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Part 1: Basic Linear programming

Examplel :

A firm produces self-assembly bookshelf kits in two models, A and B.
Production of the kits is limited by the availability of raw material (high quality
board) and machine processing time. Each unit of A required 3 m? of board and
each unit of B required 4 m? of board. The firm can obtain up to 1700 m? of
board each week from its supplies. Each unit of A needs 12 minutes of machine
time and each unit of B needs 30 minutes of machine time. Each week a total of
160 machine hours is available. If the profit on each A units is $2, and on each
B unit is $4. How many units of each model should the firm plan to produce each
week?

Solution:
Let the weekly production of A be as x1 units while B as x2 units.

Assume the weekly profitis P

y P = 2 x1 + 4' xZ
The problem is to maximize the profit P
So, P=2Zmax.= 2 X1+ 4 X2 ( Objective Function)

Subjectto:  { Constraints }

3X1+4x2<1700 600

12 30
prs X1+ = x2< 160 I Optimum point for Zmax= 1400
i >
With x>0 400 with  x1=300 & x»=200

Or 3xi+4x2<1700 =
2X1+5x2<1600
With x>0 200

0 200 400 600 800 1,000
X1
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1- Graphical Solution of Two-Dimensional Problem

Example 2: Min.Z=-3X1-4X%,
Sub.to: X;+X, <20 {(20,0) & (0,20)}
X1 +4%,<20  {(-20,0) & (0,5)}

X1>10
X2 >5
Solution:
25
[ x2
L ¥1 =10
20
Points X1 Xo Z LT —
15
P 10 5 -50 i -x1+4x2 =20
Q 10 7.5 -60 0 I \ ;____...-5;--'
R | 12 -68 / -
S 15 -65 5p P S S o - T
SN z-68
o i i i
2 o~ .5 10 15 20 25
5 r - \Z:O x1
Example 3:

Min.Z=—6X;—-2X%,
Sub.to: 2x;+4x, <9 {(0,2.25) & (4.5,0)}
3X;+X% <6 {(0,6) & (2,0)}

<\

T LTS
00,6 e \j{-’-sﬂ} \\
X
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Example 4: Unbounded solution

Maximize Z=x1+ X2

Subjectto: x1>0,x2>0
X1- X221
X2 <2

IR RV e A =N

e

For a max problem, an unbounded LP occurs if it is possible to find points in the
feasible region with arbitrarily large Z-values. This corresponds to arbitrarily large
profits or revenue. For a minimization problem, an LP is unbounded if there are
points in the feasible region producing arbitrarily small Z-values.

Example5: X2
Max Z=2Xi1—X 6 \D
st X1, X220 - .
Xi— X2 <1 (ABline) P ./
2X1+ X2 > 6 (CD line)

[ &)
I

Solution:
Considering to the graph 4

shown to the right side. The constraints are
satisfied by all points bounded by the x> 3 |
axis and on or above AB and CD. The
isoprofit lines for Z = 4 and Z = 6 are

shown. Any isoprofit line drawn will 2r
intersect the feasible region because the
isoprofit line is steeper than the line 1k

X1—X2=1
Thus there are points in the feasible region
which will produce arbitrarily large z-
values. So, it is (unbounded LP).

Also, sometime there is no solution at all because a feasible region does not exit
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Example 6:

Minimize Z=2x1+ 3 Xz X1+X2:_>\

Subjecttox1>0,x2>0

X1+ X2 =10 X2 /
3X1+5x2<15 Ny

Solution: . \
The solution is considered in

. ; ~N
the graph shown to the right side. g \ _
" AT i T gXl 7:’X2§ ].5

Example 7: The feasible region is the set of all points satisfying the
constraints:

The LP is bounded by the five sided polygon DGFEH. Any point on or in the
interior of this polygon (the shade area) is in the Subject to (s.t.)

2 x1 +x2 <100 (finishing constrain)
x1 +x2 <80  (carpentry constraint)
x1 <40 (constraint on demand)

x1 >0 (sign restriction)

x2 >0 (sign restriction)

From figure, we see that the set of points satisfying the L P is bounded by
the five sided polygon DGFEH. Any point on or in the interior of this polygon
(the shade area) is in the feasible region.

00 %

Fimishing constraint |Feasible Regionl

08

dem and constraint

L

4

carpentry comstraint

M

To find the optimal solution, graph a line on which the points have the same Z-
value. In a Max- problem, such a line is called an isoprofit line while in a Min-
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problem, this is called the isocost line. The figure shows the isoprofit lines for Z
=60,Z=100,and Z =180

The last isoprofit intersecting (touching) the feasible region indicates the
optimal solution for the LP. For the problem, this occurs at point G (X1 = 20, X2 =
60, Z=180).

Some LPs have an infinite number of solutions.

Example 8: Consider the following formulation:

MaxZ=3x1+2Xx>

1 1

—_—X] ot X <1
40 ! 60 2

! X 1 Xo =1
——— + —— . =
50 | 50 °

x1
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Example 9: There are two suppliers of pipes with their information as shown
below in the table:

Source Unit Cost ($/m) Supply Limit(m)
1 100 100
2 125 Unlimited

At least 900 meters of pipe is required. The goal is to minimize the total cost
of pipe.
a. Find the optimum solution.
b. Formulate a mathematical model with the supply of pipe from source No. 2
limited to 700 meters.
Let the variables be as follows:
Xz ! Number of meters of pipe supplied from source 1

xz ! Number of meters of pipe supplied from source 2

The objective is to minimize the cost, ¢, from the two suppliers
AMinec = I00x; + 125% x>

The constraints are:

xy + x> = O
xX; = o0
X1 X2 =0

b- Min c =100 x1 + 125 x2
Sub. To: x1+x2 >900
x1 <100
x2 <700
x1,x220
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Example 10: A contractor may purchase material from two different sand and
gravel pits. The unit cost of material including delivery from pits 1 and 2 is LE50 and
LE70 per cubic meter, respectively, the contractor requires at least 100cubic meter of
mix. The mix must contain a minimum of 30% sand. Pit 1 contains 25% and pit 2
contains 50% sand. If the objective is to minimize the cost of material,

a. Draw the feasible region

b. Determine the optimum solution by the graphical method
c. Label the active and inactive constraints
d. Use Solver to model and solve this problem

Solution:
Unit cost of material from pit 1 =LES50
Unit cost of material from pit 2 =LE70
Material needed (sand & gravel) from both pits = 100 Cubic meters
Amount of sand in the mix > 30 Cubic meters
Amount of sand in Pit 1 =25 9%
Amount of sand in Pit 2 = 50 %o
Let the variables be as follows:
X : amount of material from pit 1
Xz : amount of material from pit 2

The objective is to minimize the cost, ¢, of the two types of materials
Minec=50x; +70x>

The constraints are:

xptx > 100 (Total material constraint)
0.25x+05x; >30 (sand material constraint)
X1, X2 /)

0 a0 (e ] B 10 =20 (= 0] ] 5 )] a0 1m0 N
x1
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Example 11:
Someone has two farms that grow wheat and corn. Because of
differing soil conditions, there are differences in the yields and costs of growing
crops on the two farms. The yields and the costs are:

FARM 1 FARM 2
Corn yield/ acre 500 bushels 650 bushels
Cost/ acre of corn $100 $120
Wheat yield/ acre 400 bushels 350 bushels
Cost/ acre of wheat $90 $80

(a) Each farm has 100 acres available for cultivation,
(b) at least 11,000 bushels of wheat and 7000 bushels of corn must be grown.

