Newiton-Raphson Method

The pipe network can also be analyzed using the Newton—Raphson method, where unlike
the Hardy Cross method, the entire network is analyzed altogether. The Newton—Raphson
method is a powerful numerical method for solving systems of nonlinear equations.

Suppose that there are three nonlinear equations to be solved

F1(Q1, Q2, Q3) =0
F2(Q1, @2, Q3) =0
F3(Q1, Q2, Q3) =0

Adopt a starting solution (Q1, Q2, Q3). Also consider that (Q1+AQ1, Q2+AQZ2, Q3+AQ3) Is the
solution of the set equations that is

F1 (Q1+AQ1, Q2+AQ2, Q3+AQ3) =0
F2 (Q1+AQ1, Q2+A02, Q3+AQ3) =0
F3 (Q1+AQ1, Q2+A02, Q3+AQ3) =0

Expanding the above equations as Taylor’s series

JF1 J0F1 J0F1
F1 + (a—Ql) AQ1 + <6—02> AQ2 + (6_03) AQ3 =0
0F2 0F2 d0F2
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Arranging the above set of equations in matrix form to find AQ1, AQ2 and AQ3

F1 dF1 ar11|AQ1 F17
Q1 Q2 Q3
dF2 dF2 d0F2 —
301 30z ag3 ||AQ2| = - | F2
aF3 aF3 aF3
| 901 9Q2 903

AQ3]  MF3-

Solving the above equations

AQ17 -9F1 OF1 or17~1 [F1°
901 9Q2 dQ3
_ dF2 OF2 OF2
AQz|=—|5; sz oqs| |F2
OF3 OF3 OF3
0Q1 0Q2 0Q3
IAQ3. ) ) LF 3
Knowing the corrections, the discharges are improved
AQ1
ew Q3 old AQ3

The process iIs repeated again until the values of AQi reduce to a very small values.



Example 1. The pipe network of two loops as shown in Figure below has to be
analyzed by Newton Raphson method for pipe flows for given pipe lengths L and
pipe diameters D. The nodal inflow at node 1 and nodal outflow at node 3 are
shown in the figure. Assume a constant friction factor f = 0.02.

Solution =300 m
D1 150 mm
To apply continuity equation for ’ 1 K, « 6628 s*/m® 2
initial  pipe  discharges, the 0&mis
discharges in pipes 1 and 5 equal () Pipeno.
to 0.1 m’/s are assumed. The 3_2105%':'" L,=200m § o
obtained discharges are K, = 4352 s*/m 0";00 g gl Flow dreckon
Q1 =0.1m3s Ky = 33050 5" (1] Loop o,
Q2=0.1m’/s
03=04 m3/s » 0.6 mYs
Q4 = 0.4 m3/s
Q5 =0.1m3/s
The nodal discharge
. OF OF1 OF1 aF, aF1
= - - - + = —_— = — —_—= —_— = _— = — —
F1=-Q1-Q4 -Q5+06=0, l/l;/;‘h 7. 1, aQZOFo, 2o aFo, "o aF1&aQ5 1
—07-02= i OF2 _ 9F; _ 4, 0F2 _ o OFy _ 9Fy _
F2=01-02=0, With o, 1, 2 1,66F03 0'3%* 0 &325 0
= + + — = } 773 73 a3 _ o3 3
F3=0Q2+Q3+Q5-06 =0, With J*=0, J2=1,-2=1 -2=0 & =1
head loss function F4=K5 Q5Q5| - K3 03Q3| - K4 04Q4|
dF, _ 0F, oFy _ 6F4 L OF, _
With S5t =35t=0, 7t = ~2K31Q3l, 2K41Q41 & 5t =2K5Q5|
F5=K1QI|Q1| + K2 02Q2| - K5Q5|Q5|
3 With "FS — 2K1|Q1|, ﬁ-2K2|Q2| aFS —0,%5_0& 25— _2 K505

904 aQs
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With initial valuesof Q1 = 0.1, Q2 =01, Q3 =04, Q4 =04, Q5 =0.1, the

matrix IS:
AQT
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AQ4
AQS5
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All details of the solution are explained in the following table

