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Higher Order Differential Equations

Linear differential equation of order n in standard form
Y™ + P (0)y® D + P (0)y TP + P )y + - Py ()Y + Bu(X)y = R(x)
Linear differential equation of order n with constant coefficients
agy™ + a;y® Y + a;y P + azy™I + a1y’ +any = R(x)
Where
ag, A4, Ay, ... .... Ay, = constant

General Solution—Homogeneous Equations

Let y4,v,, ... y,, be a fundamental set of solutions of the homogeneous linear nth-order differential

equation

agy™ +a;y™ ™ + azy ™D + azy™ 4 an 1y’ +azy =0

Then the general solution of the equation on the interval is

Y =C1Y1 +CYp T C3Y3 T C4Ys t . CpVn

General Solution—Nonhomogeneous Equations

the general solution of the equation on the interval is

Y=Yct+
Y. = the solution of homogenouse DE (coplementary solution)

Yp = particular solution

Example 1. Solve the y"" —6y" + 11y’ — 6y =0 m?—SmL6
Solution moL |m-mt A=
m” —m2
y"—6y"+11y' -6y =0 —5m? + 11m — 6
m3—6m?2+11lm—6=0 —5m? 4 5m
6m — 6

Ezj em—=6

0




Mustansirigah University-Collgge of €nginggering
Pepartment of Civil Engingering
Sgeond Stage - Engingering nalysis

By trial and error, we get m, =1
We will divide the characteristics by (m-1) to find the other roots
hence

mi—6m?+1lm—-6=(m—-1)(m?>-5m+6) =0

m1=1
m?—5m+6=0

(m-2)(m-3)=0

m2=2
m3:3

y = ce* + c,e?* + cze3*

Example 2: Solve the y"’ — 6y + 11y’ — 6y = 2e*
Solution

Complementary solution

y'"—6y"+11y' -6y =0
m3—6m?+1lm—-6=0

mi—6m?+2m+3=(m—-1)(mM?-5m+6)=0

m1=1
m2:2
m3:3

Y. = c1e* + c,e?* + cze3*
particular solution
yp = Axe*
y'p = Ae* + Axe”
y'p = Ae* + Ae* + Axe* = 24e* + Axe*

y'", =2Ae* + Ae* + Axe™ = 3Ae* + Axe*

[
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Substitute in the main equation
y" —6y" +11y' — 6y = 2e*
(34e* + Axe*) — 6(24e* + Axe*) + 11(Ae* + Axe*) — 6(Axe*) = 2e*
3Ae* —124e* + 114e* = 2¢e*
24e* = 2¢e*
A=1
Vp = xe*
Y=Y+ W

y = ce* + ce?* + cze3* + xe*

Example 3. Solve the "' +y =1
Solution

Complementary solution

y"'+y=0
m3+1=0

mi+1=m+1)M?>*-m+1)=0
m; =-—1

Or

(m*-m+1)=0
1 1
mym; =5 |(3) -1
1
m1»m2=§i

V3 \/§>

1
y. = ce ¥ + e2* <c1 cos —- x +c, sin7x

[T
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particular solution

Yo =
Yp=0
Y'p=0
y"p=0
Substitute in the main equation
y'+y=1

0+4A=1 A=1
yp:]-
Y=Yt

L V3 V3
y=ce "+ ez clcos7x+c251n7x +1

The Euler-Cauchy differential equation

A linear differential equation of the form,
apgx™y™ + qx™ 1y 4 q,x" 29 (=2 4 g xy' +a,y =0
with a, a4, ... a,, constants is called the homogeneous Euler-Cauchy equation of order n.

to solve this differential equation, we assume that
z = In|x|
dz 1

dx  x

dy dy dz

dx  dz dx

dy dy 1 1 dy
d’y d*’y dz 1 dy( 1

az az axx Tz 2

y
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d’y d*y 11 dy 1

ot ()

dx? dz? x'x dz° x?

d’y 1 (d?y dy )
dx 2 - x 2 "EE mEw w
For the second order homogeneous Euler-Cauchy differential equation

ax?y" + bxy' +cy =0

Let
z = In|x|

1 d?y dy 1 dy
2 —(—— = —_ — =
ax <x2(d22 dz>+bx<x'dz)+c'y 0
d’y dy\ . dy
a(P—E)-FbE-FC.y—O
am?—m)+b(m)+c=0
amm—1)+b(m)+c=0

So, the following relationships are used with the Euler-Cauchy differential equation
x%y =1
xy'=m
x%y" =m(m—1)
x3y"" =m(@m—1)(m - 2)
x*y"" =m@m —1)(m — 2)(m — 3)
And so on

Example 1. Solve the x%y" +xy' —y =x

[T

Complementary solution
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2,17

x*y"+xy'—y=0
Let
z = In|x|
mm—-1)+m—-1=0
m?>—1=0 m=+1
Yo = c1e% +ce”?

Ve = Clelnx + Cze—lnx

+C2
=C{X —
Ve 1 .

particular solution

x“y' +xy'—y=
d?y
az V=
Vp = Aze”

Vp = Ae? + Aze?

y'p = 2Ae” + Aze”

d?y ;
az YTe
24e? + Aze? — Aze? = e*
24 =1
4= 1
)
yp = Aze?
1
Vp = —ze?
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X
yp = 5Inx

Y=Yt
= cpx + 24 2]
y=ox+ - 2n|x|

Example 2. Solve the x3y""" + xy' —y = x*

z = In|x|
Complementary solution
x3y" +xy' —y=0
mm—-1)(m—-2)+m—-1=0

m3—-3m?+3m—-1=0
(m-1)3=0
my,my,,ms =1

Y. = c1e? + c,ze? + c3z%e”

y. = c;e™* + ¢, Inx e™* + c;(Inx)%e!™*
Y, = ¢1x + cxInx + c3x(In x)?
particular solution

d3y 3d%?y 3dy
_ v — (pZ)4
dz3 dz? * dz 7 )

d3y 3d*y 3dy »
dz3 dz? iz 7 "¢
yp = Ae*?
y'p = 4Ae*
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y', = 64Ae??

Substitute in

d’y _d?y _dy »
dz3_3dzz+3a_y_e

64Ae*? — 3(16Ae*?) + 3(44e*?) — Ae?? = e

1
27A 4z _ L4z A=—
e e - 27
yp = Ae*”
1 1 x*
— o4z _ — L4lnx _
W =57¢ T27° 27
Y=Yt

4

X
y =cx + cxInx + c3x(Inx)? + -

Applications of Second-Order Differential Equations

We consider the motion of an object with mass at the end of a spring that is either vertical (as in
Figure 1) or horizontal on a level surface (as in Figure 2). In Section 6.5 we discussed Hooke’s Law,
which says that if the spring is stretched (or compressed) units from its natural length, then it exerts

a force that is proportional to.

restoring force =- kx
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FIGURE I

where kis a positive constant (called the spring constant). If we ignore any external resisting forces
(due to air resistance or friction) then, by Newton’s Second Law (force equals mass times

acceleration), we have

d?y
)

dZ

y
—+ky=0
mdt2 Y

This is a second-order linear differential equation. Its auxiliary equation is

mri+k=0
k
re+—=0
m

r’+wi=0

r = twyl

=y
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Where

here w, is angular frequency of vibration
Thus, the general solution is

Y = €1€0S wqot + c,SIn wyt
which can also be written as

y = Acos (wot — P)

or
y = Asin (wyt + §)
Where
A=.ct+cE A-amplitude
€1
arctanp = —
C2

EXAMPLE 1 A spring with a mass of 2 kg has natural length 0.5 m. A force of 25.6 N is
required to maintain it stretched to a length of 0.7 m. If the spring is stretched to a length
of 0.7 m and then released with initial velocity 0, find the position of the mass at any
time f.

SOLUTION From Hooke's Law, the force required to stretch the spring 1s
k(0.2) = 25.6

so k = 25.6/0.2 = 128. Using this value of the spring constant k, together with m = 2
in Equation 1, we have
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d?y
mﬁ + ky =0
d?y

2—=+128y =0
dt? Y

y = ¢1 cos 8t + ¢, sin 8t
att=0 y=02mandv=y' =0
0.2 = ¢4 cos 8(0) + ¢, sin8(0)
c; =0.2
y' = —8c; sin 8t + 8¢, cos 8t

0 = —8c¢; sin8(0) + 8¢, cos 8(0)

c;, =0
y =0.2cos 8t
Angular frequency o, = 8 rad/sec
Natural frequency = % (cycle/sec = Hz)

8
Natural frequency = o= 1.27Hz

-.= Damped Vibrations

We next consider the motion of a spring that is subject to a frictional force (in the case of
the horizontal spring of Figure 2) or a damping force (in the case where a vertical spring
moves through a fluid as in Figure 3). An example is the damping force supplied by a

shock absorber in a car or a bicycle.
We assume that the damping force is proportional to the velocity of the mass and acts

in the direction opposite to the motion. (This has been confirmed, at least approximately,

by some physical experiments.) Thus

d J =—Cc —
amping force c &

where ¢ is a positive constant, called the damping constant. Thus, in this case, Newton’s

Second Law gives
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d’y rori + dami " dy
mdt2 = restoring force amping force = —ky —c It
d’y . y
Maez - YT e
d’y  dy
mﬁ+ca+ky—0

second-order linear differential equation and its auxiliary equation is

mri4+cr+k=0

—c + ¢t — dmk —c — /¢t — dmk
= F: =
2m 2m

We need to discuss three cases.