Formulate the LP model to determine a planting plan that will minimize the
cost of meeting these demands.

Solution:

Let:
x1= Number of acres of corn planted on farm 1
x2 = Number of acres of wheat planted on farm 1
x3 = Number of acres of corn planted on farm 2
x4 = Number of acres of wheat planted on farm 2

LP model:

Minimize Z = 100 x1+ 90 x2+ 120 x3+ 80 x4

Subject to:
X1+ x2<100
X3+ X4< 100
500 x1+ 650 x3> 7,000
400 x2+ 350 xa> 11,000
and x1>0,x2>0,x3>0,x4>0
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2- A Standard Form for Linear Programming Problems

The L.P. problem could be put into standard form in which the objective function

Is to be minimized and all constraints take the form of equations in non-negative
variables and as follows:

1- Obijective function

Maximizing the objective function
Zmax =C1 X1+ C2X2o+C3 X3+ ceveeeee T en Xn

IS equivalent to minimizing the objective function
Zmin =-C1 X1 —C2X2 - C3X3 = veveneee - Cn Xn

2- Inequality constraints

The constraint 3 X1 +2 X2 —Xs < 6 can be put in equation form as
3X1+2X2—Xz + X4=6

While the constraint 3 X1 + 2 X2 — X3 > 6 can be put in equation form as

3X1+2X2-X3 -Xs5=6
Where X4 & Xs are non-negative slack variables.

3- Non-negative variables

If Xs can take any value, thenlet X3=Xs - Xs
Where Xa >0 & Xs >0

Example 11: Express the following problem in standard form.

Inax =2 X1—X2+2 X3
Sub. to.
X1—Xo+ Xz <1
2X1+ X22>6
X1, X2>0 & Xz any value

Solution: let X5=Xs—Xs
Zmin =-Zmax=-{2X1 = X2 + 2( X4 — X5 ) }=-2X1 + X2 -2X4 + 2 Xs

Sub.to. Xi1—-Xo+Xs—Xs+Xg=1
2X1+Xo—X7=6
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Some important definitions

% Feasible solution: Any non-negative solution of the constraints is called a
feasible solution.

¢ Basic solution & basic feasible solution: for n-variables with m-equations,
basic solution of the constraints is obtain by setting (n-m) to zero and solving
the m-equations solution of the remaining m-variables provided that these
equations have a unique solution. If it is also feasible ( > 0) , it is a basic
feasible solution.

¢ Non-basic variables & basis: the variables put equal to zero are called the
non-basic variables. The others are the basic variables and form a basis.

Example 12: IMax.= 2 X1+ 4 X2

Subiject to:
3X1+4x2<1700

2X1+5x2<51600
X=>0
Solution:
The above problem in standard form is:

3X1+4 X%+ x3=1700

Wheren=4 &m=2
2 X1+ 5 X2+ X4 =1600

In matrix form the constraints can be written as:

X1
¢t o()-am
X4

For this problem it could be selected the two non-basic variable in

n 4
m!(n-m)!  21(2)!

= 6 ways. The basic solutions are easily seen to be given by

10
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e~

A(0,320)

200

Non- Basic
No. | X1 X2 X3 Xs | Point | Basic | Variables. Remark
V.
1 0 0 1700 | 1600 O X1, X2 X3, Xa Basic feasible solution
> [ 0 |45 0 | 525 X1, Xs | %o.% [JBascsonsen
3 0 320 | 420 0 A X1, Xa X2, X3 Basic feasible solution
4 566.67 0 0 466.67 C X2, X3 X1, X4 Basic feasible solution
5 800 0 -700 0 X2, Xa X1, X3
6 300 200 0 0 B X3, X4 X1, X2 Basic feasible solution
600
Optimum point for Zmax= 1400
400 with  x1=300 & x2=200

X1

3- Fundamental Results for Linear Programming

& If the Constraints have a Feasible Region they have a Basic Feasible

Solution.

& The Feasible Region is a Convex Set.

& Basic Feasible Solutions Correspond to Vertices of the Convex Set.

% If the Objective Function has a Finite Minimum, then at Least One Optimal

Solution is a Basic Feasible Solution.

11
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4- Simplex Method

Simplex method, developed by George Dantzing, is computational procedure
gives the optimum solution from a basic feasible solution by algebraic form

Example 1:

Subject to x1, X2 > 0 and

3x.+4x%x, <1700
2 X +5x < 1600

minimize Znax =+ 2 X +4 X,

Solution: the appropriate canonical form is:

3X:+4 X+ x=1700 where x1=x2=0
2 X, +5 X+ x,=1600

Zmin = —2 X.— 4 X, while x3=1700 & X4 =1600

Now, if we fixed x1 = 0 and increase Xz, the value of x3 & x4 will change
such that:

For 3X.+4 X, +x,=1700
1700 Forxs=0&x3>0
X3 is made zero when X, = > - 425
Choose the minimum value for x2
For 2 X:+ 5 X+ X, = 1600 So, consider X, = 320
. 1600
X4 is made zero when X, = — = 320

So the above canonical form will take a new form by eliminating the basic
variable x3 & x> from the objective function and express the constraints as:

New canonical form with a non-basic
variables of Xi1= 0, X4=0 and basic or
basis of X3 = 420‘ X> = 320 which
represents a basic feasible solution.
Also, Z=-1280

§x1+0x2+1x3—§x4:420

Sx1+ 12, + 0 x3 + s x4 = 320

—Zx1+ 02, +0x3 + 3%, = 2 + 1280

12
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Now, if we fixed x4 = 0 and increase X1, the value of x3 & x> will change such that:

For §x1+0x2+1x3—§x4=420

Forx3=0&x2>0
: 420
X3 is made zerowhen x;=—=300 .
7/5 Choose the minimum value for x:
2 1 .
For s X1+ 1x; +0x3 +Cx, =320 So, consider X1 = 300
. 320
X2 IS made zerowhen xq; = 25 = 800

By the same way the new canonical form will take a new form by eliminating
the basic variable x: & x> from the objective function and express the constraints
as:

5 4
x1+ 0x2 + ;x3 — ;x4 =300

0x1+x2—§x3+§x4=200

0x1+0x2+§x3+§x4=z+1400

Thus it is not the possible to reduce Z further since there is no (-ve signs)
and we have reached the minimum of Z which is -1400 at the basic feasible
solution of x1 = 300 & X2 = 200 with X3 =Xx4=0

The calculation of this iterative process can be set out conveniently in the so called
Simplex method.