\ Newton Raphson Method | Example 1

|Pipoeno.| L | f | D | Ri | Ki
Pipe 1 300 [002] 015 | 0 | 6528542
Pipe 2 200 [002] 01 0 |33050.743
Pipe 3 300 [002] o1 0 | 49576.114
Pipe 4 200 [002] 015 | 0 | 4352361
Pipe 5 360 [002] 01 0 |59491.337

lteration 1 Matrix of Derivatives Inverse Matrix AQ
Q1 01 |F1| 000 -1.00 0.00 0.00 -1.00 -1.00 -0.0437/| 0.8806 | 0.49724 | 1E-05 | 6E-05 0.11227
Q2 01 |F2| 000 1.00 -1.00 0.00 0.00 0.00 -0.0437 -0.1194 | 0.49724 | 1E-05 | 6E-05 0.11227
Q3 04 |F3| 000 0.00 1.00 1.00 0.00 1.00 0.0727 | 0.0891 | 0.17194 | -2E-05 |-1E-05 -0.17023
Q4 04 | F4 |-8033.64 0.00 0.00 -39660.89 | -3481.89 | 11898.27 -0.9273|-0.9109 | -0.82806 | -2E-05 | -1E-05 -0.17023
Q5 01 |F5]-199.12 1305.71 | 6610.15 0.00 0.00 -11898.27 -0.029 | 0.0303 | 0.33081 | 8E-06 |-5E-05 0.057957

lteration 2 Matrix of Derivatives Inverse Matrix AQ
QL |021227[F1 | 0.0 -1.00 0.00 0.00 -1.00 -1.00 -0.0314| 0.8678 | 0.35741 | 2E-05 | 4E-05 0.010503
Q2 |021227|F2 | 0.0 1.00 -1.00 0.00 0.00 0.00 -0.0314 | -0.1322 | 0.35741 | 2E-05 | 4E-05 0.010503
Q3 [0.22977|F3 | 0.00 0.00 1.00 1.00 0.00 1.00 0.0594 | 0.1029 | 0.32304 | -3E-05 |-2E-05 -0.0358
Q4 | 0.22977 | F4 |-1362.86 0.00 0.00 -22782.53 | -2000.11 | 18794.16 -0.9406 | -0.8971 | -0.67696 | -3E-05 | -2E-05 -0.0358
Q5 | 0.15796 | F5 | 299.04 277162 | 14031.33 0.00 0.00 -18794.16 -0.0281| 0.0293 | 0.31955 | 1E-05 |-2E-05 0.025302

lteration 3 Matrix of Derivatives Inverse Matrix AQ
Q1 0.2228 | F1 | 0.00 -1.00 0.00 0.00 -1.00 -1.00 -0.0304 | 0.8668 | 0.3467 | 0.0000 |0.0000 0.0018
Q2 0.2228 | F2 | 0.00 1.00 -1.00 0.00 0.00 0.00 -0.0304 | -0.1332 | 0.3467 | 0.0000 |0.0000 0.0018
Q3 0.1940 | F3 | 0.00 0.00 1.00 1.00 0.00 1.00 0.0551 | 0.1075 | 0.3729 | 0.0000 |0.0000 -0.0016
Q4 0.1940 | F4 | -31.05 0.00 0.00 -19232.42 | -1688.44 | 21804.62 -0.9449 | -0.8925 | -0.6271 | 0.0000 |0.0000 -0.0016
Q5 0.1833 | F5 | -33.72 2908.76 | 14725.60 0.00 0.00 -21804.62 -0.0246 | 0.0257 | 0.2804 | 0.0000 |0.0000 -0.0001




lteration 4 Matrix of Derivatives Inverse Matrix AQ Qnew
Ol | 02245 |FL| 000 200 | 000 000 | -100 | -100 0.0302| 0.8666 | 0.3440 |0.0000 (0.0000] | 0.0000 0.2245
02 | 02245 [F2| 000 100 | -100 0.00 000 0.00 0.0302{ -0.1334 | 0.3440 |0.0000 (0.0000] | 0.0000 0.2245
03 | 01923 |F3| 000 000 | 100 1.00 000 1.00 00548 | 0.1077 | 0.3754 |0.0000 [0.0000 | 0.0000 01923
Q4 | 01923 |F4| 0.4 000 | 000 |-1907L77 | -167434 | 2178909 | [-0.9452|-0.8923 | -0.6246 |0.0000 (0.0000] | 0.0000 01923
05 | 04831 |F5| 0.2 203162 | 1484132 | 0.0 000 |-21789.09 | |-00246| 00257 | 0.2806 |0.0000[0.0000| | 0.0000 01831
lteration 5 Matrix of Derivatives Inverse Matrix AQ Qnew
Ol |02245 [F1| 000 400 | 000 000 | -100 | -100 0.0302| 0.8666 | 0.3440 |0.0000(0.0000] | 0.0000 0.2245
02 | 02245 |F2 | 000 100 | -100 0.00 000 0.00 0.0302{ -0.1334 | 0.3440 |0.0000 (0.0000] | 0.0000 02245
03 |01923 [F3| 000 000 | 100 1.00 000 1.00 00548 | 0.0077 | 0.3754 |0.0000 [0.0000 | 0.0000 01923
Q4 | 01923 |F4 | 000 000 | 000 |-1907153 | -167432 | 2178959 | [-0.9452|-0.8923 | -0.6246 |0.0000 (0.0000] | 0.0000 01923
05 | 01831 [F5| 000 203160 | 1484121 | 0.0 000 |-2178959 | |-00246|0.0257 | 0.2806 |0.0000[0.0000 | 00000 01831




