   lim
𝑛→∞

 
𝑛2 − 2𝑛 + 1

𝑛 − 1
 

= lim
𝑛→∞

 

𝑛2

𝑛2⁄  −  2𝑛
𝑛2 ⁄ + 1

𝑛2⁄

𝑛
𝑛2 ⁄ − 1

𝑛2⁄

= lim
𝑛→∞

 
1 −   2 𝑛 ⁄ +  1 𝑛2⁄

1
𝑛 ⁄ −  1

𝑛2⁄
=    

1 −    2 ∞ ⁄  +   1 ∞2⁄

1
∞  ⁄ −   1 ∞2⁄

=
1 − 0 + 0

0 − 0
=

1

0
= ∞

→ diverges (no limit) 

Some rules of limit 

1- lim
𝑛→∞

𝑘 = 𝑘 𝑤ℎ𝑒𝑟𝑒 𝑘 𝑖𝑠 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 

2- lim
𝑛→∞

( 𝑛)𝑘 =  {

1 𝑖𝑓 𝑘 = 0
∞ 𝑖𝑓 𝑘 = 𝑝𝑜𝑠𝑖𝑡𝑖𝑣𝑒 𝑣𝑎𝑙𝑢𝑒
0 𝑖𝑓 𝑘 = 𝑛𝑒𝑔𝑎𝑡𝑖𝑣𝑒 𝑣𝑎𝑙𝑢𝑒

 

3- lim
𝑛→∞

( 𝑘)𝑛 =  { 

0     𝑖𝑓 |𝑘| < 1

∞      𝑖𝑓 |𝑘| > 1
1    𝑖𝑓 𝑘 = 1

 

4- lim
𝑛→∞

√𝑛𝑘𝑛
= 1     for any value of k  

5- lim
𝑛→∞

( 𝑘)
1

𝑛 = 1   for 𝑘 > 0 

6- lim
𝑛→∞

ln 𝑛

𝑛
= 0 

7- lim
𝑛→∞

 (1 +
𝑘

𝑛
)𝑛 = 𝑒𝑘   for any value of 𝑘  

8- lim
𝑛→∞

𝑘𝑛

𝑛!
= 0     for any value of 𝑘  

Infinite series 

An infinite series is the sum of an infinite sequence of numbers and is expressed in the following 

form: 
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∑ 𝑎𝑛 =  𝑎1 +

∞

𝑛=1

𝑎2 + 𝑎3 + ⋯ + 𝑎𝑛 

Where the term (𝑎𝑛) is the nth term. 

 

Examples: 

1- ∑
1

𝑛
=

1

1
∞
𝑛=1 +

1

2
+

1

3
+ ⋯ +

1

𝑛
+ ⋯ 

 

2- ∑ ln 2𝑛 =  ln 2 +∞
𝑛=1 ln 4 + ln 6 + ⋯ + ln 2𝑛 + ⋯ 

 

3- ∑
𝑛

1+2𝑛 =
1

1+21  +∞
𝑛=1

2

1+22 +
3

1+23 + ⋯ +
𝑛

1+2𝑛 + ⋯ 

Convergence and Divergence of Series 

If the sum of infinite series (∑ 𝑎𝑛) converges to a limit value, we say that the series is convergent, 

while when this sum diverges and does not converge to a limit value, we say that the series is 

divergent.  

𝑎𝑛 = 𝑛 + 1 

∑ 𝑎𝑛 diverges to ∞ 

Harmonic series  

The harmonic series is a divergent series with decreasing and positive terms. The form of this 

series is: 

∑
1

n
= 1 +

1

2
+

1

3
+

1

4
+ ⋯

1

n
+ ⋯

∞

n=1

 

The series does not follow from nth term test. The reason it diverges is because there is no upper 

bound for its partial sum. 

P- series  

The P- series is the series of decreasing and positive terms. The form of this series is: 
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∑
1

np
=

1

1p
+

1

2p
+

1

3p
+

1

4p
+ ⋯

1

np
+ ⋯

∞

n=1

 

Where:  p is a real constant  

If    p > 1 → The  p - series is convergent  

If    p≤ 1 → The p - series is divergent   

Example:   ∑
1

n2
=  

1

12
+

1

22
+

1

32
∞
n=1  

                             = 1 + 
1

4
 + 

1

9
 + … 

p = 2 > 1   ∴ convergent  

Example:   ∑
1

n−2 =  
1

1−2 +
1

2−2 +
1

3−2
∞
n=1  

                             = 1 + 4 + 9 + … 

p = -2 < 1   ∴ divergent 

Alternating series  

∑(−1)𝑛+1
1

𝑛

∞

𝑛=1

= 1 −
1

2
+

1

3
−

1

4
+ ⋯ 

∑(−1)𝑛+1
1

𝑛2
=

∞

𝑛=1

1 −
1

4
+

1

9
−

1

16
+ ⋯ 

nth term test  

This type of test is used for detecting the divergent series only. 

