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Flow net under Hydraulic Structures 

Laplace Equation 

 𝑲𝒙   
𝝏𝟐𝒉

𝝏𝒙𝟐
+  𝑲𝒚   

𝝏𝟐𝒉

𝝏𝒚𝟐
 = 𝟎 

Assume homogenous and Isotropic;  𝑲𝒙 =   𝑲𝒚  

  
𝝏𝟐𝒉

𝝏𝒙𝟐
+   

𝝏𝟐𝒉

𝝏𝒚𝟐
 = 𝟎 

Which is Laplace equation of two dimensions steady state condition. 

 

1- Graphical Solution_ Flow net 

 

 

 

 

 

 

 

ℎ𝑡𝑢 = ℎ𝑢 + ℎ𝑒= total head at upstream head  

ℎ𝑡𝑑 = ℎ𝑢 + ℎ𝑒 = total head at downstream head 

ℎ𝑢   is the water pressure and ℎ𝑒 is the elevation head (Z) 

nf = number of flow channel  

nd = total number of drop head 

(∆𝐻 𝑜𝑟 𝐻) = ℎ𝑡𝑢 − ℎ𝑡𝑑 = total difference head between the upstream and downstream 

head 
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∆ℎ = Losses head between any two equipotential lines,  ∆ℎ =
∆𝐻

𝑛𝑑
=

𝐻

𝑛𝑑
=

ℎ𝑡𝑢−ℎ𝑡𝑑

𝑛𝑑
 

ℎ𝑡𝑖 = ℎ𝑡𝑢 − 𝑛𝑑𝑖 × ∆ℎ = ℎ𝑡𝑢 − 𝑛𝑑𝑖 ×
𝐻

𝑛𝑑
= ℎ𝑡𝑢 − 𝑛𝑑𝑖 (

ℎ𝑡𝑢 − ℎ𝑡𝑑

𝑛𝑑
) 

∆𝑞 = 𝐾 ∙ 𝑖 ∙ 𝐴 =  𝐾 ∙
∆ℎ

∆𝑥
∙ ∆𝑦 × 1   

 𝐵𝑢𝑡 𝑠𝑖𝑛𝑐𝑒  ∆𝑥 = ∆𝑦 𝑓𝑜𝑟 𝑠𝑞𝑢𝑒𝑟𝑒 𝑚𝑒𝑠ℎ, 𝑡ℎ𝑒𝑛    

                ∆𝑞 = 𝐾 ∙ ∆ℎ =  𝐾 ∙
𝐻

𝑛𝑑
      

Note that  𝑡𝑜𝑡𝑎𝑙 ℎ𝑒𝑎𝑑 = ℎ𝑡 = ℎ𝑢 + ℎ𝑒     or     ℎ𝑢 =  ℎ𝑡 − ℎ𝑒 

Where ℎ𝑢 is the water pressure and ℎ𝑒 is the elevation head (Z)  

𝑞 =  ∆𝑞 ∙  𝑛𝑓 = 𝐾 ∙
𝐻

𝑛𝑑
∙  𝑛𝑓 = 𝐾 ∙ 𝐻 ∙

𝑛𝑓

𝑛𝑑
 

                                       𝑖𝑒𝑥𝑖𝑠𝑡 =
∆ℎ

𝑙
  , 𝑖𝑐𝑟 =

𝛾𝑠𝑢𝑏

𝛾𝑤
=  

𝛾𝑠𝑎𝑡−𝛾𝑤

𝛾𝑤
=  

𝐺𝑠−1

1+𝑒
 

                                     𝑖𝑒𝑥𝑖𝑠𝑡    𝑚𝑢𝑠𝑡 𝑏𝑒 <  𝑖𝑐𝑟    

                                              𝐹𝑠 =
𝑖𝑐𝑟

𝑖𝑒𝑥𝑖𝑠𝑡
 

Seepage force  𝑗 = 𝑖 𝛾𝑤 = 𝑠𝑒𝑒𝑝𝑎𝑔𝑒 𝑓𝑜𝑟𝑐𝑒 𝑝𝑒𝑟 𝑢𝑛𝑖𝑡 𝑣𝑜𝑙𝑢𝑚𝑒   

Effective stress at point is       𝜎̅ = 𝜎 − 𝑢 =  𝜎 − (ℎ𝑢 × 𝛾𝑤) 

Where  

             𝜎 = total stress = 𝛾𝑠𝑎𝑡 × ℎ𝑠 +  𝛾
𝑤

 × ℎ𝑤 

              u = pore water pressure = (ℎ𝑢 × 𝛾𝑤) 
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Example 1 

For the following  flow net : 

1) Estimate the qountity of seepage flow. 