OSEL © ¢* = dmk > 0 (overdamping)
In this case r, and r, are distinct real roots and

S Since ¢, m, and k are all positive, we have /e = dmk < c, so the roots r, and r; given by
Equations 4 must both be negative. This shows that x — 0 as f — =, Typical graphs of
x as a function of ¢ are shown in Figure 4. Notice that oscillations do not occur. (It's pos-
sible for the mass to pass through the equilibrium position once, but only once.) This is

yt because ¢* > 4mk means that there is a strong damping force (high-viscosity oil or grease)
\ compared with a weak spring or small mass.
\
~ A s SENL ¢ = dmk = 0 (critical damping)
| " This case corresponds to equal roots
FIGURE 4 . ¢
rn=r=——
Overdamping 2m

And the solution is

_c, _c,
y =c.e 2m 4+ cyte 2m

_C,
y = (¢ +cpt)e 2m

CASENN © ¢* — 4mk < 0 (underdamping)
Here the roots are complex:

Since ¢z = —cy, this gives 12c‘lr= ).6 01ft‘|+——\/@lﬂﬂ,—'l"¢1%{efore
1,2 — 5 __LXr— 5
’ 2m 2m

x = 0.05(e™* — & '%)
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Cc

(-=)e Vakm — c? Vakm — c?
y =e\ 2zm)"|AcoS——t + Bsin——t

2m 2m

EXAMPLE  Suppose that the spring of Example 1 is immersed in a fluid with damping
constant ¢ = 40. Find the position of the mass at any time 7 if it starts from the equili-
brium position and is given a push to start it with an initial velocity of 0.6 m/s.

SOLUTION From Example 1 the mass is m = 2 and the spring constant is £ = 128, so the
differential equation (3) becomes

d*y  dy
b= +ky=0
mdt2+cdt+ y

d?y dy
2—= 4+ 40—=+128y =0
dt? + dt + Y

d?y dy
—— +20—=+64y=0
dt? dt Y

r24+20r+64=0
r+4)(r+16)=0
r=—4 or r=-16

y =ce™ + ce 16t

att=0 y=0 and v=y' =0.6 m/sec

0 =c.e®+ cye’

[
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(o5} + Cy = 0 ST |
y' = —4ce — 16c,e71%

0.6 = —4c,e® — 16c,e°

0.6 ES _4‘C1 - 16C2 T ....2
Cl = 005
Cy = _005

y = 0.05e~% — 0.05e 716t

HR e .
m Forced Vibrations

Suppose that, in addition to the restoring force and the damping force, the motion of the
spring is affected by an external force F(¢). Then Newton's Second Law gives

da’? . .
m —E = restoring force + damping force + external force

dt ,
dy dy
— 7 - _ —Cc—24+F
mdt2 ky Cdt+ 0 COs wt
d’y  dy
mﬁ+ca+ky=F0coswt

d’y cdy k F,
T Ty = t
dt2+mdt+my mcosw

d’y c¢d F,
—y+——y+w§y =2 coswt
m

dt? mdt

If the w = wyand ¢ = 0, the solution will be

d? F,
£y, wiy = Eocos wot

dt?

Y=Yt
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d?y
F+w%y=0

r’+w=0

T, = twyl
Y. = Acoswyt + B sinwyt
Now we will find the particular solution
Yp = €1t cos wyt + ¢t sinwyt
y’p = €1 COS Wyt — wot Sinwyt + ¢, Sinwyt + wg ¢t cos wt
Yy = —wicit cos wot—w§c,t sinwot 4+ 2woc, €os wot — 2wocy Sin wgt

Substitute in the main equation

—a)(z)clt cos wot—w(z)czt sin wot + 2wq ¢, cos wyt — 2wpcq Sin Wt
2 _ Fycoswyt
+ wg (¢t cos wot + ¢yt sinwot) = ———
m
_ Fy cos wyt
2woCy COS Wt — 2w(Cq Sin Wyt = ——
m

C1=0

FO FO
20)0CZ=_ CZ
m

2wom

Yp = €1t cos wyt + ¢t sinwyt

Yp = 0 xtcoswyt + Zanth sin wyt
Yp = al t sinwyt
2wom
Y=Yt

[
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) 0 )
= Acoswyt + Bsinwot + ——t sin w,t
y 0 0 D wm 0

If the w # wyand ¢ = 0, the solution will be

F
y = Acoswyt + Bsinwyt + 20 —~t sinwt
m(wy — w*)
If the w # wy and ¢ # 0, the solution will be
d’y  dy
mﬁ+ca+ky = Fy coswt

d’y cdy k F,
——+— y=—coswt
m

dtz 'mdt  m

dz_y id—y w2 —icoswt
dt2  mdt oY=

The complementary solution

according to the three cases

Ye = C1Y1 + C2)>




Mustansirigah University-Collgge of €nginggering
Pepartment of Civil Engingering
Sgeond Stage - Engingering nalysis

The particular solution

Yp = Acoswt + B sinwt
y'p = —wAsin wt + wB cos wt
y"', = —w?A cos wt — w?Bsin wt

Substitute in the main equation

C F
y”+ay’+w§y =Eocoswt

c
(—w?A cos wt — w?B sinwt) + — (—wA sin wt + wB cos wt)

F,
+ wg (A cos wt + B sin wt) = Eocos wt

wcF,
A=
[k — mw?]? + w?c?
B - [k — mw]F,

[k — mw?]? + w?c?
Using a little trigonometry, we can rewrite this as
yp = C cos(wt — )
C =A% + B2
Fo

C =
\/[k — mw?]? + wc?

A _ B
cos P = c sing = c
Fo
Vp = cos(wt — P)

\/[k —mw?]? + w?c?

[
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Wo
= t l = —
fn = natural frequency >

HW

1. A spring with a 3-kg mass is held stretched 0.6 m beyond its
natural length by a force of 20 N. If the spring begins at its
gquilibrium position but a push gives it an initial velocity of
1.2 m/s, find the position of the mass after 1 seconds.

L. A spring with a 4-kg mass has natural length 1 m and is main-
tained stretched to a length of 1.3 m by a force of 24.3 N. If the

spring is compressed to a length of (L8 m and then released
with zero velocity, find the position of the mass at any time £

3. A spring with a mass of 2 kg has damping constant 14, and a
force of 6 N is required 1o keep the spring stretched 0.5 m

beyond its natural length. The spring 15 stretched 1 m beyond

its natural length and then released with zero velocity. Find the
position of the mass at any time [,

4. A spring with a mass of 3 kg has damping constant 30 and
spring constant 123,

(a) Find the position of the mass at time rif it starts at the
equilibrium position with a velocity of 2 m/s.

(b) Graph the position function of the mass.

5. For the spring in Exercise 3, find the mass that would produce
critical damping.

. For the spring in Exercise 4, find the damping constant that
would produce critical damping.
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1.

10.

1.

A spring has a mass of 1 kg and its spring constant is & = 100.
The spring is released at a point 0.1 m above its equilibrium
position. Graph the position function for the following values
of the damping constant ¢: 10, 13, 20, 25, 30. What type of
damping occurs in each case?

A spring has a mass of 1 kg and its damping constant is

¢ = [0 The spring starts from its equilibrium position with a
velocity of 1 m/s. Graph the position function for the following
values of the spring constant &: 10, 20, 25, 30, 40. What type of
damping occurs in each case?

Suppose a spring has mass m and spring constant & and let

w = /k/m. Suppose that the damping constant is 50 small
that the damping force is negligible. If an external force

Flr) = Fycos wot is applied, where wy # @, use the method
of undetermined coefficients to show that the motion of the
mass 15 described by Equation 6.

As in Exercise 9, consider a spring with mass m, spring con-
stant &, and damping constant ¢ = (), and let w = /k/m.

If an external force Fir) = Fycos wi is applied (the applied
frequency equals the natural frequency), use the method of
undetermined coefficients to show that the motion of the mass
is given by x(r) = ¢ cos et + c2sin et + (Fo /(2mow)) sin wr.