Example 2: Re solve example 3 considering a pump located at pipe 4 with

Hp =250-04Q—-0.10Q2

The nodal discharge
FI=FC=-Q1+Q2 +0Q6=0
F2=FD=-Q2+Q3-08=0
F3=FE=-Q03+Q4-05=0
F4=FG=+05-Q7+Q8-015=0
F5=FF=-0Q6+Q7-015=0

head loss functions

F6=+kyQ4|Q4| + k3Q31Q3] + k2Q2]1Q2] + k1Q1|Q4| + 20
-(250 — 0.4|Q4]| — 0.1 Q%)

F7 =-k3Q2|Q:| + kgQg|Qg| + k;Q7|Q7] + keQ4lQ6|

F8= —k3Q3|Q3| + ks Qs5|Qs| — kgQg|Qg|

The derivatives are
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- dF, dF, OdF, OF, 0F, 0F; dF, 0F, 1"

rAQ17 dQ1 0Q; 0Q3 0Q4 0Qs5 Q4 Q7 0Qg F1-
dF, dF, dF, OF, dF, oF, aF, dF,

AQ2 0Q; 0Q; 0Q3 9Q, Q5 Qs 0Q; 3Qg F2
dF; OF; OF; OF; dF; OF3; dF; OF,

AQ3 3Q; 0Q; 9Q; 0Q4 Qs 9Qs0Q; 0Qg F3
oF, OF, OF, OF, dF, OF, dF, 9F,

AQ4 | 9Q1 9Qz 9Q3; 9Q4 0Q50Q63Q; Qs F4
205 =—| 9F; OFs OFs OF; OF; dF OFs OF -
0Q, 0Q; 0Q3 0Q4 3Q5 0Q,9Q; dQg
AQ6 6F6 6F6 6F6 6F6 6F6 6F6 6F6 6F6 F6
dQ1 0Q; 0Q3 0Q4 Qs Qs Q7 0Qg
AQ7 dF, dF, OF, OF,dF, dF, aF, dF,| |F7

0Q1 0Q; 0Q3 0Q40Qs5 0Q¢ 0Q; 0Qg F8
LAQ8 0Fg 0Fg 0Fgy 0Fg30Fg 0Fg 0Fg 0Fg| %
10Q, 0Q; 0Q3 0Q,0Q5 0Qs 0Q; 0Qg.

With initial valuesof Q1 = 0.6, Q2 =05, Q3 =06, 94 =09, Q5=0.3, Q6=0.1,
Q7=0.25 & Q8= 0.1 the matrix Is:
-1

AQ1 - 1100 0 1 00 0
AQ2 0 —-1100 0 0-1 0
AQ3 00 —-11-1000 0
AQ4| 0 0 0010-11 0
AQS |~ 0000 0 -110 0
AQ6 120 500 + 240 180.58 0 0 0 0 84.441
AQ7 0 —500 0 0 0 60 200 60 —94
1AQ8] 0 0 —-240 0 240 0 0 —601 L —39