2) Calculate the total flow head and water pressure at points a & b. 

3) Check of boiling. 

Solusion:   Assume the datum at the bottom floor 
 

ℎ𝑡𝑢 = ℎ𝑢 + ℎ𝑒 = 6 + 0 = 6 𝑚  

ℎ𝑡𝑑 = ℎ𝑢 + ℎ𝑒 = 1.5 + 0 = 1.5 𝑚 

𝐻 = ℎ𝑡𝑢 − ℎ𝑡𝑑 = 6 − 1.5 = 4.5 𝑚 

              ∆ℎ =
𝐻

𝑛𝑑
=

ℎ𝑡𝑢−ℎ𝑡𝑑

𝑛𝑑
=

4.5

10
= 0.45 𝑚 

1 − 𝐹𝑜𝑟 𝑇𝑜𝑡𝑎𝑙 𝑠𝑒𝑒𝑝𝑎𝑔𝑒 

                 𝑛𝑓 = 5     ,    𝑛𝑑 = 10,     𝐻 = 4.5 𝑚 

 𝑞 =  𝐾 ∙ 𝐻 ∙
𝑛𝑓

𝑛𝑑
= (4 × 10−4)

60 × 60 × 24

100
× 4.5 ×

5

10
= 0.7776 

𝑚3

𝑚 . 𝑑𝑎𝑦
 

Datum, 

he=0 
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2 − 𝐹𝑜𝑟 𝑤𝑎𝑡𝑒𝑟 𝑝𝑟𝑒𝑠𝑠𝑢𝑟𝑒 𝑎𝑡 𝑝𝑜𝑖𝑛𝑡 𝑎 

 ∆ℎ =
𝐻

𝑛𝑑
=

ℎ𝑡𝑢 − ℎ𝑡𝑑

𝑛𝑑
=

4.5

10
= 0.45 𝑚 

ℎ𝑡𝑖 = ℎ𝑡𝑢 − 𝑛𝑑𝑖 × ∆ℎ     𝑜𝑟   ℎ𝑎𝑡 = 6 − 3 × 0.45 = 4.65 𝑚 

ℎ𝑎𝑢 =  ℎ𝑎𝑡 − ℎ𝑎𝑒     

ℎ𝑎𝑢 =  4.65 − (−3) = 7.65 𝑚 

𝑃𝑤 = 𝛾𝑤 × ℎ𝑎𝑢 

𝑃𝑤 = 9.81 × 7.65 = 75.0465 𝐾𝑝𝑎 

        𝐹𝑜𝑟 𝑤𝑎𝑡𝑒𝑟 𝑝𝑟𝑒𝑠𝑠𝑢𝑟𝑒 𝑎𝑡 𝑝𝑜𝑖𝑛𝑡 𝑏 

ℎ𝑡𝑖 = ℎ𝑡𝑢 − 𝑛𝑑𝑖 × ∆ℎ     𝑜𝑟   ℎ𝑏𝑡 = 6 − 8.5 × 0.45 = 2.175 𝑚 

ℎ𝑏𝑢 =  ℎ𝑏𝑡 − ℎ𝑏𝑒     

ℎ𝑏𝑢 =  2.175 − (−1.5) = 3.675 𝑚 

𝑃𝑤 = 𝛾𝑤 × ℎ𝑏𝑢 

𝑃𝑤 = 9.81 × 3.675 = 36.05175 𝐾𝑝𝑎 

 

3 − 𝐹𝑜𝑟 𝐶ℎ𝑒𝑐𝑘 𝑜𝑓 𝑏𝑜𝑖𝑙𝑖𝑛𝑔  

𝑖𝑒𝑥𝑖𝑠𝑡 =
∆ℎ

𝑙
=

0.45

0.9
= 0.5  ,   

𝑖𝑐𝑟 =
𝛾𝑠𝑢𝑏

𝛾𝑤
=  

𝛾𝑠𝑎𝑡 − 𝛾𝑤

𝛾𝑤
=

19 − 9.81

9.81
= 0.9368 >  𝑖𝑒𝑥𝑖𝑠𝑡  (𝑂𝑘 𝑆𝑎𝑓𝑒) 