Show that if ey, # w, but w/e, is a rational number, then the
motion described by Equation 6 is periodic.
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Equivalent spring:

| SERIES | PARALLEL

: =
k1 k2§ k3
. |
% k3

Kgqu == Kl —+ Kz + Kg

1 _ 1 1 1
Kequ B lI(l Kz KE

Equivalent spring constant of beams

Spring Force = K x A .
PL3 h ¥ .
P=K
48E1 :
K = L3 7
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Spring Force = K x A 5
P=K il
= *
3EI l
K = ﬁ _______h___h“‘h—-h__ ﬁ
L3 —
| L |
[ 1
p

Spring Force = K *x A

p—k «PY 1_
= * —
P 3El

|8
<
L S
3EI | S’
P {
3EI
Kequ = L_3 + K

Example 1: Find the natural frequency of the system

t_t.1

Kequ 2K K,

1 K, +2K
Kequ 2K1K,
2K, K,

Kogu = ————
" K, + 2K,

wo = [—
07 m

2K, K,

o = | K2 2K _ 2K1K2
o~ m — |m(K, + 2K;)
w1 2K1K?2

f= 2 2m m(K, + 2K;)
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Conservation of Energy

Newton’s law is not always the most convenient way to setup the differential equation that describes
the behavior of the mechanical system. Sometimes this is most easily done by using the principle of

the conservation of the energy. The following are the ones most commonly encountered.

1. The kinetic energy of a body or a mass moving with velocity v is given by the following

formula

KE = = mv? = 1my”?
=5 mv® =5my

2. The kinetic energy of a body of moment of inertia (I) rotating with angular velocity w is

given by the formula

The kinetic energy of pulley is

3. The potential energy (PE) stored in spring is
PE = lky2
2
4. The potential energy of a mass (m) when it is moved
PE = mgy

The energy method depends on the following fact

KE + PE =C
If differentiate both sides

d
—(KE +PE) =0

[
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Example 1. A mass of 1 kg is suspended by a spring passing over the pulley as shown if fig. The
system is supported horizontally by a spring of stiffness (k-1000 N/m). Determine the natural

frequency of vibration of a system using the following data

d
— (KE + PE) =0
7; (KE + PE)

1
KE of mass = =my'?
f 2 y Mass of pulley=10 kg

Raduis of pulley=50 mm

1
KE of pulley = ZmRZH’2
1
PE of spring = Ekx2
d (1 ’2+1MR29’2+1k )—0
ac\z™ Ty 2 )=
d (1 (RO')? + 2 MR?6" + 2 k( 9)2) _
ac\2™ 4 2 B
1
mR20'9" + EMRZH'H" + kr?00' =0

1
mR2%0" + EMRZH” +kr?0 =0

1
(mR® + 5 MR*)6" + kr?6 = 0

., kr?
0 1 6=0
mR?2 +§MR2
kr? T k
(UO = ==
R? +%MR2 R m+%M

f Wy r k 0.35 1000 _ 144 le/
n == cycle/sec
2w 2mR | %M 2m(0.5) |4 _|_

[
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Example 2: A cylinder of mass 1 kg and radius (1 m) connected by two springs at a height of (0.5
m) above the center as shown in fig. The cylinder rolls without slipping. If the spring constant is

(30 kN/m) for each spring, find the natural frequency (f;,) of the system.

1 1/1 \
KE ofpulleyzzlﬁ’2 =§(EmR2+mR2)6’2 =Y

KE of pulley = ZmRZH’2

1 1
PE of spring = =kx? = 2 =k(1.50)? = 2.25k0?
9773 2

i(ﬁmRZH’2 + 2 25k92> =0
dt \4 '

Z*ZmRZG’G” +2%2.25k00" = 0

3
EmRZH’H” + 4.5k60" = 0

3
5(1)(1)29” + 4.5 * 300000 =0

8" +900000 =0
w3 = 90000
wo = 300 rad/sec

=200 477 eyl
n=o =5 = .7 cycle/sec

Example 3. Find the natural frequency of the following system by using the energy method
d (KE+PE)=0
dt B

1
KE of mass = Emy’2

4 R

2
1 1 ! 1
KE ofpulleyzzMRzH’2 = — MR? (y_) =ZMy’2

, 1, 2_1 21, 5
PE ofsprmg=§kx =§k(y) =Eky
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d(l ’2+1M’2+1k2)—0
FTAVEEAIIEE AR Lo A Ay

1
mylyll + EMny” + kyyl — O

1
my" +§My” +ky=0

1
<m+—M)y”+ky=0

2
"+ k 0
y y =
(m+7M)
) k k
(1)0= 1 (1)0=
m+§M m+7M
Wy 1 k
fn:ﬁ o m+1M
2

Example 4. Find the natural frequency of the following system by using the energy method

Ll s s

1 1
KE of mass = Emy’2 = E(m + M)y’

2
1 1 ! 1
KE of pulley = ZMRZQ’2 =2 MR? (%) = ZMy’2

1 1
PE of spring = =kx? = =k(2y)? = 2ky?
973 2

d
— (KE + PE) =0
7; (KE + PE)

d(l( + M) ’2+1M "2 4+ 2k 2)—0
dth y 4 y Y )=

1
(m+M)y'y" + EMy’y” + 4kyy' =0

1
(m+M)y" + EMy” +4ky =0
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3
<m+—M)y”+4ky =0

2
- 4k .
y TV =
(m+5M)
4k 8k
wp = 3 :2m+3M
(m+5m)
~ 8k
@ = 19m+3M
wy 1 8k
fn =

T 2r 2mlZm+3M

Example 5. Find the natural frequency of the following system by using the energy method

1W o

_1 2 _
KEofmass—zmy =337
LLLL
KE of pull (4W)—116’2—1(14WR2) AN
of pulley =319 =307 B)\%) =5
) | =}
1 1/12W y' w AW
KE lley W =—19'2:_(__R2> ) = —y?
of pulley W) =7 AVIFREIAV 29” —
k
] _1 2_1 2_1 ) A AN,
PEofsprmg—Ekx —Ek(y) —Eky 7
d KE + PE 0 7
7t ¢ ) =
d (W W 1w 1
a2 a2 T 2 —k2=0
dt(gy +2gy +2gy +2 y)

2 Ky’y” + Ky’y” + Ky’y” +kyy' =0
g g g

22X W W ky = 0
g g g

4W "+ k 0
-y Y=
g

g
"4 = ky=0
Y+ ky
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, gk 1 |gk

0= aw Po=7 w
_wo 1 |gk

fn_Zn_4n w

Example 6: Find the natural frequency of the following system by using the energy method. The

bar is of uniform cross section and of weight (W) b W T
1 12 k
KE ofmass=zmy =0
1
1 1/MIL? W2
KE of bar ==10"? =-|— |02 = ——0'" e s
2 2\ 3 69 «=—

N | 12 Pa? 2
KEOf(P) :EIH =§(Ma )6 =EH

1 1 2
PE of spring = Ekx2 = Ek(LH)2 = ?kH

d
— (KE + PE) =
dt( +PE)=0

d (WI? Pa? L?
0'? + —0"? +?k92 =0

dt 6g 29
W2 Pa? ,
0’0" + —0'0" + L2k6O' = 0
39 g
W2 Pa? ,
— 0" +—0" +12k6 =0
39 g
WL P ke = 0
39 g
0" —sz 0=0
Twrr pa? "
39 g
, L%k
a)o = WLZ P_az (UO =
39 g
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Wy 1
fn-Zn_Zn WL?  Pa?

HW

Find the natural frequency of the following system by using the energy method for the following
systems

DDA

Mass of pulley=10 kg M

Raduis of pulley=50 mm

A

v

r' Y

A\ 4
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Column Buckling

A column is a straight bar is subjected to a compression axial load. A column can fail due to
buckling( Large lateral deflection) before the compressive stress in the column reach its allowable

(vield) value.

ok

T //I5 77 /I.u-.lE 77 !//g 77
r ! f !
P P P

Consider a hinmged-thimgéd columrrofdelreth “1.” andrsubjdutedtdo axial lodd«®-Hwte assume that

the column became slightly bent.

M = —Py
d?y

El—2 = —P
dx? Y
d?y

El—+ Py =0
dx2+ Y

A general solution for the differential equation is

EIm?+P =0
2. 2y S
e T m==x gt

=4 P + B si P
y=Acos | x sin_ [

Use the boundary conditions

At x=0 y=0

0=A4 PO+B' PO A=0
=Acos |5 sin_ | =
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y=Bsin |—x

At x=L y=0

0 =Bsi PL
= Bsin |-

The constant B cannot be zero because that is trivial solution which means that the column will not

be buckling, thus

] PL—O PL— P nm
S El- - El L

PG (e

The smallest critical load for the column is obtained when n = 1

B 11\ 2 _m? Per Per

Pcr_<7) El = T EI

whenn = 2 VL : L
(2 4 7

P —2”2E1—4 il El ' )| L

-=(T) B =4(5 )&
gL

when n = 3 11 v | L
1 : 3

P.. = 3T[2E1—9 n El

Cr_(f) —\1z P, P.,
=2 n=3

If hinged-fixed column of length “L.” and subjected to axial load “P”,

The differential equation is

d?y
El =5+ Py = —Rx
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the solution is

complementary solution
d 2

Y P
El—+ Py =
dx2 +Py=0

=A P + B si P
Yo = Acos |orx sin_ | X

Particular solution

il E

Yp=a T
Y'p =0 ?
Substitute in the main equation Fixed-Pinned
El dz_y + Py = —Rx

dx?