13
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Example 2: Re-solve example 1 using Simplex method.

Solution:

The appropriate canonical form is:

3X1+4 X2+ x3=1700
2 X1+5X2+ x4=1600
-Z -2X1—-4%=0

600

™~

A(0,320)

200

Optimum point for Zmax= 1400

with  x1=300 & x2=200

0] 200 400 e00Q 300
X1
It. | Basis | Value X1 X2 X3 Xa Row Value/a Remark
Xs | 1700 | 3 a | 1 . 1 | 1700/4=425
O %, |1600| 2 | 5* 1 | 2 | 1600/5=320
Z | o 2 | 4| . . 3
Xs | 420 | 7/5%| . 1 |-4/5| 4 |420/(7/5)=300| -4Pv+R1
11 x, | 320 2/5| 1 1/5 | 5 |320/(2/5)=800 | Pv = Pivot = R2/5
-z |1280 | -2/5 | . . |lass| 6 -(-4)Pv + R3
X1 | 300 1 . 5/7 | -4/7 | 7 Pivot = R4/(7/5)
20 %, |200| . | 1 |-2/7|3/7 8 -(2/5)Pv + R5
-z | 1400 | . .l 2/7]a/7) 9 -(-2/5)Pv + R6

14
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Example 3:

Min.Z=-6 X, -2 X,

Subject to:
2X,+4X,<9
3X, + X, <6

Solution: the problem in standard form is:

A(0,2.25)

B(1.5,1.5)

L |
-Z-6X,-2X, =0 5
2 X]_ +4X2 + X3=9 0(0,0) i C(2.,0)
3X, + X, + X4=6
It. | Basis | Value | X; X> X3 X Row Value/a Remark
X3 9 2 4 1 1 4.5
0 Xa 6 3* 1 2 2
-Z 0 -6 -2 . . 3
X3 5 . 10/3* 1 -2/3 4 5/(10/3)=15/10 -2Pv + R1
11 x | 2 1 | 1/3 1/3 | 5 2/(1/3)=6 | Pv=Pivot=R2/3
-Z 12 . 0 . 2 6 -(-6)Pv + R3
X2 3/2 . 1 3/10 | -2/10 7 Pivot = R4/(10/3)
2 | X; | 3/2 1 -1/10 | 4/10 8 (-1/3)Pv + R5
-Z 12 0 2 (Zero)Pv + R6

15
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Example 4: Unbounded solution

Maximize Z=X1 + Xo

Subjectto X1 >0,X2 >0

Solution:

The problem in standard form is:

Minimize

X1- X221
X <2

Xl-Xz = X3: 1

-7

X, - X, =0

itis clear by inspection that x1=1, xa= 2, x2=x3= 0 s the basic feasible solution
and that the constraints are in the correct form to apply the method. The objective
function contains xi, one of the basic variables. Thus, we must use the first
constraint to eliminate x; from Z to obtain as follows:

2X2-X3-72=1
It. | Basis | Value | Xi X2 X3 Xs | Row | Value/a Remark
X1 1 1 -1 -1 1 -1
0
Xa 2 1* 0 1 2 2
-z 1 T ENEEE
X1 3 1 -1 1 4 -3 -(-1) pv + R1
1 X2 2 1 0 1 5 0 Pv = Pivot = R2/1
Z 5 I 2 | s -(-2) pv +R3

There are no strictly positive coefficients in the xz column in the constraints.
Thus, however much we increase x3 we will never drive a basic variable to zero.
Indeed x1 will be increased and x2 will remain unchanged. We have a case of an
unbounded solution which is quite clear from the figure above. It manifested itself
in the Simplex method through the fact that all ais' <0

16
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4- Generating an Initial Basic Feasible Solution

The previous examples chosen to illustrate the simplex method were such
that an initial basic feasible solution and the corresponding canonical form
are obvious or else easy to obtain as in example 4. The difficulty arises
from the "'>"" and "'="" constraints.

Example 4: Min.z=-3X;-4Xx;
Sub.to: X;>10
X2 25
X1+ X2 £20
X1+4X; <20

Solution: the problem in standard form is:

~—

The problem is that we have no obviou

il _)§: - 150 basic feasible solution. The basic solution
2 "=
X1+ Xz +Xs =20 obtained by equating the slack variables to

X1+4 X2+ Xe=20
Z-3X1-4X; =0

R.H.S. values is not feasible. This solution is
1=x2=0, x3=-10, x4=-5, x5=20, x6=20
re x3 & x4 are negative.

To generate the basic feasible solution, we modify the first two constraints (for >)
by introducing artificial variables such as x7 & xs (which are non-negative) into
L.H.S. So, the modified constraints are:

For this form the basic feasible solution
X1-X3+ X7 =10 f f

X, -Xa+Xs =5 is clear. it is x1=x2=x3=x4=0 (non-basic
Xi+X2 +Xs =20 variables) while x7=10 ,x8=5, x5=20 and
X1+4X2+Xe =20 x6=20 (which are the basis)

-Z-3X1-4X; =0

Now, we use the Simplex method to minimize W = X7 + Xs
Where  W: is called the artificial objective function.
In this case the problem will be solved by two phases as follows:
Phase I: Minimize W and will end when w with both the artificial variables reduced to zero.

Phase I1: Minimize Z starting with the end of phase I and using the results as the initial
basic feasible solution to minimize Z and ignore W with all artificial variables.

17
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Express W in term of non-basic variables by eliminating x7 & xs ( basic

variable) from w.

So:

X1 —X2+ Xs+Xa-W=-15

1- The tableaux for phase I for minimum w of the problem are as follows:

It. Basis Value X1 X2 X3 Xa Xs X6 X7 Xs
Xz 10 * | o] 1] 0 1 .
Xs 5 0 1 0 | 1 . 1
Xs 20 1 1 0 0 1 .
0 Xe 20 1| 4 0 0 1
-Z 0 3 4]0 0
- 15 R 1 | 1 1 .
X1 10 1 o | 1] o0 1 .
Xs 5 1* | 0o | 1 . o/ 1
Xs 10 1 1 0 1 N
1 Xe 30 4 | -1 ] 0 1 1 )
-Z 30 4 | 3 0 3\ .
W -5 B 1 1) .\
X1 10 1 . 1] 0 iy | o)
X 5 1 0 | -1 . o | 1/
Xs 5 1 1 1 . 1\ 1)
Xe 10 1| 4 1 1)] -4)
2 -z 50 . 3| -4 3| 4
-W — 0 —71 o0~ 0 I —7T——| 1 1

2- The tableaux for phase Il for minimum Z of the problem are as follows:

It. Basis Value X1 X2 X3 Xa Xs Xe
X1 10 1 . -1 0
X2 5 1 0 -1 .