                                              𝐹𝑠 =
0.9368 

0.5
= 1.8736 ≈ 1.87 
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Example 2 
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1 − 𝐹𝑜𝑟 𝑇𝑜𝑡𝑎𝑙 𝑠𝑒𝑒𝑝𝑎𝑔𝑒 

                 𝑛𝑓 = 5     ,    𝑛𝑑 = 12,     𝐻 = ℎ𝑡𝑢 − ℎ𝑡𝑑 = 10 − 0 = 10 𝑚 

 𝑞 =  𝐾 ∙ 𝐻 ∙
𝑛𝑓

𝑛𝑑
= 0.002 ×

60 × 60 × 24

100
× 10 ×

5

12
= 7.2 

𝑚3

𝑚 . 𝑑𝑎𝑦
 

 

2 − 𝐹𝑜𝑟 𝑤𝑎𝑡𝑒𝑟 𝑝𝑟𝑒𝑠𝑠𝑢𝑟𝑒 𝑎𝑡 𝑝𝑜𝑖𝑛𝑡 𝐴 

 ∆ℎ =
𝐻

𝑛𝑑
=

ℎ𝑡𝑢 − ℎ𝑡𝑑

𝑛𝑑
=

10

12
= 0.833 𝑚 

ℎ𝑡𝑖 = ℎ𝑡𝑢 − 𝑛𝑑𝑖 × ∆ℎ     𝑜𝑟   ℎ𝐴𝑡 = 10 − 10
10

12
= 1.667 𝑚 

ℎ𝑢 =  ℎ𝑡 − ℎ𝑒     

ℎ𝐴𝑢 =  1.667 − (−13) = 14.667 𝑚 

𝑃𝑤 = 𝛾𝑤 × ℎ𝐴𝑢 

𝑃𝑤 = 9.81 × 14.667 = 143.883 𝐾𝑝𝑎 
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Example 3 
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2- Numerical Solution 

The  following  equation is considered as  Laplace equation of two dimensions 

steady state condition un isotropic case  

𝑲𝒙   
𝝏𝟐𝒉𝟐

𝝏𝒙𝟐
+  𝑲𝒚   

𝝏𝟐𝒉𝟐

𝝏𝒚𝟐
 = 𝟎 

Assume homogenous and Isotropic; 𝑲𝒙 =  𝑲𝒚  

𝝏𝟐𝒉𝟐

𝝏𝒙𝟐
+  

𝝏𝟐𝒉𝟐

𝝏𝒚𝟐
 = 𝟎 

Which is Laplace equation of two dimensions steady state condition. 

Partial Difference  operation in  Cartesian  coordinates 

𝑙𝑒𝑡
𝜕

𝜕𝑥
= 𝐷𝑥 ∶

𝜕

𝜕𝑦
= 𝐷𝑦 ∶

𝜕

𝜕𝑦𝜕𝑥
= 𝐷𝑦𝐷𝑥 = 𝐷𝑦𝑥      

𝜕2

𝜕𝑥2
= 𝐷2𝑥 ∶

𝜕2

𝜕𝑦2
= 𝐷2𝑦  ∶

𝜕

𝜕𝑥𝜕𝑦
= 𝐷𝑥𝐷𝑦

= 𝐷𝑥𝑦 

𝜕𝑓

𝜕𝑥𝑖
= 𝐷𝑥𝑓𝑖 =

𝑓𝑖+1,𝑗  − 𝑓𝑖−1,𝑗  

2∆𝑥 = 2ℎ
=

𝑓𝑟  − 𝑓𝑙  

2∆𝑥 = 2ℎ
 

𝜕𝑓

𝜕𝑦𝑖
= 𝐷𝑦𝑓𝑖 =

𝑓𝑖,𝑗+1 − 𝑓𝑖,𝑗−1

2∆𝑦 = 2𝑘
=

𝑓𝑎  − 𝑓𝑏 

2∆𝑦 = 2𝑘
 

𝑙𝑒𝑡  ∆𝑥 =  ∆𝑦   𝑜𝑟   ℎ = 𝑘 

∴   𝐵𝑦  𝑡ℎ𝑒 𝑠𝑎𝑚𝑒  𝑤𝑎𝑦 

𝜕2𝑓

𝜕𝑥2
= 𝐷𝑥 ⌈

𝑓𝑖+1,𝑗 − 𝑓𝑖  ,𝑗

ℎ
⌉ =

1

ℎ
[𝐷𝑥𝑓𝑖+1  ,𝑗 − 𝐷𝑥𝑓𝑖,𝑗] 