EI(0) + P(c1x + ¢c;) = —Rx

P(cix +c¢;) = —Rx
C0=0 PC1=_R 1= ——=
Yp = C1X + ¢,
__K +0
The general solution is

Y=Yc+ W

=A L e+ Bsin |ox— 2
y=4Acos | x Sin_ =% = 5X

Use the boundary conditions

At x=0 y=0

— Acos |=-x +Bsin |=x —~
Yy = ACOS E]x Sin E]x PX
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0=A4 P0+B' PO RO
=Acos | sin_ | P
A=0

At x=L y' =0

e [P R

y = Bsin |mrx—5x
P P R
O T R -y
o_s|? P, _R
PRI EI" TP
Let 1= | £

&A= El

R

0 =BAcosAL ——
cos 2

B = R
" PAcosAL

R P R
X—=Xx

y:P/'lcos/lLsm El P

At x=L y=0

o= % an Pl Ry
~PacosAL " |EI" TP

0= R inAL RL
_P/lcosALsm P

0= R inAL RL
_P/lcosALsm P

mSll’lAL —L = O

tanAL—AL =0
AL = tan AL
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by trial and error

AL = 4.493

AL = PL
~ |EI
4,493 = PL
T |EI

P
4.493)? = —?
(4.493)" = -

b 20.1912
~ EI
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Simultaneous Linear Ordinary Differential Equations

1-Substitute Method.

Convert the system into a single linear differential equation and then solve it by using the methods

developed in earlier lectures.

Example.1 Determine the general solution of y and z

2y+z' =e¥ i 1
Y =2Z2=14%X i 2
1
z==-@' —x—1) .3
2
I __ 1( r 1) 4
2 =50

Substitute 4 in 1

1
23’+§(}’”—1)=€x
y'"'+4y =2e*+1

Complementary solution

y'+4y =0
m?2+4=0
m= 12i

Y. = Acos2x + B sin2x

Particular solution
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y”p = (,e”
y"'+4y =2e*+1
Clex + 4(Clex + Cz) = Zex + 1

5C1€x + 4‘C2 = Zex + 1

C—Z c—l
175 274
2 1
Yo =5ty
Y=Yt

2 1
y=Acost+Bsin2x—|—§e"+Z

Substitute the y’ in equ.3 to get the solution of z

2
y' = —2Asin 2x + 2B cos 2x + gex

_ 1 —x—1)
Z—Ey—x

1 2
Z=E(—2A51n2x+ZBc052x+§ex—x—1)

Asin2x + B 2+1x1 !
z = —Asin 2x cos2x +gef —ox—5

2-D-Operator Method

Depending on Cramer method, we can solve the simultaneous linear differential equations:

Example.1 Determine the general solution of y and z

5y' =2z +4y—z=e*......1
y'+8y—3z=5e* .........2

Yy
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By using the D-operator, we can rewrite the equations as follows

GD+4)y+(-2D—1)z=e"%......1
D+8)y+(-3)z=e"........2

(5D +4) (=2D—1) —x
(D J:L 8) (-3) ] B] - [5ee—x]

e*  (=2D-1)

_se> (=3) _ —3e™—(-2D—-1)(5¢7%)
Y=1GD+4) (-2D—1)| —3(5D +4) — (=2D — 1)(D + 8)
(D +8) (-3)

—3e™*+ (2D + D(Se™) _ —3e~* +2D(5e™¥) + (1)(5e ™)

y:

2DZ+2D — 4 2DZ+2D — 4
B —3e™* —10e * + 5™~ _ —8e™*
Y= T 2p?+2D—4  2D2+2D—4

(2D? + 2D — 4)y = —8e™*

2y" +2y' —4y = —-8e™*

—-X

y'+y' —2y=—4e

Complementary solution
y'+y' —2y=0
m2+m—2=0
(m+2)(m—-1)=0
my,=1,-2
Ve = c1e* + c,e” %

particular solution

Vp = Ae™
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—-X

Yy, =—Ae

—-X

yllp — Ae

—-X

y'+y' —2y=—4e

(Ae™) + (—Ae™) — 2(Ae ™) = —4e™*
—2(Ae™) = —4e™*

—2A=-4 A=2
yp =2e7*
Y=Yt

y =ce* + e + 2e7*

(5D +4) e*

(D+8) 5e*
(5D+4) (=2D—-1)
| (D +8) (=3)

or we can find the solution of z by depending on the second equation

y' +8y—3z=5e"% ........2

1
7z = §(y’ + 8y —5e7%)

y' = ce* —2c,e”?* — 2e7*

1
z= §(clex — 2c,e7%% — 2e7* + 8(c,e* + ce 7 + 2e7¥) — 5e7¥)

1
z = §(c1ex — 2c,e7% —2e7* 4+ 8cie* + 8c,e” 4+ 16e7¥ — 5e7¥)

z =3c,e* +2c,e”* +3e7*

[
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Applications of Simultaneous Linear Differential Equations

Example.1 Two tanks are connected as shown in Fig. 1. The first tank contains (100 gal) of pure

water, the second contains (100 gal) of brine containing (2 Ib) of salt per gallon. Liquid circulates

through the tanks at a constant rate of (5 gal/min). If the brine in each tank is kept uniform by

stirring, find the amount of salt in each tank as a function of time.

Solution

Tank 1

dy

E = RinKin — RoutKout

dy z y

dt (100) (100)

z y

o |

Y20 20

Tank 2

dz

a = RinKin — RoutKout

dz y z

Zog(2_) -5

dt (100) (100)
Y _Z

zZ = 20~ 20 —1

Tank 1 > gal/min Tank 2
——
V=100 gal — V=100 gal
Pure water 5 gal /min 200 Ib salt
Tank 1 ¢
#
Tank 2
A
#
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2y
Y =20 20"
Y _Z
20 20 2

From equation 1 y' = % — zy_o N z=20y" +7y
, Y Z
20 20
oY 20y +y
20_’)/ + y = E - 20

400y" +40y' =0

II+1 1_0
y 103’—

24 Zn=0
m 1Om—

1
m(m+E)—0
1

ml’z - 0,_E

-t
y =ce’ + ce 10

_1,
y =c+ce 10

To find the solution of z

z=20y"+y

att=02z=200 y=0

_1,
y=c; +cye 10

1
0=c + cze_ﬁ(o) c1+c; =0 ...

-

ZI — zoyll +yl
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——t
Z = (1 — Ce 10

_i(o)
200 = ¢4 —cpe 10 c1—Ccy =200 ........2

¢, =100 c, =—100
_1,
y =100(1—¢e 10°)
_1,
z=100(1—e¢ 10°)

Example.2 Two tanks are connected as shown in Fig. below. The first tank contains initially (100

Liter) of brine contently ( 50 N) salt while the second tank contains ( 100 Liter) brine in which (20

N) salt is dissolved. Find the amount of salt in each tank as a function of time.

A R 8L/mn | Tak2 |
Solution 6L/min ———  Tank1 ﬂ Tank 2
Pure water
Tank 1
dy V=100 Liter —_—— V=100 Liter —_,
E = RinKin — RoutKour 50 N salt 2 L/min 20 N salt
dy y
— =8(0) + 2 8
dt )+ (100) (100)
z 2y

== .......1
Y =507 25
Tank 1
dz
a = RinKin — RoutKout

z
dt (100) (100) (100)
8

dt (100) (100)

, 2 2 )

25}1 25

from equation 1
z=50y" + 4y z' =50y" + 4y’

6 L/min
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Substitute in equation 2

2 2

z = Ey—gz e 2

2 2
50y" +4y' = Ey — E(SOy’ + 4y)

2 8
50y" + 4y —Ey—ély ~7c

6
50y" + 8y’ + =0

g}’

e e 3 —0
Y T25Y TV T
4 3

2 e —_—=
m +25m+625 0

e 2 3) -

3 1

™2 =357 28

_1, _34
Yy =ce 25 4+ cye 25

To get the solution of z we use the equation

z="50y" +4y

r_ 1 —%t 3 —%t
y = o5 ci€e 25C2€

1 _1, 3 _3 _1, _3,
z =50 (—Ecle 25 — g€ 25 )+4<cle 25" + cye 25 )

i, _3 _1, _3, 1 _3;
z = —2cie 25 —6cye 25 +4cie 25 + 4ce 25 =2c1e 25 — 2ce 25

L _3
zZ =2cie 25 —2cye 25

The use the boundary conditions to the c1 and c2
att=0y=50 z=20
Lo _3_
50 =c,e 25" 4+ cye 25
50=c; +c¢,........1

20 = 2c,e 25" — 2c,e 25
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20 == 2C1 - 2C2 ......... 2

C1 = 30 C2 = 20
_1, _3;

y = 30e 25" + 20e 25
_1, _34

z = 60e 25" — 40e 25

Example.3 The system with two degree of freedom shown in figure below. The following initial

conditions are given.