2 Xs 5 1 1 1 .
Xe 10 R 1
Z 50 . 3 LA .
X1 10 1 . -1 0
X2 15/2 1 | -14 . 1/4

3 Xs 5/2 5/4% | | 1 | -4
Xa 5/2 4|1 1/4
-Z 60 . ﬁ : 1
X1 12 1 . . 45 | -1/5
X2 8 1 . 1/5 | 1/5

4 X3 2 1 . 45 | -1/5
Xa 3 1 | 15 | 155
-z 68 16/5 | 1/5

The optimal so that the minimum of Z is -68 for x1 = 12, x2=8, x3=2, x4=3.

The successive tableaux 2,3,4 refer to the points P, Q, R in the figure.

18
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25

20

x1 =10

®1+x2=20

15 i
P 10 5 -50 i -x1+4x2 =20
Q 10 7.5 -60 10 L ~ _....--5;-"'
R 12 8 -68 i a )
_/ ,1\ ¥2 =5
3 F p 5 ND ~
S JI=-68
o 1 1 1 1 1 1
¢ 0~ < 5 10 15 20 2
. [ - - \2:0 x1
Example 5: No feasible solution
Maximize Z =2X1+ 3X2
Subject to: X1+ X2 =10 X+X >N
3X1+5X2<15
X120, X220
Solution: %, N
\\
The problem in standard form is: N
N
1 N
X1+ X2 -X3 +X5=10 < N\,
3X1 +5X2 + X4=15 1 \\
-Z—-2X1—-3X> =0
W=Xs =10 - X1 - X2+ Xs E— X $X< 13
Or -W-X1—X2+X3=-10
It. Basis Value X1 X2 X3 Xa Xs
Xs 10 1 1 -1 ) 1
0 Xa 15 3* 0 1
-Z 0 2 3
- 10 R 1|1 | L]
Xs 5 . -2/3 -1 -1/3 1
L X1 5 1 5/3 0 1/3
-Z -10 -1/3 -2/3
-W -5 2/3 1 1/3

19
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At this stage W is minimized since all the coefficients in the W row are positive.
But W has not been reduced to zero and x5 is 5. Phase | is complete but we cannot
start on phase Il because the original constraints do not have a basic feasible
solution.

Example 6: A firm requires coal with phosphorus content no more than 0.03%
and no more than 3.25% ash impurity. Three grades of coal A, B, C are available
at the price shown. What is the quantity from each grade to minimize the cost

Grade % phosphorus % Ash (5?;:])
A 0.06 2 30
B 0.04 4 30
C 0.02 3 45

Solution:

Let 1 tone of the blend contain X1, X2, X3 tones of A, B, and C
respectively.

Then X1, X2, x3 > 0. Further we require that:

Xi+X2+x3=1
0.06 x1+0.04x,+0.02x3<0.03 or (6x1+4x2+2x3<3)

2x1+4x+3x3< 3.25

Thus, subject to these constraints we require that:
Cost=Z min =30 x; + 30 x2 + 45 x3
No, for an obvious basic feasible solution put the system above such that:

X1+ X2+X3+Xe=1

6X1+4x2+2x3+Xx5=3

2x1+4x2+3x3 +X5=3.25

-Z+30x1+30x2+45x3=0

W = xs

or -Xi1—X2—Xx3—w-=-1

20
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It. Basis Value X1 X2 X3 Xa Xs Xe
Xs 1 1 1 1* . . 1\
Xa 3 6 4 2 1 )
0 Xs 3.25 2 4 3 1 /
-Z 0 30 | 30 | 45
W -1 1| 1 Al
X3 1 1 1 1 1
Xa 1 4 2 1 -2
. Xs 0.25 1| 1+ 1 -3
-Z -45 15 | <15 | . . -45\
w +—o~1 o BBS— | | 1]
X3 3/4 2 . 1 . -1 d
Xa 1/2 6* . . 1 -2
2 X2 1/4 -1 1 . . .
Z “41.25 |80 . . | 15
X3 7/12 . . 1 | 13| -1/3
X1 1/12 1 . . 1/6 | -1/3
3 X2 13 1 | e | 2
-z -38.75 . . . 5 5

The minimum value of Z is 38.75 for x1 = 1/12, x»,=1/3, X3 = 7/12.
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5-Special Cases

5.1 linearization of some non-linear problems:

In some cases, we could solve some non-linear problems using the simplex
method after linearize them as follows:

Example Solution:

Find Zmax = X1. X22 1-LnZmax=Lnxi +2Lnxo

Sub.to: X1 x2<5 Sub.to: Lnx: +Lnx:< 1.61

X122 x2 LnXxi-Lnx2> 0.693
1<x1<10 0< Lnxi1< 2.303
1 <xx<10 0< Lnx>< 2.303

2- Let P =Ln Zmnax

yi=Lnxi ;y=Lnx

So the problem will take the form:

Pmax=Yy1+ 2 Yo
Sub.to: yi+y, <1.61
yi—Yy2 20.693
0<y1 < 2303
0< y> < 2303

5.2 Absolute Problems:

Example

3- In standard form the problem is:
Pmin= = Pmax= -Y1-2V2
Sub.to: y1+y,+y3=1.61
yi-Y2 -ya + y7=0.693
yi+ ys = 2.303
y2 + Vs = 2.303
W=y7=-y1+Vy> +ys +0.693
or -w-yi+y» +ys = -0.693

Zmin=Abs 2x1-X2 )= |2x1—x2 |

Sub.to: X1 + X2 <5

Solution: let Abs (2x1-x2) = ||

Where the value of & may be positive or negative (any value).
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Solet: &e=x3-X4s With (X3&Xxs) >0
le]=] x5 -
SO, Zmin=|2x1-%2 |=| & |=| Xs-Xa| = X3+ X4
Sub.to: X1 +X2 <5
2 X1 - X2 = X3 - X4
Therefore, the problem in standard form is:
Zmin = X3+ X4
Sub.to: X1 +X2 +X5=5
2X1-X2-X3+Xa+Xs =0
W = Xp = -2X1 + X2 + X3- X4