All details of the solution are explained in the following table

Newton Raphson Method

Pipoe no. P':Jl;:?ign L f D Ri Ki Example 2
Pipel |  [—| -— | -—- 100 100
Pipe2 | || e | e 500 | 500
ppe3 [ |- — | — 200 | 200
Pipe 4 1 || e | - 100 | 100
Pipe5 | [ -— | -—- 400 400
Pipe6 | || e | e 300 | 300
Pipe7 | || - | - 400 400
Pipe8 | = |ee| e | e 300 | 300
Iteration 1 Matrix of Derivatives Inverse Matrix
Q1 06 |FL| 000 -1.00 | 1.00 | 0.00 | 000 | 000 | 1.00 | 000 | 0.00 -0.80|-0.50|-0.30| -0.51 | -0.73 |0.00{0.00
Q2 05 |F2| 000 000 | -1.00 | 1.00 | 000 | 000 | 000 | 000 | -1.00 0.07 [-0.21{-0.11| -0.15 | 0.02 {0.00{0.00
Q3 06 |F3| 000 000 | 000 | -1.00 | 1.00 | -1.00 | 0.00 | 0.00 | 0.00 0.10(0.31(-0.15| 020 | 0.12 {0.00{0.00
Q4 09 |F4| 000 000 | 000 | 000 | 000 | 1.00 | 0.00 | -1.00 | 1.00 0.20(050(0.70| 0.49 | 0.27 0.00{0.00
Q5 03 |F5| 000 000 | 000 | 000 | 000 | 000 | -1.00 | 1.00 | 0.00 0.10(0.19(-0.16| 0.29 | 0.15 {0.00{0.00
Q6 01 |F6 | 84.4410 120.000 | 500.00 | 240.00| 180.58 | 0.00 | 0.00 | 0.00 | 0.00 0.13 [-0.29{-0.20| -0.37 | -0.75 {0.00{0.00
Q7 025 |F7| -94.00 0.00 |-500.00| 0.00 | 0.00 | 0.00 | 60.00 |200.00| 60.00 0.13 [-0.29{-0.20| -0.37 | 0.25 |0.00{0.00
Q8 01 |F8| -39.00 000 | 000 [-240.00] 0.0 |240.00| 0.00 | 0.00 | -60.00 0.03 [-0.48(-0.04| 0.35 | 0.10 {0.00{0.00
Iteration 2 Matrix of Derivatives Inverse Matrix
Q1 059421 [F1| 000 -1.00 | 1.00 | 000 | 000 | 000 | 1.00 | 000 | 0.00 -0.81(-0.48{-0.29| -049 | -0.71 [0.00{0.00
Q2 037706 [F2 | 0.00 000 | -1.00 | 1.00 | 0.00 | 000 | 0.00 | 000 | -1.00 0.10 [-0.29{-0.15| -0.21 | 0.00 |0.00{0.00
Q3 051154 |F3 | 0.0 000 | 000 | -1.00 | 1.00 | -1.00 | 0.00 | 0.00 | 0.00 0.11(0.36(-0.17| 023 | 0.15 |0.00{0.00
Q4 0.89421 | F4 0.00 0.00 0.00 | 0.00 | 0.00 1.00 | 0.00 | -1.00 1.00 0.19]1052(0.71| 051 | 0.29 |0.00/0.00
Q5 0.38267 |F5 | 0.00 000 | 000 | 000 | 000 | 000 | -1.00 | 1.00 | 0.00 0.08(0.15(-0.12| 0.27 | 0.14 |0.00{0.00
Q6 0.21715 | F6 | 9.1290 118.842 | 377.06 | 204.62|179.42| 0.00 | 0.00 | 0.00 | 0.00 0.09 [-0.19(-0.13| -0.28 | -0.72 {0.00{0.00
Q7 036715 |F7 | 241 0.00 |-377.06| 0.00 | 0.00 | 0.00 |130.29|293.72| 80.69 0.09 [-0.19(-0.13| -0.28 | 0.28 |0.00{0.00
Q8 0.13449 [F8 | 081 000 | 000 [-204.62| 0.00 |306.13| 0.00 | 0.00 | -80.69 0.01(-0.35(-0.02| 0.45 | 0.15 |0.00{0.00




lteration 3
Q1 057717 |F1 | 0.0
Q2 037083 |F2 | 0.00
Q3 050325 |F3 | 0.00
Q4 087717 |F4 | 0.00
Q5 037392 |F5 | 0.00
Q6 0.20633 | F6 | 0.0913
Q7 035633 | F7 | 0.06
Q8 013241 |F8 | 0.2

lteration 4
QL 057696 |F1 | 0.00
Q2 0.37080 |F2 | 0.00
Q3 050316 |F3 | 0.00
Q4 087696 | F4 | 0.00
Q5 037380 |F5 | 0.00
Q6 0.20616 | F6 | 0.0000
Q7 0.35616 | F7 | 0.00
08 0.13236 | F8 | 0.00