yl y2
---------- > e
y1(0)=1cm  y;(0) =V3k cm/sec
y,(0)=1cm  y5(0) = V3k cm/sec ﬂ—v-w m1 || T E ,M,.FF
QOO0 QOO0

my =m, =1kg

k1=k2=k3=k

Solution

myyy + (ky + ky)y, —kyy, =0
ly/ + (k+ Ky, —ky, =0

yi' 4+ 2ky, —ky, =0 ......1
myy, + (ky +k3)y, —kiy; =0
ly; + (k+Kk)y, —ky; =0

yy +2ky, —ky; =0 .....2

(D% + 2k)y, — (k)y, =0 ......1
(—k)y, + (D*+2k)y, =0 .......2

(D? + 2k) 0|
_ (—k) 0
1T+ 2k (=k)

| (-k) (D2 +2k)
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0
(D24 2k)(D?2 + 2k)y, + k * k

Y1

(D% + 2k)(D? + 2k)y, + k*ky, =0
D4y1 + 4kD2y1 + 3k2y1 = 0
(D* + 4kD* + 3k*)y; = 0 yi'" +4ky +3k*y; =0

m* + 4km? + 3k* = 0
(m? +3k)(m?+k)=0
m?+3k=0 my, = +V3ki
(m?+k)=0 ms, = +Vk i
yi =0 cosV3kt + Cy sinV3kt + C3 cosVkt + Cq sinVk t
att=0 y; =1 and vy, =+v3k
1 = ¢4 cos \/ﬁ(O) + ¢, sin \/ﬁ(O) + c3 cos \/E(O) + ¢4 sin \/F(O)
l=ci+c3 »cz3=1—¢
y'y = —V3kc, sinV3kt + V3kc, cos V3kt — V3kes sinVkt + V3ke, cos Vk t
V3k = —V3kc, sin \/ﬁ(O) +V3kc, cos \/ﬁ(O) — V3kc; sin \/F(O) +V3kc, cos \/E(O)
V3k = \/ﬁcz + \/ﬁc4
1=c+¢cy c,=1-¢,
y1 = ¢; cos V3kt + ¢, sin V3kt + (1—-cy) cosVkt + (1—cy) sinVk t
vy, = ¢4 (cos V3kt — cos \/Et) + ¢, (sin V3kt — sin \/Ft)

yi' +2ky, —ky, =0 ......1
1 143
Y2 = E(yl + 2ky;)

Y1 = ¢4 (cos V3kt — cos \/Et) + ¢, (sin V3kt — sin \/Ft)
yi=¢ (—\/ﬁsin V3kt 4+ Vksin \/Et) +c, (\/ﬁcos V3kt — Vkcos \/Ft)
y"1 = ¢; (=3k cos V3kt + k cos Vkt) + ¢, (—3k sinV3kt + ksinVk t)

1
YV, = E(Cl (—3k cosV3kt + k cosVkt) + ¢, (—3k sinV3kt + ksinVk t) + Zk(c1 (cosV3kt — cosVkt) + ¢, (sinV3kt — sin \/Ft)))
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Then use the boundary conditions for y2 to find the c1 and c2

Example.4 Write the differential equations of the system in fig.1 below

Solution
k2
myyy + (k)ys — kiy, =0
mly{’ + kl)’l - klyz = 0 S | : m2
" y2 |
mzyz + (kz + k3)y2 - kl)’l = O 2 A J
k1
T ml
yl
Y
Example.5 Write the differential equations of the system in fig.1 below
) 1 2 3
Solution L e, AN

myyy + (ky + ky)y, —kpy, =0 .1

kl k2 k3 k4
myyy + (ky + k3)y, —k,y; —ksy; =0 ........2 |—\~W— ml A M2 P aaa—| m3 _\NW—F
QQ0 Q00 Q00

7n3yé’+'(k3 +'k4)}% _'k3y2 =0 ......3

Fourier Series

Fourier series is a way to represent a function as the sum of simple sine wave ( sinx, cosx)

Qo s 21 3n LT . 2m . 3m
f(x) =—=—+a,cos—x + a, cos—x + az;cos—x +..+b; sin—x + b, sin—x + bz sin—x+..
2 P p p P P P

co

a nm - i
f(x)=—+Zancos—x+ansm—x n=123,..
2 p p

n=1

Where 2p = period
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A S

% Y » » _»

S S LLLL

2p

<
<

The Euler Coefficients

To obtain formulas for the coefficients a,, and b,,, we need the following integrals which are valid

for all values of d

d+2p nmw
j cos—xdx =0 n#0
d p
d+2p
j sin—xdx =0 n+0
d p
a+2p mn nm
j cos—x cos—xdx =0 m%n
d p p
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d+2p
2 T —
f cos“*—xdx=p n+0
d p

a+2p nm nm
f cos—x sin—xdx =0
d

a+2p  mp nm
f sin—x sin—xdx =0 m#n
d p p
d+2p nm
f sin?—xdx =p n+0
d p

to find the a,

ao nm o nm
f(x)=7+ancos?x+bnsm?x n=123,.

Integrate the both sides

d+2p d+2pa0 d+2p nm d+2p ni
f f(x)dxzf 7dx+f a, cos—xdx+f b, sin—x dx
d d d p d p

d+2p a,
f f(x)dxz?(d+2p—d)+0+0
d
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1 d+2p
Qo = — f f(x)dx
to find the a,, we will multiply by (cos % x) and integrate the both sides

a+2p mm At g,  mm a+zp mm nm a+2p mm  nm
f(x)cos—xdx = —cos—xdx + a, cos— x cos—xdx + b, cos—x sin—ux dx
d P a 2 P d p P d P P

d+2p mi d+2p mi
f f(x)cos—xdx:0+f a,, cos? —xdx +0
d p d p

d+2p mi d+2p 5 mm
f(x)cos—xdx = a, cos* — xdx letm=n
d p d p

d+2p nm d+2p nmw
f Ji€3) cos?x dx =f a, COSZ?de

da a

fd+2pf( ) nm p jd”p (1+1 2nm Y
x) cos—x dx = a,(=+ =cos—x)dx
d p d 22 p

fd“”f( ) nmw p fd”” (1 N 1 2nm Y
x) cos—x dx = a, (= + =cos—x)dx
d p d "2 2 p

a, =— (x) cos—x dx
"op / p

Now we will multiply by (sin % X) and integrate it to get the b,,

1 d+2p nmw
bn=—f f(x)sin?xdx

Hint.

For even function (b,, = 0)

For odd function (a, = 0,a, = 0)

Example.1 Find the Fourier series for the following periodic function whose defined in one

period is as follows:
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(-1 —1<x<0
f(x)_{l 0<x<1

Solution

2p =2 p=1

1 d+2p 1 1
ag = Z—)L f(x)dx = Tf_lf(x)dx

1(° 11t
ag = Tf (—1dx + Tf (Ddx =0
-1 0

1 0 1 1
ap =5 (=0)1% +3 (O3

1 1
ap = I((—o) —(-(-D)+ I(1 -0) 1 et

ao = 0
T o rar =1 [ fcos xd
a, =— x)cos—xdx == x) cos—x dx
"o p 1), p
3 1[0 . LI 111 . o
an—l_l( )coslxx 10()coslxx
0 1
a, =J (=1) cosnnx dx+J (1) cosnmx dx
-1 0
a, = (——sinnmx)|° +(isinnﬂx)|1
" nm 1 0
1 1 . 1 . 1
an, = (——smnn(O) - (——sm nn(—l))) + (—sm nm(1l) — —sin nn(O))
nm nm nm nm
a, =0

a+2zp nrw 1t nm
bn=—] f(x)sin—xdx=—J f(x) sin—xdx
d P 1), P

1(° o onm 1t onm
b, =Ij_1(—1)smedx+IJ0 (1)51nTxdx

0 1
b, = j (—1)sinnmx dx + j (1) sinnmx dx
-1 0

1 ° -1 !

b, = |—cosnnx| + |—cosnmx
nm 1 Inm

0
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1 1
b, = — (cosnm0 — cos nw(—1)) + — (—cosnml + cos nm0)
nm nm
1
b, = — (2 — 2cosnm)
nm
b, = — n=1305,...

o)

nm
f(x)—70 Z ancos—x+b sm?x)
n=1

co

() =0+ 0 nm N 4 nm
fx)= (cospx nnsmpx)
n=1
(x) = i 4 nr
fx) = nnsm Tx
n=1,3,5,.
(0] 4 .
f(x) = Z —sinnmx
nm
n=13,;5,.