Or -W-2X1+X2+X3z-Xa4 =0

5.3 Multiobjective Planning Model

Example:  Objective Function Min, Max{ (2 - x;- 2x,), (1 - x;)}
Subject to x; +x, <1

Solution: let Z1=2-x1-2x2 & Z>=1-x1

So, the problem is:
Min of Max (Z1, Z2)

Sub.to: x, + x, <1 12
The solution by graphical method is: 1
- 08 [oi
Point | X1 X2 Z; Zy | Zmax SR N
0] 0 0 2 1 2 N 06 )
A pne BN
B 1 0 1 0 1 D.'q' ....
C 05| 05| 05| 05| 05 o |7 FeasibleRegion >
QI Y
o i P
0 02 04 06 08 1
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By the Simplex Method the problem will take the following form:

Objective Function is Min, Max{ (2 - x1- 2x2) , (1- X1)}

Subjecttox1 +x2<1; X>0

let X3>2-X1-2X2 OF  Xg+X1+2Xp=2  -meemeemmeeeee- 1
and x3>1-x1 D R D <= A — 2

X1+X2<1l e 3
With Min Z = X3

In standard form the problem is:
X3+ X1 +2X2 -X4 +X7=2
Xs+ X1 —Xs +Xg=1
X1+ X2 +Xe=1
-Z+X3=0
W=X7+Xg= 3 -2X3-2X1—2 X2+ Xa+ Xs

Or -w -2X3—2X1—2Xo+Xsa +X5=-3

Using Lindo software, the results are as follows:
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B! LNDO - ROGRANS\OTMVEZ-TNDCYLINDOIGANPL 15 200 epos Vi

%File Edit Solve Reports Window Help

@File Edit Solve Reports Window Help MEREIEIRERER = EE I RE

‘DEEEE HU% %EZZM LP OPTIHUM FOUND AT STEP 9

OBJECTIVE FUNCTION VALUE

Wl 1) 0.5600000
ST T me e, oo
) 1 G dme o rah

3 g+l =1

b owl+ 82 =1 ROW  SLACK OR SURPLUS DUAL PRICES
2) 9. 080000 ~9.500000
3) 9.080000 ~0.500000
END 1) 9.080000 1.600600

NO. ITERATIONS= 2
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6- Applications

6.1 Water Resource Management

Example:

Streams 1 and 2 each possessed of a reservoir, joint to form a
common stream 3, as shown below. The total benefits derived from annual
releases x1 and X2 from each reservoir are:

Z=5X1+3X%

The maximum capacity of the reservoir 1 is 11 M.m® and the maximum
capacity of the reservoir 2 is 10 M.m3, Initial annual inflow of streams 1 & 2
are 5 & 4 M.m? respectively. The maximum capacity of channels 1, 2 and 3 are
(6, 5 and 9) M.m?3 respectively. Formulate the optimization problem for

maximizing annual benefit.

Given :
Inflow: 1:=5& I-=4

Initial Storage: Si0=7 & S20=7

Capacity:
Res.1 R1=11
Res.2 R2=10
River 1 Ch1=6
River 2 Chi=5
River 3 Ch1=9

The required is the out flow (X1 & X2) for

maximum benefit.
Solution:
1- For reservoir 1

Storage 2 = storage 1 + inflow - o

utflow

$1,2=S11+11-01 for 0 £S1> < Rcl

0<7+5-x15<11
So,for 7+5—-X1< 11 yield X1

and for 0 £ 7+5-X1 yield X1

21
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2- For Reservoir 2 5- For River 3
S$22=S51+12-02 for 0<S,>< Rc2 X1+X2< Ch3 or X1 +X2 =9
0s7+4-X2=10 6- Now, the problem is:
So,for 7+4—-X2< 10 yield X221 Zmax=5X1+3X2
and for 0 £ 7+4-X2 yield X2< 11 Subject to:
3- For River 1 X121
X1<chl or X1 6 X112
4- For River 2 X221
X2<ch2 or X2 5 X2=11
X1<6
X2<5
X1+X2 <9

The following figuer and table show the solution by graphical method.

L. P. in Water Resources Managment

Al 1| 1] s 8

B 1 5 | 20 T

C 4 5 35 6

D | 6 | 3 | 3 [R5 s
E 6 1 | 33 4
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Using Lindo software, the results are as follows:

May LINDO - [EARES1

100 Fepors e T
M

File Edit Solve Reports Window Help

NEREIEIRAEESEEIEEIN B - |HEB (2
LF OPTIMUM FOUHD AT STEP 2

OBJECTIVUE FUNCTION UALUE

1) 39.00000

UARIABLE UALUE REDUCED COST
X1 6. A0a000 A.800000
"2 3.0800000 A.800000
ROW  SLACK DR SURPLUS DUAL PRICES
2} L.a0aoan A.800000
3) A.8000080 2 .8008080
4} 2.800000 A.800000
5} 2.800000 A.800000
) A.000000 3.080080080

HO. ITERATIOHS= 2

H.W: try to provide the solution by the Simplex method.
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6.2 Water Quality Management

Assume that we have the following system

City 1 Cityn
qz, P1 qn, Pn
>
Q: B; Qn Bn
Where:

Qi : Stream flow rate at i-point, (volume /time).

Qi - waste water rate of i-city, (volume / time).

Pi : amount of a disposal pollution from i-city, (mass / time)
Bi : Maximum allowable pollution at i-point, (mass / volume).

If the system above has no waste water treatment plant the
pollution of each city P; will reach the river or the stream at
the same value or load. With a waste water treatment plant
the pollution will be equals to (1-xi)Pi, where Xx; is removal
ratio of the treatment plant of the i-city.

. . . _X:) p: qi
Conservation and non-conservation pollution (1-X) P l '

Any pollution may be conservation or non-conservation. Consequently, the
formulation of the problem will be considered. Therefore:

A- For conservation pollution.