=
1

ℎ
[
𝑓𝑖+1  ,𝑗 − 𝑓𝑖 ,𝑗

ℎ
−

𝑓𝑖 ,𝑗 − 𝑓𝑖−1  ,𝑗

ℎ
] =

1

ℎ
[
𝑓𝑖+1 ,𝑗 − 2𝑓𝑖 ,𝑗 + 𝑓𝑖−1 ,𝑗

ℎ
] 

→
𝜕2𝑓

𝜕𝑥2
= 𝐷𝑥

2𝑓 =
1

ℎ2
[𝑓𝑖+1  ,𝑗 − 2𝑓𝑖  ,𝑗 + 𝑓𝑖−1  ,𝑗] =

1

ℎ2
[𝑓𝑟 − 2𝑓𝑖 + 𝑓𝑙] 
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𝐴𝑙𝑠𝑜, 𝑤𝑒  𝑐𝑎𝑛 𝑠𝑒𝑒  𝑡ℎ𝑎𝑡 

𝜕2𝑓

𝜕𝑦2
=

1

ℎ2
[𝑓𝑖  ,𝑗+1 − 2𝑓𝑖 ,𝑗 + 𝑓𝑖,𝑗−1] = 𝐷2𝑦𝑓 

𝑓𝑜𝑟
𝜕2𝑓

𝜕𝑦𝜕𝑥
= 𝐷𝑥𝑦𝑓 = 𝐷𝑦 [

𝑓𝑖+1 ,𝑗 − 𝑓𝑖−1 ,𝑗

2ℎ
] 

→
1

2ℎ
[
𝑓𝑖+1,𝑗+1 − 𝑓𝑖+1,𝑗−1

2ℎ
−

𝑓𝑖−1,𝑗+1 − 𝑓𝑖−1,𝑗−1

2ℎ
] 

1

4ℎ2
[𝑓𝑖+1,𝑗+1 − 𝑓𝑖+1,𝑗−1 − 𝑓𝑖−1,𝑗+1 + 𝑓𝑖−1,𝑗−1] 

=
1

4ℎ2
[𝑓𝑎𝑟 − 𝑓𝑏𝑟 − 𝑓𝑎𝑙 + 𝑓𝑏𝑙] 

Abstract 

𝜕𝑓

𝜕𝑥𝑖
=

𝑓𝑖+1,𝑗 − 𝑓𝑖−1,𝑗

2ℎ
=

𝑓𝑟 − 𝑓𝑙

2ℎ
 

𝜕𝑓

𝜕𝑦𝑖
=

𝑓𝑖,𝑗+1 − 𝑓𝑖,𝑗−1

2𝑘
=

𝑓𝑎 − 𝑓𝑏

2𝑘
 

𝜕2𝑓

𝜕𝑥2
=

1

ℎ2
[𝑓𝑖+1,𝑗 − 2𝑓𝑖,𝑗 + 𝑓𝑖−1,𝑗] =

1

ℎ2
[𝑓𝑟 − 2𝑓𝑖 + 𝑓𝑙] 

𝜕2𝑓

𝜕𝑦2
=

1

𝑘2
[𝑓𝑖,𝑗+1 − 2𝑓𝑖,𝑗 + 𝑓𝑖,𝑗−1] =

1

𝑘2
[𝑓𝑎 − 2𝑓𝑖 + 𝑓𝑏] 

∇2𝑓 =
𝜕2𝑓

𝜕𝑥2
+

𝜕2𝑓

𝜕𝑦2
= 𝐷𝑥

2𝑓 + 𝐷𝑦
2𝑓 = 0 

𝑜𝑟  𝑖𝑛 𝑔𝑒𝑛𝑒𝑟𝑎𝑙  ∇2=
𝜕2

𝜕𝑥2
+

𝜕2

𝜕𝑦2
= 𝐷𝑥

2 + 𝐷2𝑦 = 0 

→
𝑓𝑟 − 2𝑓𝑖 + 𝑓𝑙

ℎ2
+

𝑓𝑎 − 2𝑓𝑖 + 𝑓𝑏

𝑘2
= 0 

𝑙𝑒𝑡   ℎ = 𝑘 → 

 𝑓𝑎 + 𝑓𝑏 + 𝑓𝑟 + 𝑓𝑙 − 4𝑓𝑖 = 0 

 
𝑜𝑟  𝑓𝑖 =

𝑓𝑎 + 𝑓𝑏 + 𝑓𝑟 + 𝑓𝑙

4
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Not: there are many way to solve the above equation but we will discuss the 