4 4 4 4
f(x) = —sinmx + —sin 3wx + —sin 57x + —sin 7mx + —sin 9x + -
T 3T 5t 7 or

Example.2 Find the Fourier series for the following periodic function whose defined in one

period is as follows:

(0 —3<x<0
f(x)_{x 0<x<1
Solution / / /
2p =4 p=2 —‘3 1 | |
1 d+2p 1 1
a0=—J f(x)dx=—j f(x)dx
bJg 2) ;5

10 1t
aozzf 0dx+§f xdx
-3 0

1 (0 1[x2]"
aozzf 0dx+§7
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o = Ef ) 05 dx = zf_3f(x) cos = x dx

1 (0 nm 1!t nm
a, == 0O0cos—xdx+—=| xcos—xdx
-3 0

2 2 2 2
_1 2x nm 4 nrt 1

an—z Esm— ( n)2 x0

a, = ismn—ﬂx+ 2 nnxl

" nm (n )2 0
1 nm 2 nrt 2

a, :ESIH_-I_ n )2 2 (nT)Z

b, =1fd+2pf(x) sinExdx = lfl f(x)sinExdx
pJ4 p 2)_4 2

1(° nm 1Y  nm
bnz—f Osm—xdx+—f xsin—x dx
3 P 2Jg P

1Y  nm
bnz—f xsin—xdx
0

2

X

b 1| 2x nm N 4 . nm 1

=—|——cos—x +——sin—x
"2 nm 2 (nm)? 271, 1
b | X nm L2 2 nn 1 0

n = ——cos—x —X
nm (71)2 o

2 nr 1 nm

bn = WSIIl?—ECOS?

[00]

f(x)—EO z ancos—x+b sm%rx)

n=1

1 < 2 w2
f(x)=§+2(—51 —+ cos7— )cos

] (nm)? (nm)?

+3 (s

n

. nm
sin—x

s =2 nm

—CoSs—X
nm 2

- -4 | nm
—=sin—x
(nm)? 2

1 mr) .nm

—CO0S—|sin—x

2 2
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Even and Odd Periodic Function

It is possible to take advantage of the symmetry (even or odd) that may be found in the periodic

function to reduce the operation of finding the ( ay, a,,, and by,)

For even functions

b, =0

2 (P
ao =5J;) f(x)dx

prf( ) nm d
a, = — X)COS—Xx ax
" plo p

For odd functions
ao = O

a, =0

2 (P nm
b,, =—J f(x)sin—xdx
pJo p

Example.3 Find the Fourier series for the following periodic function whose defined in one

period is as follows:

f(x) = |x| -1<x<1
Solution

\\ s RN /A\
2p =2 p=1 N PG
The function is even ( b, = 0) B 1 L B

2fp 2 (!
ag = — (x)dxz—f xdx
0 Pof 1),
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1
=1
0

a0:2_

2fpf( ) cos—x d
a, = — X)COS—Xx ax
WA p

2 (! nmw 1
a":IJ. f(x)cosTxdx=2f X cosnmwx dx
0 0

x 1 1
a, =2 Esin nmx + )2 COS NTTX .
—2( ! ! )—_4 =1,35,7
a, = )2 cos nm z) = e n=13,5)7,.

ao = nm . nw
fx)=—+ Z(an cos—x + b, sin—x)
2 n=1 p p

o)

(x) = 1 4 Z nm +0si nm
fx =3 (ancospx smpx)
n=1,3,5,.
I C 4
fx) = > )2 COS NITX
n=13,5,.

Example.4 Find the Fourier series for the following periodic function whose defined in one

period is as follows:

fx)=x —2<x<2

/[ /S

Solution / 3 /

| ; 2
2p = 4 p=2 / / ' —>

The function is odd ( ay = 0,a,, = 0)

b szf( s nm g
= — X)SIn—Xxax
" pl %

Ezj x

Ha

/7

. nm
sin—x

— CO5S—/—/— X
nm 2
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b_Zfz _nnd_fz T
n—zoxsmzx X = Oxsmzx X
b—‘ 2x nm Lt 4 mt 2
n = coOS—Xx (n)z —x

0

= (——cosnmt
n = (~——cosnm)

[00]

nm
f(x)—?o Z ancos—x+b sm?x)
n=1

f(x) = z b, sinn—nx
— p
n=1

( )_i 4 . nm
f(x) = 1( nncosnn) sin 5 X
n=

Half Range Expansions

The Fourier series can be used in many applications, depending on the same idea of symmetry

about the y-axis and about the origin, which was explained previously, and as shown

_,..wlu

\ 4

AN
L
Qriginal Case ) "
T Lot .
L ' A
Assumed Case (symmetry about y-axis) .
. v ' l l .
o T A AN
't L

A
r
v

Assumed Case (symmetry about origin)
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Example.1 Find the half range expansion for the following function

f)=x—-x* 0<x<1

Solution

Firstly, we will solve it by assuming that the function is symmetric about the (y-axis)

b, =0

[ 00 cos ™ xa
a, =— X) cos—x dx
"ol p

2 (! ) nm
an:I_L (x—x)cosTxdx

1
a, = 2f (x — x?) cosnmx dx
0

1

_zx—xz_ Lo L2
an = - sSiInnmx (TLT[)Z cosnmx (TLT[)3 Sin nmx .

—2(0' Mt Lt ) 0+(1_0) 0+0
an = SIn nmt (TlT[)2 cosnrm (nT[)3 Sin nm (TUT)Z COS

1 1

an = 2 (—WCOSTLT[ —_— W)

= (14 cosnm)
a, = ()2 cos nm
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4
a, = _W n= 2,4,6,
ay = nm x — x? COSNTTX
f(x)—? Z ancos—x+b sin—x) +
~ p
o 1-2x %Sin nmx
(x)—?+2ancos—x =
n=l -2 ’ _—1cos nix
o + (nm)?
1 nm
fC) =g Z ZCOSTx 0 ) _—151nmrx
i ”) (an)?
1 00]
flx) = g Z —— COS NTX
n=24
() =2 (1 2rmx + —— cos dmx + 3 cos by + -
fx =7~ 3|z c0s 2mx + 7o cos 4mx + o Cos 61X
The second solution by assuming that the function is symmetric about the origin
ag = 0 , \\
n - 0 1Il \\ [
2 (P . nm \ ) \ '
:E.fo f(x)sm?xdx \ 1 \\-//
_ Zf oy . M J
n =7 O(x x)smlx X
1
b, = Zf (x — x?) sinnmx dx
0 x —x? sinnmx
(x — x?) 1-2x 2 ! ¥
b, = 2 [-———cosnmx + —— sinnmx — —— cos nmx N
nm (nm) (nm) 0 1—-2x o cosnmx
2 2 ~
b =2<O+O— —(0+O——)) S |
n ( Go)? 0 ni) ()3 -2, s
4 8 .
le = —(1 — COS nﬂ:) - n= 1,3,5, . 0 Lcosnn’x
(nm)3 (nm)3 (nm)3

Yy
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[00]

(x)——0 Z ancos—x+b smn—nx)
2 P

n=1

fx) = b, sm—x
13,5,

n=

o

8
f(x) = Z )3 sin nmx

n=1,3,5,.

_ 8 (sin TX N sin3 mx N sinb mx )
f =571 27 125

s Al 038 i o) Al ga Y5 gaball gnall Jon ¥ 5 kaliia pue ()5S Ladie Ly )58 Alulusia slag) L)) 131 Ll
Oy 5o a5 Gl el 3 jham A clin ()55 () 8 (e Alualoiiall 0Ll gpon Sl

T se LSy candl) Jad) e Jad Aol aan g -1

2p = p=1

1 1
= %f_lf(x)dx = %f_l(x —x?)dx

1J1f( ) nr 4
a, = — X)COS—Xx ax
"opl p

1t X nm
anzif_l(x—x)cosTxdx
1
anzf (x — x?) cosnmx dx
-1 a
4P
1Jlf() in""xd |
=— x) sin—x dx !
p -1 p § 4;»
_1j1 () sin="xd |
—1_1fx51n1x X

1
= j (x — x?) sinnmx dx
-1
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S ala) U e Jall JaSi o

JRAL am 50 LS 5 4 jhia A (all A o i o 20 -2

2p =2 p=1

aO:%f_llf(x)dx=J._010dx+f_01(x—x2)dx 4—1,/\

1t nm 1(° nm 1t 5 >
an=—f f(x)cos—xdx=—f Ocos—xdx+—-| (x—x*)cosnmxdx
pJ4 p 1), 1 Loy

b 1f1f(>'"”d 1f1f()'””d
= — X)SInN—Xxdadx = — X)SIn—x ax
n pJ_4 p 1 _1 1

0 1
b, = j 0 sin nmx dx + J (x — x?) sinnmx dx +
-1 0

Jall JaSs a3 (e g

Applications of Fourier Series

1-Deflection of Simply supported Beam.