1-X41) P X1 P P
(1-X1) Py < B, Or 1P L _p,
Q1+ q1 Q1+ q1 Q1+ q1

For point 1:

1-X41) P 1-X,) P
(1-X1) P4 n (1-X3) P, <
Q1+ q1+qz Q1+ q1+q2

For point 2: 2

X1 Py X, Py = Pq n Py
Q1+ 4q1+q2 Q1t+q1+tq2  Q1t+qi1+tqz2 Qi1+tq1+q2

_B2
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For point i:
(1-X1) Pq (A-Xp)Pp , (1-X;) P; < B.
Q1+ q1+-+q; Q1+ qi+--+q; Q1+ qi+-+q; — °
X1 P X, P X; P; P P P;
Or 11 Z 2.4 ... 4o 1 T2 + L _B.
Q1+ q1+-+q;=0Q7 Qr Qr Qr Qr Qr L
And so on continue until the n-city
|
|
1
\"4
For point n:
(1-X1) P a-x)pPp , (1-Xy) Py
Q1+ q1++qn, Q1+ q1+-+qy Q1+ qrt+qy — M
X1 P X, P X, P P P P
Or 11 2°2 4 ... frrs L4204 +-*_RB
Q1+ q1+-+qn=Q7 Qr Qr Qr Qr Qr n
The objective function is:
Zmin = C1x1P1 + szzpz + CixiPi + ceeee Cnann
B- For non-conservation pollution.
. 1-X P X P P
For point 1: (1-X1) p11P1 < B, Or P11 P1 o, P P1 )
Q1+ 491 Q1+ 91 Q1+ 91
. 1-X P 1-X P
For point 2: (1-X1)p12 P1 |, (1-X3)p22 P; < B,
Q1+ q1+ 92 Q1+ q1+ 92
Or X1p12 P1 X2p22 P2 P12 P1 P22 P2
Q1+ q1t+q2 Q1tqi1tqz2 — Qi1tqi1tq2 Qi1tqi1+q2 2
. 1-X P 1-X P 1-X P
For point 3: (1-X1)p13 P1 (1-X3)p23 P; (1-X3)p33 P3 < B,
Q1+ q1+q2+q3 Q1+ q1+q2+q3 Q1+ q1+qz2+q3
Or X1p13 P4 X2p23 P> X3p33 P3 P13 P1
Q1+ 41+ 92+ q3 Q1+ q1+q2+q3 Q1+ q1+tq2+q3 Q1+t q1+q2+q3
p23 P> p33 P3 _B
3

Q1+ q1+ 492+ g3

Q1+ q1+ 92+ q3
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For point i:
(1-X1)p1i P1 + (1-X3)p2i P2 Foeen n A-Xopi Pi _ B.
Q1+ qi+-+q;i Q1+qi+-+q; Q1+ qi++q; — *
i i Xip;; Pi i P i P ii Pi
Or X1P1i P1 X2p2iP2 | . piiti < PPy p2iPy riPi _ p
Q1+ q1+-+q;=Qr or T o T Tar T o !

And so on continue until the n-city

FOI’pOint n: (1_X1)p1nP1 + (I_XZ)pZnPZ ++ (1_Xn)pnnpn < B
' Qi+ qi+-+qn Q1+ qi1t+-+qy Q1+ qit++qn — "
Or X1p1n P1 + X2p20 P2 Foeeeeeeens +annn Py = P1n P1 i
Q1+t q1t++qn=0Qr Qr Qr —  Qr
P2n P2 Pnn Pn
fon-2 Ll +fmn_ B

Qr Qr

The objective function is:

Zmin = C1x1P1 + szzpz + CixiPi S BRAREE Cnann

In general the formulation is:

k XipikPi - vk pikPi B
=1e+2l ai] = 2= o +2k 44 k

The objective function is:
Zmin = Y} ,Cix;P; = C1x4P1 + -+ Cix;P; + -+ C. x,, P,
Not that:

2 p;. is the decomposition ratio, fraction ratio of i" waste still
present at location k.

< For conservation pollution p;;, = 1

< For non-conservation pollution p;; = p2, = p;; =1

 0<p; =<1

D Pi =1>piiv1 > Piivz > Piitz > > Pik
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Example: For the following waste water treatments system, formulate
the problem as a linear programing model.

City 1 l City 2 l City 3
q1,P1J qz2, P2 L Qs,P3l
>

Qi B; Q: B> Qs B3

Solution

1- For conservation pollution.

. 1-X,)P X1 P P
For point 1: &s B, Or 1> L B,
Q1+ q1 Q1+ q1 Q1+ q1

1-X41) P 1-X,) P
(1-X1) P (1-X3) P, < B
Q1+q1t+qz2 Qi1+t q1+ 92

For point 2: 2

X1 P X, P P P
Or L N 2Pz o 1 + 2 ~B,

Q1+ q1t+q2 Q1tq1tqz2 — Qi1tqi1+tq2 Qi1+t qi1+q2

For point 3:

1-X1) P 1-X,) P 1-X3)P
( 1) P1 4 (1-X3) P, 4 (1-X3) P3 < B,
Qitq1+q2+q3 Q1+q1+4q2+q3 Q1+ q1+ 92+ q3

X1 P X2 P X3 P P P P
o) 1P1 2Pr (X Py Py B g,
Qitq1+49,+q3=0Qr Qr Qr Qr Qr Q@

Zmin = C1x1P1 + szzpz + C3x3P3

2- For non-conservation pollution.

1-X P X{(DP 1P
(1-X1) p11 1 B, Or 1(1) 1S 1

For point 1: < = — B4
Q1+ 91 Q1+ 91 Q1+ 491
. 1-X P 1-X P
For point 2: (1-X1)p12P1 , (1-X32)p22 P> < B,
Q1+ q1+ 92 Q1+ q1+ 92
X1p12 P1 X2(1) Py P12 P1 1P,
Or + > + — Bz

Q1+ 91t q2 Q1+ q1tq2 — Q1+q1tq2 Q1+t q1t+q2
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For point 3:
(1-X1) p13 P1 n (1-X3) p23 P> n (1-X3) p33 P3 < B,
Q1+ q1+q2+q3=Q7 Qr Qr
X1p13 P1 X2p23 P2 | X3(1)P3 P13 P1 | p23 P2 | 1P3
Or + + = + + — B
Q1+ a1+ a2+ 4q3=0Qr Qr Qr Qr Qr Qr 3

Zmin = C1x1P1 + szzpz aF C3x3P3

Home Work. For the following waste water treatments system, formulate
the problem as a linear programing model.

Solution

(1-X1) P1+(1-X3) P2, (1-X3) P3

< B,

Q1+ q1+ 92+ q3=QT

X1 P X, P X3 P P P P
L1y 222,453 3> 1y 24 3_p,
QT QT QT QT QT QT

Or

Zmin = C1x1P1 + szzpz + C3x3P3
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Example (Application Problem):

. Wonder River sewage-treatment program Wonder Valley is criss-
crossed by Wonder River and its two tributaries, Tweedledum and Tweedledee.
Five cities are located on this tributary system; Aurora, Baker, Cornvallis, Dallas,
and Eastport. These communities discharge wastes into the river system but are
now being asked by the Wonderiand government to submit a consolidated plan for
building sewage-treatment plants. Because of the distance involved, it is neces-
sary to build a plant in each cogmunity and/or discharge the waste into the river.
Individual cities ‘must cooperate to satisfy specific biochemical oxygen demand
(BOD) levels at minimum cost. Neglecting waste decomposition in the river, the
fcllowing data were obtained. See Figure . Fovmulatisn on Iy .