Matrix of Derivatives Inverse Matrix AQ Qnew
-100 | 1.00 | 0.00 | 000 | 0.00 | 1.00 | 000 | 0.0 0.81]-049]-029] -0.49 | -0.71 [0.00{0.00{0.00] | -0.0002 05770
000 | -1.00 | 1.00 | 000 | 000 | 0.00 | 000 | -1.00 0.10{-0.29]-0.15| -0.21 | 0.01 [0.00/0.00/0.00 0.0000 0.3708
000 | 000 | -1.00 | 200 | -1.00 | 0.00 | 000 | 0.00 0.11]036]-017] 023 | 015 |0.00/0.00/0.00| | -0.0001 05032
000 | 000 | 000 | 000 | 100 | 0.00 | -L.00 | 1.00 0.19]051[071| 051 | 029 |0.00/0.000.00| | -0.0002 0.8770
000 | 000 | 0.00 | 000 [ 0.00 | -100 | 100 | 0.00 0.08]015[-0.12| 027 | 014 |0.00/0.00/0.00| | -0.0001 0.3738
115.433 | 370.83| 201.30 176.01| 000 | 000 | 000 | 000 0.09]-020{-0.14] 0.28 | 0.72 ]0.00/0.00/0.00| | -0.0002 0.2062
000 |-37083] 0.00 | 000 | 000 |123.80|285.07| 79.45 0.09]-020{-0.14| -0.28 | 028 |0.00/0.00/0.00| | -0.0002 0.3562
000 | 000 |-201.30] 000 [299.14] 0.00 | 000 | -7945 0.01]-035]-0.02] 045 | 014 ]0.00/0.00/0.00] | -0.0001 0.1324

Matrix of Derivatives Inverse Matrix AQ Qnew
-100 | 1.00 | 000 | 000 | 0.00 | 1.00 | 000 | 0.0 0.81]-049]-029] -0.49 | -0.71 ]0.00/0.00/0.00 0.0000 05770
000 | -1.00 | 1.00 | 000 | 000 | 0.00 | 000 | -1.00 0.10{-0.29]-0.15| -0.21 | 0.01 |0.00/0.00/0.00 0.0000 0.3708
000 | 000 | -1.00 | 200 | -1.00 | 0.00 | 000 | 0.00 0.11]036]-017] 023 | 015 |0.00/0.00/0.00 0.0000 05032
000 | 000 | 000 | 000 | 100 | 0.00 | -L.00 | 1.00 0.19]051[071| 051 | 029 |0.00/0.00/0.00 0.0000 0.8770
000 | 000 | 000 | 000 [ 0.00 | -100 | 100 | 0.00 0.08]015[-012| 027 | 014 |0.00/0.00/0.00 0.0000 0.3738
115.391 | 370.80| 201.26 [ 17597 | 0.00 | 000 | 0.00 | 000 0.09]-020{-0.14| 0.28 | -0.72 ]0.00/0.00/0.00 0.0000 0.2062
000 [-37080] 0.00 | 0.00 | 000 |12369|284.93| 79.42 0.09]-0.20{-0.14| -0.28 | 0.28 |0.00/0.00/0.00 0.0000 0.3562
000 | 000 [-201.26] 0.00 |299.04] 0.00 | 000 | -7942 0.01]-035]-002| 045 | 0.4 ]0.00/0.00/0.00 0.0000 0.1324




Example 3. For the piping system shown below, determine the flow distribution

and piezometric heads at the junction J using Newton Raphson method of
solution

Solution

head loss function
F1=Q01+ Q2-03
head loss function

F2=+k;Q,|Q;2| — k1Q4|Q4| + 40 . v Ts}n
F3= — k3Q3|Q3| — k2Q2|Q2| + 15 J \ C
The derivatives are 3
Fy _ OFy _ OFy _ Pipe | L(m) | D (m) f 2K,
001_1' Q> 1& Q3 1
1 1500 0.3 0.01
zﬂ=—2K1|Q1| —-ZKZIQZI, jﬂ=o
¢ @ 2 | 1500 | 0.3 0.01
Zﬂ -0, - _2x2102|, 0F3 — —2K3|Q3] 3 |1500 | 0.3 | o0.01
Q1 Q>

From Res. A to Junction j
— hgy = K, Q1% - hyy = 510.042 Q1% =70 - hj
— hj=70 — 510.042 Q1> =70 —510.042(0.2685)* = 33.230 m




Solving the above equations such that :

AQ1] -9F1 9F1 or17~1 [F1°
0Q1 0Q2 2Q3
_ |ar dF2 dF2
AQZ2| = —|7a 302 ags| [F2
9F3 oF3 oF3
001 0Q2 0Q3
AQ3 - - LF3.
rAQ1T _ 4 [FT
1 1 —1
AQ2|=—|—2K1|Q1| 2KZ|Q2| 0 F?
0 —2K2|Q2] —2K3|Q3|
|AQ3. ' - LF3l

Assuming initial pipe discharge in pipes, Q1=0.2, Q2=0.2 & Q3=04.