The differential equations which used here are.

d*y
El W = CI(X) Load
d3y
El i V(x) Shear Force
2y
El T M(x) Bending Moment

The differential equations above would be the beginning to calculate the deflection in the beam by

choosing one after which several sequential integrals would be made to reach the deflection

. And to find the deflection equation of the simply supported beam, as shown in fig.1 and according

to the following boundaries conditions q(x)

beleed b e

M@0)=0 M(L)=0
y@=0 y(@)=0

T~ Y@y T
L

a [
- -

v
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EIyIIII —

EIyIII —

Ely" =

atx =0

b

. nm
n SIHTX

—L b nm 4
—Db,cos—x +c¢
nr " L 1

2

(L>b in"Z x4y x +
—(— sin—x+c;x+c

Ely"=M =0

atx =L EIy"=M=0

2

L . nr
O=_<E> bnSIHT(O)+C1(O)+C2 C2=O
0=—(&) bosin™recl =0
= n Sin I C1 c1 =
Hence
. L\  nm
Ely =_<E> bnsme

3

m'—(L)b T+
y' = () bncos—x+c

4 nm

L
EI =<—) b, sin—x + c3x +
y=\.—) basin-x+csx+c,

atx =0

L
y=0

atx=L y=0

0

(L
nm

0=(—

)

)

4

4

nm

bnsinT0+c30+C4 c, =0
nr

bnsinTL+c3L c3=0

4

El —<L>b . nm
y = - nSlan

L >4 nm

b, sin—x
" L
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So that

2 (L . nm
b":ZJ;) q(x)sme dx

Example.1 Find the deflection equation at any point by using the Fourier series

q(x) = wy

T (]

AN EI = constant JAY
5 _ZfL L _| ZWO(L) nm "
n—LowosmLx x = U cosLx0 ) L .;
2W0 4W0
b, =———(cosnmt —1) =— n =135, ..
nm nm
1 /,L\* . nm
7= i () Basin
_1(L)44W0_n7'[ 4w, LY nm _13c
y=gpl—) osinx =0 (nn)5smLx n=135,..

Example.2 Find the deflection equation at any point by using the Fourier series

7‘?(95):“"0
L I
ni AN = constant 4 _

bn:_.f q(x) sin—x dx - 2z = rant

L), L . L }
. 2 (M am p +2fL0 LT _| ZWO(L) nm (L2
=1 W sin—x dx L), sin—x dx = — coson
by = — 220 (cos ™ 1 =1,2,3
n= (cos2 ) n=1223,..

1 /,L\* . nm
7= gi(m) Busin T3
_1<L)4< 2w, nm 1>_nn
y_EI nm nm (COSZ )Slan
2w, L ( nim 1) . nmw
y = Bl (nm)® (cos > ) ) sin L X
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Example.3 Find the deflection equation at any point by using the Fourier series

2 " . nm |
b = __f q(x) sin—x dx
o eenilll
b 2 fL (PO ) . nm d AN EI = constant
"L, X |sin—T-x dx L
2P, (1 nm
b, = 2o [ sin™ x dx
L2 o
. onm
L ) SlnTx
2P, | xL nmw L\ |
o __COSTx-I_(E) Sme a L nmw
0 1 o
nri L
i 2P, _
b, = 12 —COSNIT = _ECOSnn | | _(L)z -
4 i sin I x
- L . nm
g :E(E> bnSlnTx
_1(L)4( 2P, ),nrr o o N
Y= El\nm o COSTUT | SIN—=x = =~ (nm)5 cos i sin - x
Example.4 Find the deflection equation at any point by using the Fourier series
P
El = constant l
bn=—] Q(X)Sln_x dx E ﬁ_
: | < L/2 "
P
2
2P,
) =L2x 4B
L
b= L
o 2 q
-7 (L) +B B =-P
=25 .
L o nm
X ——= sin—x
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P, 2P, L
q() =—~x—Pp=——(x—2)

2 (Y2 nm 2 (X /2P, L\ nm
bn=zf0 Osme dx+zj;/2(T(x—§))sme dx
5 _ 4P, L< L) L

n =T L/Zx 5 )sin——x dx
\ _4P0< L)(—L nm )_I_(L)Z_nn ‘
n="T7 |\¥ ~3)\-cosx —) sin xL/2

Then complete the solution

Partial Differential Equations

1-

The Wave equation
We will consider a vertical string of length L that has been tightly stretched between two
pointsat x = 0 and x = L
Because the string has been tightly stretched, we can assume that the slope of the displaced
string at any point is small. Further, in most cases the only external force that will act upon
the string is gravity and if the string light enough the effects of gravity on the vertical

displacement will be small. This leads to

9%y
otz Ox? L

A
v

T.
Where q? = 7‘9 = constant

a = velocity of the wave

2-Torsional Vibration of Circular Shaft a%g

0% _ 220 L

otz ¢ ax?

A
v
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G.
Where q? = 7‘9 = constant

0 = twisting angle

3- Heat Flow
,0u _0%u _ ,
acs—=— One — Dimensional Heat Flow
ot 0x?2
,0u 0*u 9d%u _ _
a“-—=—+— Two — Dimensional Heat Flow
at  0x?  0dy?

,0u 0%u N 0%u N 0%u
T ot T oxz T ayz " 922

Three — Dimensional Heat Flow

4- Consolidation Differential Equation

ou_ . 0u One — Dimensional Consolidati

5t = Cm gz ne imensional Consolidation
u_ o O O Two — Dimensional Consolidati

ot = Gz T g wo imensional Consolidation
ou 0%u 0%u 0%u , _ S
Frin Cox 3%z + Cyy a_yz + Cy, 37 Three — Dimensional Consolidation

Method of Separation of Variables

In mathematics, separation of variables (also known as the Fourier method) is any of several methods
for solving ordinary and partial differential equations, in which algebra allows one to rewrite an

equation so that each of two variables occurs on a different side of the equation.

Example.1 Solve the following differential equation

226 2629
=q*— Forall 0<x<L andt >0

otz J0x?



https://en.wikipedia.org/wiki/Mathematics
https://en.wikipedia.org/wiki/Ordinary_differential_equation
https://en.wikipedia.org/wiki/Partial_differential_equation
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The boundary conditions are

6(0,t) =0 Forallt >0
6(L,t) =0 Forall t>0

Initial Conditions

0(x,0) = f(x) 0<x<lL

20

E(x,O)zg(x) 0<x<lL
Solution

Let 0(x,t) = X(x)T(t)

0x

2

0x?

ot
2

o0t2

96 = X'(x)T(t)
0

= X"(x)T(t)
96 = X(x)T'(¢t)

o = X)T"(t)

920,820
otz ¢ ax?
X@)T"(t) = a?X" (x)T(¢)
T”(t) _ ZX”(X)
o ¢ X(x)
T”(t) _
T
T"(t) = uT(t)
T"(t) — uT(t) = 0

mi—u=0
My, = i\/ﬁ
T(x) = c,eVPt + ce Vit

X”(_’X‘) B
X M

2
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a’X"(x) = uX(x)
a’?X"(x) —uX(x)=0
a’m?—u=0

R
a

mq,

Vi

X(x)=czea*+cea”

O(x,t) = X(x)T(t)

S

Vi Vi
0(x,t) = <c3e7x + 046_7") (creVFt + c e ViE)

CaseI. u>0

Vi Vi
O(x,t) = (c367x + c4e_7x) (cieVPt + ce™ViE)

This solution is rejected

Case2: u=0

T"(t) = uT(t)
T"(t) —0T(t) =0
m?2—0=0
m;, =0
T(t) =c; +cyt

ZX”(X) B
x(x) M

a’X"(x) = 0X(x)

a’X"(x) —0X(x) =0
a’m?0=0
mllz - 0

X(x) =c3+ cux
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O(x,t) = X(x)T(t)

0(x,t) = (c3 + c4x)(cq + cyt)
This solution is rejected

Case3: u<o0

T”(t) B
T(x)

T"(t) = —A%T(t)

2

T"(t) + 2°T(t) = 0
m?2+12=0
my, = FAi
T(x) =cycosAt+c,sint

5 Xll(x) B
X(x)

a’X"(x) = —22X(x)

2

a’X"(x) + 12X(x) =0
a’m?+22=0

A
my = ial

A A
X(x) =c3cos—x + cysin—x
a a

O(x,t) = X(x)T(t)

A A
O(x,t) = (c;cosAt + c,sindt) (c3 cos —x +cy sinax>

Now we will use the boundary conditions

6(0,t) =0 Forallt >0
6(L,t) =0 Forall t>0

A A
0(x,t) = (c;cosAt + c,sinlt) <03 cos—x +cy sinax>

A A
0 =(c;cosAt+c,sinAt) (C3 COSEO +c4sin50>
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0=1(c;cosAt+c,sinAt)(c;) 2 ¢c3=0
A
0(x,t) = (c;cosAt +c,sinAt) <c4 sinax>
A
0=(cicosAt+c,sinAt) (c4 sinaL>
int =
c4sma 0

nna
sin—-L=0 »—-L=nm »1=——
a a L

nma

0(x,t) = (c;cosAt+c,sindt)| c, sin%x

nmwa . nma . nmw
0(x,t) = (cl cosTt +c, smTt) (04 sme)

0(x,t) = (01 cosnLLat + ¢, sinmLT—at) (sinnL—nx)

0(x,t) = (sin%x) (cl cosnLﬂt +c, sinm]f—at)

0(x,t) = (sinnL—nx) (An cosnLLat + B, sinmLT—at)