Cornvallis

Aurora

Eastport

Estuary

=,
°
Maximum  Maximum BOD

BOD load waste Sewage plant Streamflow BOD pounds allowed

discharged by the  treatment cost, at the city, in stream, in the river,
City community, Ib/day  $/Ib of BOD ft3/sec Ib/ft? Ib/day
Aurora 2,200 18 32 ' 00012 332 '
Baker 800 22 3.6 0.0012 373
Cornvallis 2,000 .16 4.5 0.0010 389 ;
Dailas 500 25 5.0 0.0015 648
Eastport 1,200 .20 13.1 0.0013 1,452

Maximum allowable Twin-tweedle river BOD is 829 Ib/day.

Solution:
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1- For A-City (Aurora):

X1 Py Pq

AX0P o g, Or >H_p,
q1 q1 q1
2200X%; 2200 00012
3.2+24%602 ~ 3.2%24%60%
~0.00796 x1 > 0.00676 ----m--mm-mmee- 1
2- For Upper wonder:
(1- x1)P1< 332
Or (1- x1)2200< 332
So, 2200 x1 > 1868 - 2
3- For B-City (Baker):
aX)Pr o g, or ¥f2y 22_p,
q2 q2 q2
800X, 800 00012
3.6 +24x602 ~ 3.2%24x602
% 0.002572x2 > 0.001372 = -mmmmemmememeeo 3
4- For Lower wonder
(1-x)P1+ (1- x2)P2< 373
(1- x1) 2200 + (1- x2) 800 < 373
S0, 2200 X1+ 800 Xp >2627  -mm-mmemmmmmnne 4
5- For C-City (Cornvallis):
UX)Ps o g, or Xfay Bs_p,
q3 q3 q3
2000X; 2000 0.001
4.5%24+602 4.5%24%602
~ 0.005144 x3 > 0.004144 = ---mmmmemmmmmemo 5
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6- For Tweedledum

(1- x3) P3s < 389
(1- xs3) 2000 < 389

So, 2000 X3 > 1611  =mmeeemeeeeeeee- 6

7- For D-City (Dallas):

1-X,) P X4 P P
AX)Ps o g, or %Pas Ps_p,
qda qa qa

500 X, 500

> —-0.001
5x24 %602 — 5 %24 %602 0.0015

=~ 0.001157 x4 = —0.000343

~—0.001157 x4 < 0.000343  ----------------- 7

8- For Tweedledee

(1- xs4) P4 < 648
(1- x4)500 < 648

So, R 7. S — 8

9- For Tiwn-tweedle

(1- x3)Pa+ (1- Xq) Pa< 829
(1- x3) 2000+ (1- x4)500< 829

So, 2000 x3 + 500 x4 >1671 -------=--------- 9

10- For E-City (Eastport):

X5 Ps Ps

1-X)P
X% - g, or > Ps_p,
qs qs qs
1200 x5 - 1200 0.0013
13.1 %24 %602 — 13.1 * 24 * 602 |
~ 0.00106 x5 > —0.00024
~—0.00106 x5 < 0.00024 -——--—-m-m-m-m- 10
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11- For Wonder River

(1-x))P1+ (1- x2)P2+ (1- x3)P3+ (1- x4) P4 + (1- x5) Ps < 1452

(1 - X1) 2200 + (1 - X2) 800 + (1 - X3) 2000 + (1 - X4) 500 + (1 - Xs) 1200 < 1425

So, 2200 x1 + 800 x2 + 2000 x3 + 500 X4 + 1200 X5 > 5275  -===--------

Also, Remember that ( X1, X2, X3, X4 & X5 ) should be less than one

The objective function is:

Cost = Zmin = 0.18 * 2200 X1 +0.22* 800 X2 + 0.16* 2000 X3

+0.25* 500 X4 + 0.2 * 1200 Xxs

Zmin = 396 X1 + 176 X2 + 320 X3 + 125 X4 + 240 X5

Briefly the problem is:

Minimize Z = 396 X1 +176 X2 + 320 X3 + 125 X4 + 240 Xs

Subject to:

0.00796 x1 = 0.00676 = mm=mmmmeme-
2200x1 > 1868  mmmmmmeeee-
0.002572x2 > 0.001372 = mmmmmmeeee-
2200 X1 +800x2 >2627  mmmeeeeeeee-

0.005144x3 > 0.004144 -
2000x3 > 1611 mmmmmmmeee-

—0.001157x4 < 0.000343 = ---mmm-me-
-500x4 <148 mmmmmmmeee-

2000 x3+ 500x4 >1671 =0 @ mmemmmmme—ee-

—0.00106 x5 < 0.00024 = -mmmmmmmme-

2200 x1 + 800 x2 + 2000 x3 + 500 X4 + 1200 X5 > 5275 -------

With x1<1, x2o<1, x3<1, x4<1&x5<1
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Using Lindo software, the results are as follows:

¥l LINDO - (£ QAN LT

@File Edit Solve Reports Window Help

DiFEEs] bEevRE=n] s RAB BE (2
Min 396 =1 + 176 =2 + 328 x3 + 125 x4 + 248 x&
SUBJECT TO
2} 8.808796 x1 >= B.88676
3} 2288 1 >= 1868
LY B.882572 x2 >= 8.881372
5l 2208 x1 + BO8 %2 >= 2627
6} 8.8085144 %3 >= 0.884144
f) 2888 %3 >= 1611
8) - 8.881157 x4 <= 0.000343
9y -588 x4 <{= 148
18) 28688 %3 + 5808 =24 = 1671
11) - 8.88186 x5 <= 0.08824
12) 2288 %1 + 888 x2 + 28088 x3 + 500 x4 + 1280 x5 >= 5275
13) ®x1 <=1
14) =2 (=1
15) =3 <=1
16) =4 <=1
17) #5 <=1

EHD
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¥ LINDO - [Reparts Wind

P&l File Edit Solve Reports Window Help

|[Dz=E=] (&|ee]exE=]a] O] FAm (EER] (20
LP OPTIMUM FOUHD AT STEP B8

0BJECTIVE FUHMCTION VALUE

1) 939.54088

UARIABLE UALUE REDUCED COST
X1 1.08000880 8.d908088048
X2 a.533758 8.d688848408
X3 1.00808888 8.d688848408
he a.0808098 25 .88840088
X5 a.5408808 8.06868808
ROW SLACK OR SURPLUS DUAL PRICES
2) a.001200 6.0000008
3) 332.000000 6.0000008
4) a.8884881 8.4968880408
5) a.08008498 -8.8200088
6) a.8814a8498 8.d688848408
7) 389 ._08400088 8.d688848408
8) a.888343 8.d688848408
2) 148 . 88480088 8.d688848408
18) 329 ._080088 8.06868808
11) a.8688812 8.0686680808
12) 8.000000 -08.200000
13) 8.000000 88 .000000
14) B8.4566250 6.0000008
15) a.0800098 80.800008
16) 1.00800880 8.4968880408
17) a.4600408 8.d908088048

HO. ITERATIOHNS= 8
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6.3 Least Square Method

Example: find the best fit line for the following table using the Simplex
method and compare the results with the standard method (least square
method).