iteration method only   

- Iteration method 

In this method, the procedure depend on iterative the equation  

Example: 
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𝒔𝒑𝒆𝒄𝒊𝒂𝒍 𝒑𝒐𝒊𝒏𝒕𝒔 

1-   𝑷𝒐𝒊𝒏𝒕 𝒊 →  𝒇𝒊 =
𝒇𝒂+𝒇𝒃+𝒇𝒓+𝒇𝒍

𝟒
 

2- 𝑷𝒐𝒊𝒏𝒕 𝑨  → 𝒇𝑨 =
𝒇𝒓+𝒇𝒍+𝒇𝒂+𝒇𝒃

𝟒
=

𝟐𝒇𝒓+𝒇𝒂+𝒇𝒃

𝟒
 

3- 𝑷𝒐𝒊𝒏𝒕 𝑮  → 𝒇𝑨 =
𝒇𝒓+𝒇𝒍+𝒇𝒂+𝒇𝒃

𝟒
=

𝟐𝒇𝒍+𝒇𝒂+𝒇𝒃

𝟒
 

4- 𝑷𝒐𝒊𝒏𝒕 𝑩  → 𝒇𝑩 =
𝒇𝒓+𝒇𝒍+𝒇𝒂+𝒇𝒃

𝟒
=

𝟐𝒇𝒓+𝟐𝒇𝒂

𝟒
 

5- 𝑷𝒐𝒊𝒏𝒕 𝑱  → 𝒇𝑱 =
𝒇𝒓+𝒇𝒍+𝒇𝒂+𝒇𝒃

𝟒
=

𝟐𝒇𝒍+𝟐𝒇𝒂

𝟒
 

6- 𝑷𝒐𝒊𝒏𝒕 𝑬  → 𝒇𝑬 =
𝒇𝒓+𝒇𝒍+𝒇𝒂+𝒇𝒃

𝟒
=

𝒇𝒓+𝒇𝒍+𝟐𝒇𝒂

𝟒
 

7- 𝑷𝒐𝒊𝒏𝒕 𝑭  → 𝒇𝑭 =
𝒇𝒓+𝒇𝒍+𝒇𝒂+𝒇𝒃

𝟒
=

𝒇𝒓+𝒇𝒍+𝟐𝒇𝒃

𝟒
 

8- 𝑷𝒐𝒊𝒏𝒕 𝑯𝒓   → 𝒇𝑯𝒓
=

𝒇𝒓+𝒇𝒍+𝒇𝒂+𝒇𝒃

𝟒
=

𝟐𝒇𝒓+𝟐𝒇𝒃

𝟒
 

9- 𝑷𝒐𝒊𝒏𝒕 𝑪𝒓   → 𝒇𝑪𝒓
=

𝒇𝒓+𝒇𝒍+𝒇𝒂+𝒇𝒃

𝟒
=

𝟐𝒇𝒓+𝒇𝒂+𝒇𝒃

𝟒
 

10- 𝑷𝒐𝒊𝒏𝒕 𝑪𝑳   → 𝒇𝑪𝑳
=

𝒇𝒓+𝒇𝒍+𝒇𝒂+𝒇𝒃

𝟒
=

𝟐𝒇𝒍+𝒇𝒂+𝒇𝒃

𝟒
 

11- 𝑷𝒐𝒊𝒏𝒕 𝑫  → 𝒇𝑫 =
𝒇𝒓+𝒇𝒍+𝒇𝒂+𝒇𝒃

𝟒
=

𝒇𝒓+𝒇𝒍+(𝟎.𝟓𝒇𝑪𝒓+𝟎.𝟓𝒇𝑪𝑳
)+𝒇𝒃

𝟒
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Example: For the dam above, find the distribution of total head under the 

dam by numerical solution using iteration method: 

Solution:  

 
 

H.w1 : Resolve the problem with hu = 25 m & hd = 5 m 

 

H.w1 : Resolve the problem with hu = 35 m & hd = 2 m 
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H.W:  

For the dams below, find the distribution of total head under the dam by 

numerical solution using iteration method and compare the results with 

that of the flow net method:  

 

 

 

1-  

 

 

 

 

 

 

 

 

2-  