Now we will use the initial conditions

0(x,0) = f(x) 0<x<L
a6
—(x,0) = gx) 0<x<lL
Jt
0(x t)—(A cos@t+B sin@t) (sinEx)
SN L " L L
f(x)—(A COS@O-I-B sin@O) (sinn—nx)
AN L " L L

flx) =4, (sin%x)

According to Fourier series
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A_ZfL()_mt 4
n—LOfxsmLxx

Use the second initial boundary

O(x,t) = (An cos@t + B, sin@t) (sinn—nx)

L L L
69_( nma nnat+B nma nnat)(_ nm )
i n—sin— n ] C0S— sin—-x
(x)—(—A @sin@0+B @COS@O) (sinn—nx)
g =" L "L L L

)

gx) = B"T sinTx
According to Fourier series
g A _ ZJL T
N = Og(x)smLxx
B, = "9 sin ™ xd
n=_— 0g(x)sm [ xdx

Example.Z Find the solution of this problem (torsion)

The boundary conditions are 2| ﬁ : iIS
6(0,t) =0 Forallt >0

6(L,t) =0 Forall t>0 I
Initial Conditions
0(x,0) = x(L — x) 0<x<L
a0
E(x, 0) =0 (initial velocity) 0<x<L
nma nma nm
0(x,t) = (An cosTt + B, sinT t) (sinTx)
xL — x2 sinnL—nx
+
L—2x ’ _—Lcosﬂx
_ nm L

+ ez o X
T +

L3 nmw
3 COS—/—X
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_ZfL()_nn 4
n—LOfxsmLxx

L nm
An=—f x(L — x)sin—ux dx
0 L

2 ‘—i(xL —x2) cosEx +— L (L —2x) sinEx — 2% L—ScosEx
nm (nm)? L (nm)3 L
2 L3 L3
A, = I <2 —(mr)3 — 2% —(nn)3 cos nrt)
4]?2 8172
= W(l —COSTIJT) = (TLT)3

0

n=135,...

L

B, = in— xd
n=_— 0g(x)sm I xdx

0(x,t) = (A cosnL t+ B, smm]fat) (sin%x)

0(x,t) = (An cos mLt_a t) (sin%x)

812 nma = nmw
0(x,t) = WCOSTtsme

8% 1 nma  nmw
B(X't)=?(FCOSTtsme)

a( t)— 17Tat_ 1 +1 37Tat 3n +1 57tat 51 L
X, ( 5C0s——tsin——x + gz cos—— sin—x £3C0S— sin—ux

)
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Example.3 Find the solution of this problem

P . T
The boundary conditions are ! T@=

6(0,t) =0 Forallt >0 /\
6(L,t) =0 Forall t>0 )

Initial Conditions 0 0<x<$
T » ] L 3|
6(x,0)=sian 0<x<lL 96) S
&0 EI'< x<L
( )
O O< <_ >
XS%
(x,0) = g(x) = { L 3.4
F K =g =14a Z<X<Z
3
L 0 ZL < x<L )

O(x,t) = (An cosmLT—at + B, sinmLT—at) (sinnTnx)

2 L . nm sin%x sini—ﬂx
=1 f(x)smedx +
0 - L
T T L nw
2t & nm L e
A, = ZJ smzxsmedx e L2 nm
0 —z-sinpx < _(E) sin——x
L
fL p ( L),n nm +(n)<L>2 T nm +JL m? <L>2.7r L
sin— xsm—x x=|——)sin—xcos—x+ (=) (—) cos—xsin—x — |{—] sin—xsin—xdx
0 nm L L L/ \nm L L), Jo \I?)\nm L L

fL 4 ( L).n nm +(n)<L)2 T onm t
— =|(——])sin— — —)(—) cos—xsin—x
i Sin—x sin— xdx = —)sinpxcos——x+ (7 )(— I I

N L1 m  nm 4
— sin—x sin— xdx
on? L L

fL p L1 g T ( L)_n nm +(n)(L)2 T  nn |
sin— xsm—x x — | —sin—xsin—xdx = |(——)sin—xcos—x + (—)(—) cos—xsin—x
0 ot L L L L L/ \nm L

Jall e

One-Dimensional Heat Equation or Consolidation
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,0u 0%u
C ot T ax2
u(x,t) =X)T(t)
2

ocu
ﬁ =X (X)T(t)

du
— =X)T'(t)

dat
a’?X(x)T'(t) = X"(x)T(t)
,T'()  X"(x)
“To "X
Case 1. u>0
T _
YT TH

a?T'(t) = uT(¢t)
a’T'(t) — uT(t) =0

7
m—u=0 - m=—3

£
T(t) = c ea?

Xll(x) B
x(x) H

X'"(x)—uX(x)=0
mi—u=0 - m= i\/ﬁ
X(x) = cyeVH* + cge‘\/ﬁx
u(x,t) =Xx)T(t)

£
u(x, t) = (cze\/ﬁx + c3e“/ﬁx)clea2t
This solution is rejected

Case2:. u=0

T’ _
T T

T'(6) = 0 T =
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X”(X) B
X(x)

X"(x)=0 X(x) = cx + ¢35
u(x, t) = X(x)T(t)

0

u(x, t) = (cx + c3)¢q

This solution is rejected because there is no effect of time

Case3: u<o0

2 T'(t) _
T(t)
a’T'(t) + A2T(t) =0
—12
a’m+21*=0 m=—-
a
—A2
T(t) = cie a? "
Xll(x) _
X(x)

X"(x)+22X(x) =0
m?+ 1% =0 - m=ztA
X(x) = ¢, cos Ax + c5 sin Ax
u(x,t) =Xx)T(t)

A2
u(x,t) = (c, cos Ax + ¢ sin Ax)c, e a2 t

—A2
u(x, t) = (ky cos Ax + k, sin Ax)e @’

The boundary conditions (u(0,t) =0 permeable top)

The boundary conditions (u(L,t) =0 permeable bottom)

22
0 = (k; cos A0 + k, sinA0)e a? *

k1=0

[
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-2
u(x,t) = k, sin Ax eazt

A2
0=k,sinALea®"

nm
sinAL =0 AL =nm A:T

nr A
u(x,t) =B, sinTxe a?

The initial temperature distributionis (t = 0 u(x,0) = f(x))
nrm __/120

f(x) =B, sinTx e a*

nm
f(x) =B, sinTx

Depending on Fourier series

2 (L o onm
Bn=zjo f(x)smedx

Example.1 Find the solution of consolidation of soil

,0u  0%u
a-—=—
ot 0x?
The boundary conditions are
u(0,t) =0 Forallt >0
u(H, t) =0 Forall t>0 Permeable ugatt=0
Initial Conditions
u(y,0) = u, 0<y<H
. H
Solution
nm __/12t
u(y,t) = B,sin—ye a?
L
Permeable

2 (L o nm
Bn=zfo f()sin—ydy

[




Mustansirigah University-Collgge of €nginggering
Pepartment of Civil Engingering
Sgeond Stage - Engingering nalysis

= —f U sm—y dy

2 |—ugH nmw "
B = o5,
2u 4u
B, = —0(1 —cosnm) = - n=135..
nm nm

i1
u(x,t) =B, smee a?

du, nm =2,
u(y,t) = Esmﬁye a?

qu, nm =—(mm)?
u(y,t) = Esmﬁye a?H?

Example.2 A rod of length L bars its lateral surface insulated and is so that heat flow in the rod
can be regarded as one-dimensional. Initially the rod is at the temperature 100° C through t, at
time t = 0, the temperature at the left end of the rod is suddenly reduced to 50° ¢ and
maintained thereafter at the right-hand end it maintained at 100° C . Find the temperature at any

point of the rod at any subsequent time

Solution

22
u(x,t) = B, sin Axea?®

qst\ﬁ\qu:QYM\ﬁqLuq:uao\%m

(&P A gall all e jEi Ll b dag Lad | e sl Y
el
u(x,0) =Ax+B
100 — 50 50 ; L
u(x,00) =—x+50=—x+50
L L
50 A%, |
u(x,t) =—x+ 50+ B, sinAxe a2
L 100°¢C
Now use the boundary conditions u(x,0) ‘
att=0 wu=100
100°C
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50 -2
100 = Tx + 50 + B, sinAx e a?

50 _
50 —Tx = B, sin Ax
att=0 x=L u=>50
50 )
50 _TL = B, sin AL

0 = B, sin AL AL = nm A=—

nm
50 — Tx =B, sinTx

OsSam Jalaall () AT imay 6 Jugme sl 4 Aaladd) JS5 () L3 L

B ZfL(SO 50)_n7‘rd
=— ——x|sin—x dx nm
"L, L L 50—5—0x sin—x
I L
50 L nm
100 _ oS —
B, = — . —C0S—-X
N L\*> nam
0 =) cin—
Y (nn) s L *

50 . A%
u(x,t) = X + 50 + B, sin Ax e a?

50 100  nm -n’r?,
u(x,t) = —x+ 50 + —sin—x e a?1?
L nm L

50 1001  nm  -7°r,
u(x, t) =Tx+50+7 Esmee a?1?

n=1