AQ1 _ 1 o

1 1 1
AQ2|=—|-204.02 204.02 0 40

0 —204.02 —408.03
[AQ3! ' ~ l-g7.01.




All details of the solution are explained in the following table

Newton Raphson Method

: Pump : :
Pipoeno. | o ciion| & | D Ri Ki Example 3
Pipe 1 1500/ 0.01 | 0.3 0 |510.042
Pipe 2 1500 0.01 | 03 0 [510.042
Pipe 3 1500 0.01 | 03 0 [510.042
lteration 1 Matrix of Derivatives Inverse Matrix AQ Qnew
Q1 0.2000 | F1 | 0.00 1.00 | 1.00 | -1.00 0.4000 | -0.0029 | -0.0010 0.0323 0.232
Q2 0.2000 | F2 | 40.00 -204.02] 204.02| 0.00 0.4000 | 0.0020 | -0.0010 -0.1637 0.036
Q3 0.4000 | F3 |-87.01 0.00 [-204.02| -408.03 -0.20001 -0.0010 | -0.0020 -0.1314 0.269
lteration 2 Matrix of Derivatives Inverse Matrix AQ Qnew
01 0.2323 | F1 | 0.00 1.00 | 1.00 | -1.00 0.1209 | -0.0037 | -0.0004 0.0388 0.271
Q2 0.0363 | F2 | 13.14 -237.01| 37.01 | 0.00 0.7745| 0.0033 | -0.0028 -0.1065 -0.070
Q3 0.2686 | F3 |-22.47 0.00 |-37.01 | -274.02 -0.1046 | -0.0004 | -0.0033 -0.0676 0.201




lteration 3 Matrix of Derivatives Inverse Matrix AQ Qnew
QL [02712 | FL | 0.00 1.00 | 100 | -1.00 0.1609(-0.0030 | -0.0008 |  |-0.0025| | 0.269
Q2 [-00702|F2 |-0.01 276.60| 7158 | 0.00 0.6219( 0.0022 | -0.0030 |  |-0.0093| | -0.080
Q3 {02010 | F3 | -3.09 000 |-7158|-20502 | |-0.2171|-0.0008 | -0.0038 | |-0.0118] | 0.189
lteration 4 Matrix of Derivatives Inverse Matrix AQ Qnew
QL |0.2687 [FL | 000 1.00 | 100 | -1.00 0.1724{-0.0030| -0.0009 |  |-0.0002| | 0.269
Q2 [-00795|F2 |-0.05 27409/ 81.12 | 0.00 0.5826 | 0.0021 | -0.0030 0.0000{ | -0.080
Q3 [0.1892|F3 |-003 000 |-81.12(-19297 | |-0.2449|-0.0009 | -0.0039 |  |-0.0001| | 0.189
lteration 5 Matrix of Derivatives Inverse Matrix AQ Qnew
QL |0.2685|FL | 000 1.00 | 100 | -1.00 0.1725{-0.0030 | -0.0009 0.0000{ | 0.269
Q2 [-00795|F2 | 0.00 27392/ 81.10 | 0.00 0.5825| 0.0021 | -0.0030 0.0000{ | -0.080
Q3 [0.1890 | F3 | 0.00 000 |-81.10-192.82 | |-0.2450-0.0009 | -0.0039 0.0000{ | 0.189

Note that for Q2= - 0.0795, it means that the flow must be in the opposite direction




Example 4. For the piping system shown below, determine the flow distribution and
piezometric heads at the junction J using Newton Raphson method . Power = 20 Kw

Solution

The nodal discharge
FI=Q01+Q2-03
head loss function
F2=k;Q,1Q2| — k1Q1|Q4| + 98|Q = 20

F3= —k3Q3|Q3| — k2Q2|Q2| + 15

The derivatives are

OFy _ OF; _ OFy _

0Q1 L 0Q2 1 & Q3 1

1 50 0.15 0.02 2

dF, 20 an an =
a0, = 2K11Q1| ——=5, J°=2K2|1Q2|, 5= 0 2 | 100 | 0.10 | 0.015 1
oF oOF oF 3 300 0.10 0.025 1
oF3 _ or3 _ _ 93 _ _
201 =0, 20, 2K2(0Q2], = —2K3|Q3|

Forpipel Z1+ H,= h¢q + H;