1. Determine  an 

2. Take  lim
n→∞

 an                     

3. Check with the theorem  

 If lim
n→∞

an ≠ 0 or it fails to exist, then:  

∑ 𝑎𝑛
∞
𝑛=1 is divergent series  

 If lim
𝑛→∞

an = 0, then the test  is inconclusive 

Example: use   nth -term test to show that the following series is divergent or that the test is 

inconclusive. 

1- ∑ 𝑛2∞
𝑛=1 :       lim

𝑛→∞
𝑛2 =  ∞2 = ∞ ≠ 0       ∴ divergent  

2 – ∑
𝑛+1

𝑛
:∞

𝑛=1   lim
𝑛→∞

𝑛+1

𝑛
=  lim

𝑛→∞
(1 +

1

𝑛
) = (1 +

1

∞
) =  1 ≠ 0  ∴ divergent 
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3-∑ (−1)𝑛+1: lim
𝑛→∞

 (−1)𝑛+1 = (−1)∞+1∞
𝑛=1  

does not exist    ∴ divergent   

4- ∑
𝑛2

𝑛2+3
:∞

𝑛=1 lim
𝑛→∞

 (
𝑛2

𝑛2+3
) =  lim

𝑛→∞
(

𝑛2

𝑛2⁄

𝑛2

𝑛2⁄ + 3
𝑛2⁄

) =  lim
𝑛→∞

(
1

1+
3

𝑛2

) 

                                                 = 
1

1+
3

∞2

=  
1

1+0
= 1 ≠ 0 ∴ divergent 

5- ∑
1

2n :  lim
𝑛→∞

 
1

2n =
1

2∞ =  
1

∞
= 0  ∴ inconclusive ∞

n=1  

6- ∑
n

ln nn+n
: lim  

𝑛→∞
 ∞

n=1
n

ln nn+n
 = lim  

𝑛→∞

𝑛

𝑛𝑙𝑛𝑛+𝑛
 = lim  

𝑛→∞

𝑛

𝑛(𝑙𝑛𝑛+1)
 

                         =  lim  
𝑛→∞

1

ln 𝑛+1
=

1

ln ∞ +1
=

1

∞+1
= 0 ∴ inconclusive 

 

Homework #1 

Exercise 1: Find the first four terms of the following sequences: 

1- 𝑎𝑛 =
(−1)𝑛+1

2𝑛−1
                                        2- 𝑎𝑛 =

𝑛+3

𝑛2+5𝑛+6
 

3- 𝑎𝑛 =
2𝑛

2𝑛+1                                            4- 𝑎𝑛 = 𝑛! − 𝑛2 

Exercise 2: Find the function formula (sequence’s formula) for the nth term of the following 

sequences: 

1- {2 , 6 , 10 , 14 , 18 , … } hint: every other even positive integer 

2- {2 , 5 , 8 , 11 , 14 , … } 

3- {2 ,8 , 18 , 32 , 50 , … }       

4- {
2

1
  ,

4

2
 ,

8

6
 ,

16

24
 ,

32

120
 , … } 

Exercise 3: Find the limit number of the following sequences and which of them is convergent or 

divergent: 

1- 𝑎𝑛 = 2 + (0.1)𝑛                           2- 𝑎𝑛 =  
1−5𝑛4

𝑛4+8𝑛3                      3- 𝑎𝑛 = (1 +
7

𝑛
)𝑛 

4- 𝑎𝑛 =  √10𝑛
𝑛

                                  5- 𝑎𝑛 =  
1+𝑛3

70+4𝑛2                       6- 𝑎𝑛 = (
3𝑛+1

3𝑛−1
)

𝑛

 

Exercise 4: Find the nature of the following series using nth - term test. 

1- ∑ 𝑐𝑜𝑠
1

𝑛
∞
𝑛=1              2 − ∑ 𝑙𝑛

1

𝑛
             3 −  ∑

𝑛(𝑛+1)

(𝑛+2)(𝑛+3)
∞
𝑛=1

∞
𝑛=1   

4 − ∑
𝑒𝑛

𝑒𝑛+𝑛
∞
𝑛=1           5 − ∑

𝑛

𝑛2+3
∞
𝑛=1              6 − (

1

2
+

3

3
+

5

4
+

7

5
) 