2
10 +98Q1—1414 517Q1° + H; » H;j= 10 +9SQ1

15 _ 20 _ 2_
=10 + 98200538 1414.517 (0.0538)“=43.839 m

—1414.517 Q12




Solving the above equations such that :

AQ1] -9F1 aF1 ar11~1 [F1]
Q1 a2Q2 Q3
_ JdF2 dF2 dF2
AQZ| = —|551 302 303 F2
oF3 oF3 oF3
Q1 0Q2 303
ar03] L o Aps.
TAO 17 Skl
Q 1 1 1 -1 [F1
20
p02| = —|-2K1l011- 2 2Kz|Q2] 0 -
0 _2K2102| —-2K3|Q3|
a3t 1 3l

Assuming initial pipe discharge in pipes, Q1=0.05, Q2=0.05& Q3=0.1.

AQ17 _ 70
1 1 -1

AQ2|=—|—957.78 1322.44 0 50. 34
0 —1322.44 —12559.28

|AQ3. ' - |l-646.03-




All details of the solution are explained in the following table

Newton Raphson Method

. Pump . .

Pipoeno. {5 e | L f D Ri Ki Example 4

Pipe 1 65| 002 | 015 0 |14145174

Pipe 2 07] 0015 | 01 0 |13204429

Pipe 3 4] 005 | 01 0 |62796412

lteration 1 Matrix of Derivatives Inverse Matrix AQ Qnew
QL | 00500 [F1| 000 100 | 100 | -1.00 05554 | -0.0005 | 0.0000 |  |-0.0052] | 0.045
Q2 | 00500 [F2 | 5034 957.78 | 132244 | 0.00 04022 | 0.0004 | 00000 |  |-0.0418] | 0.008
Q3 | 01000 |F3 | -646.03 000 |-132244 |-12559.28|  |-0.0424] 0.0000 | -0.0001 |  |-0.0470| | 0.053

lteration 2 Matrix of Derivatives Inverse Matrix AQ Qnew
QL | 00448 [F1| 000 100 | 100 | -1.00 0.1547 [ -0.0007 | 0.0000 00137| | 0.058
Q2 | 00082 [F2 | 2360 114358 | 21601 | 0.0 08188 | 0.0007 | 0.0001 |  |-0.0368| | -0.029
Q3 | 00530 |F3 | -162.06 000 | -21601 |-6652.25| |-0.0266] 0.0000 | -0.0001 |  |-0.0232] | 0.030




lteration 3 Matrix of Derivatives Inverse Matrix AQ Qnew
QL | 00585 [FL1| 0.0 100 | 100 | -1.00 04527 |-0.0007 | -0.0001 |  |-0.0042| | 0.054
02 |-0027 [F2| -081 76226 | 75839 | 0.00 0.4551| 0.0006 | -0.0001 |  [-0.0032| | -0.032
Q3 | 00298 |F3 | -29.90 000 | -75839 |-374291| {-0.0922(-0.0001 | 00002 |  [-0.0073| | 0.022
lteration 4 Matrix of Derivatives Inverse Matrix AQ Qnew
QL | 00543 [FL| 0.0 100 | 100 | -1.00 0.4337|-0.0007 | -0.0002 |  |-0.0005| | 0.054
Q2 |-00318 [F2| 004 84628 | 84175 | 0.00 0.4361] 0.0005 | -0.0002 |  [-0.0005| | -0.032
Q3 | 0025 [F3| -326 000 | -841.75 |-2819.83 | {-0.1302(-0.0002 | 00003 |  [-0.0010| | 0.021
lteration 5 Matrix of Derivatives Inverse Matrix AQ Qnew
QL | 00538 [FL| 0.0 100 | 100 | -1.00 0.4310|-0.0007 | -0.0002 | 00000 | 0.054
Q2 |-00323[F2| 000 85725 | 85560 | 0.00 04318] 0.0005 | -0.0002 | 00000 | -0.032
Q3 | 00215 [F3| -0.06 000 | -855.60 |-2694.22 | {-0.1371(-0.0002 | 00003 | [0.0000| | 0.021
lteration 6 Matrix of Derivatives Inverse Matrix AQ Qnew
QL | 00538 |FL| 0.0 100 | 100 | -1.00 04309 -0.0007 | -0.0002 |  |0.0000| | 0.054
Q2 |-00324|F2| 000 85749 | 85584 | 0.00 0.4318] 0.0005 | -0.0002 | 00000 | -0.032
03 | 00214 [F3| 0.0 000 | -855.84 |-2691.82| {-0.1373[-0.0002 | 00003 | [0.0000| | 0.021

Note that for Q2= - 0.0324, it means that the flow must be in the opposite direction




Note that : Another assumption

If the direction of flow was assumed as follows :
Then the solution will take the following form.

Solution

The nodal discharge
FI1=Q1-Q2-Q3
head loss function
F2=-k;Q,|Q;| — k1Q1|Q4| + 98|Q i 20

F3= — k3Q3|Q3| + k2Q,|Q,| + 15

The derivatives are

O _ o O L o OF_ 4 Pipe | L(m) | D(m) | f YK,
Q1 =~ 9Q2 903
1 50 | 0.15 | 0.02 2
an 20 an an
e = —2K11Q1] -5, T2=-2K21Q2|, 52 =0
Q4 AT T 02| 2 100 | 0.10 | 0.015 1
001 Q>
Forpipel Z1+ H,= h¢q + H;
2 . 2
10 +98Q1_ 1414.517 Q1> + H; » H;j= 10 +98Q1 1414.517 Q1
19 =10 + —=  — 1414.517 (0.0538)2= 43.839 m

9.8 x0.0538




Solving the above equations such that :

AQ11

AQ3.

Assuming initial pipe discharge in pipes,

AQ2

AQ2| =

AQ1

AQ3.

_AQl_
AQ2| =
AQ3.
1
—2K1|01| —
0

1

—486.99
0

-9F1
901
0F2
Q1
oF3
901

20
Y Q12

-1 -1
—1586.93 0
1586.93 —5023.71

dF1
902
0F2
Q2
oF3
902

-1

-2 K2|Q2|

+2K2|Q2| —-2K3|Q3|

aF17~1

903
0F2
aQ3
J0F3
aQ3

-1
0

F1-

F2

F3.

—61.34

.—37.87-

_Fl_

F2

| F3

Q1=0.1, Q2=0.06 &Q3=0.04.




All details of the solution are explained in the following table

Newton Raphson Method

Pipoe no. PF())usri]':iF())n L f D Ri Ki Exam ple4
Another Assumption

Pipe 1 65 0.02 0.15 0 1414.5174

Pipe 2 107 0015 0.1 0 13224.429

Pipe 3 304 0025 0.1 0 62796.412

lteration 1 Matrix of Derivatives Inverse Matrix AQ Qnew
Q1 0.1000 | F1 0.00 1.00 -1.00 -1.00 0.7123 | -0.0006 | -0.0001 -0.0416 0.058
Q2 0.0600 | F2 | -61.34 -486.99 | -1586.93 | 0.00 -0.2186 -0.0004 | 0.0000 -0.0259 0.034
Q3 0.0400 | F3 | -37.87 0.00 | 1586.93 |-5023.71 -0.0691 | -0.0001 | -0.0002 -0.0157 0.024

lteration 2 Matrix of Derivatives Inverse Matrix AQ Qnew
01 0.0584 | F1 0.00 1.00 -1.00 -1.00 0.4769 | -0.0007 | -0.0002 -0.0046 0.054
Q2 0.0341 | F2 -5.26 -763.68 | -902.20 | 0.00 -0.4037 -0.0005 | 0.0001 -0.0019 0.032
Q3 0.0243 | F3 -6.65 0.00 902.20 |-3049.95 -0.1194 | -0.0002 | -0.0003 -0.0027 0.022

lteration 3 Matrix of Derivatives Inverse Matrix AQ Qnew
Q1 0.0538 | F1 0.00 1.00 -1.00 -1.00 0.4301 | -0.0007 | -0.0002 0.0000 0.054
Q2 0.0322 | F2 0.16 -858.42 | -851.88 | 0.00 -0.4334 -0.0005 | 0.0002 0.0001 0.032
Q3 0.0215 | F3 -0.42 0.00 851.88 |-2705.62 -0.1365| -0.0002 | -0.0003 -0.0001 0.021

lteration 4 Matrix of Derivatives Inverse Matrix AQ Qnew
Q1 0.0538 | F1 0.00 1.00 -1.00 -1.00 0.4309 | -0.0007 | -0.0002 0.0000 0.054
Q2 0.0324 | F2 0.00 -857.48 | -855.84 | 0.00 -0.4318/ -0.0005 | 0.0002 0.0000 0.032
Q3 0.0214 | F3 0.00 0.00 855.84 |-2691.84 -0.1373] -0.0002 | -0.0003 0.0000 0.021

Note that the solution is just needs to 4 Its. Only to provide the same results.