Solution:

any line could be expressas: y*=a+bx

from the least square method the value of a & b estimated as:

X y X.y X2 Where: Yy = Na+ b)x
1 4 4 1 Yyx = a¥x + byx?
3 6 18 9 So, 32=4a+16b
5 10 50 25 156=16a+84 b
7 12 84 49
Which givesa=2.4 & b=1.4
Yx=16 | Yy=32 | Yyx=156 | Ya? = 84
f Y =24+1.4x

By the L. P. method the problem is formulated as follows:

Znin =2y — yiA)Z =Y(yi—a- bxi)z

Assume that:
Zpnin = YAbsi -y =3 |yi— ¥/

Let & =y;—y ' = yi—a—bx; = X3;— Xy
o Zmin=Y|&] = 2] X3 — Xai| = X(Xai + X))

So for; & =y;-y1 = y1—a-bx;= X3 — Xy

The result is 4-a-1b=x3-x4
Let the unknown variables (a,b) as: a= x1 & b=x2

.4 — x1 — 1x2 = x3 — x4
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By the same way:

For &: B-X1-3X2=X5-X6  emmememmmmme- 2
For é&s: 10—X1-5X2=X7 -X8  ---mmmmmmmmmee- 3
For & 12 -X1-7%x2=X9=%X10  -—--mmmmmmmmmmv 4

The objective function is:

Znin =Y & = 3| X3i — Xai| = 2( X3 + X4)

Zpmin = (x3+x4) + (x5 + x6) + (x7 + x8) + (x9 + x10)

By using Lindo software, the results are as follows:

a=x1=2667 &b=x2=133 with Z,,;,

ST, . 4

%H\e Eit Sobe Repots Window Hep

FE uUNDO
File Edit

y|e| =1.333

Sohlre Reports Window Help

===

A ES RS =1 =0

FEl Reports Window

257
=

I

D 28R

(ST

&HS| JRRbER

Hin st ah e sbexde ol + 3+ 40+ kil
SURJECT 10

Do-ul-12-adeah=-

3 -d-3al-beuf=A

Yo-ul-5g@-7+id=-10

B o-ul-Ta-d9+40=-12
E

LP OPTIMUM FOUHND

AT STEP a2

OBJECTIUE FUHCTIOHN UALUE

1) 1_-333333

UARIABLE UALUE REDUCED COST
K3 9._9090000 B_666667F
K 6_0060008 1.333333
xS 6_0060008 2 _0668066860
G B_4666667 a.a888a8a
X7 B_4666667 a.a888a8a
X8 9_.990000 2 _900000
X9 9._9090000 1.-333333
x18 6_0060008 B_666667F
x1 2 _666667F Ga_068066860
xz 1.333333 a.a888a8a
ROW SLACHK OR SURPLUS DUAL PRICES
22 9_0000008 a._333333
3 6_0060008 —1_868080
5y 6.6006068 1.-.606668680

HO _

8. 808088 —8a.333333

ITERATIOHNS= a

Not that: the valuse of (a and b) of the best fit line are not compatoble from the both methods
(the last squer and the Simplex), Why ?. For more explanation see the following Table and

figuer.
|y | TGy | (smplexm) |
1] 4 3.8 3.997
3] 6 6.6 6.66
5 |10 9.4 9.32
7 |12 12.2 11.977

14

12
10

o N B o0 @
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7- Sensitivity Anaiysis
7.1 The Inverse of Basis and the Simplex Multipliers

For the general L. P. problem with m-equations constraints in n non-
nagative variables of the form:

Ax=b e 7.1

If B is m-columns of A which correspond to the basic variable, so that
A can be written as:

A=BR) = e 7.2
Where: B: is the m x m matrix of the basis.
R: is the m x (n-m) matrix of the non-basic variables.
So, the canonical form for the basis is obtasined by multiplying:
BR)X=b e 7.3
By B to obtain:
(ImBR)x=Blb=b"  ----eeeemmee- 7.4
Which will represent the canonical form for the constraints.

If ajrepresents the column of coefficioents of the variable x; in the
first equation form of the constraints, then:

a'=Blay = - 7.5

will represent the column of coeffiocients of X; in the canonical form.
If x; is a slack variable that arose from a "" < " constraint then:

0
0
aj = +1 « pthrowsay ; So thata;’ will be the pth column of B,
0
0

Also, if Xk is the a slack variable that arose from a ** > '* constraint then:

0
a; = ( : w < qthrow say; So that a;’ will be the negative of the gth column of B!

As un illustration consuider the first and last tableaux of example 2 of
section 4.
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It. | Basis | Value X1 X2 X3 X4
X3 1700 3 4 1 . First tableau
O | x4 | 1600 | 2 | 5% | . 1
-z 0 -2 -4 .
X3 | 420 | 7/5% | . 1 | -5/4
1) x2 | 320 | 2/5 1 : 1/5
-z | 1280 | -2/5 | . . | a/5
X1 | 300 1 . | s/7 | -a/7
2 | x2 | 200 . 1 | -2/7 | 3/7 Final tableau
-z | 1400 | . .| 27 | a7

The optimal basis is (X1, X2). The matrix of coefficients of the basis in the first
form for the constraints is:

e[} 4

2 5
In the first canonical form the matrix of coefficients of the slack variables (xz, Xa)

is:
r=[p 3

In the final tableau itis B-lI=B"1= [ 5/7 —4/7

-2/7 3/7
Example 1: For the example 4 of section 4, find the invers matrix B,

Solution: The coefficients matrix of the final basis (X1 , X2, X3, X4) in the first tableau is:

10 -1 0
_l0 1 0 -1
B=111 0 o
-1 4 0 0
Also, the coefficients matrix of the slack variable (X3, X4, Xs, Xs) in the first and last tableau is:
-1 0 00 0 o 4/5 —-1/5
e 0 -1 00 g 0 o 1/5 1/5
in first 0 0 1 0] ; in final 1 0 4/5 —1/5
0 0 01 0 1 1/5 1/5
o o %/5 -1/5 ange in the
SothatBlis: B1=|0 0 /5 1/5 -
otha IS- BT =14 o 4/5 -1/5 wo columns since the
s oo roma - s
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For checking note that:

0 o 45 -1/51r1 0 -1 o0 10 0 0
pig=|0 0 15 150 1 0-1/_|01 00|_,

-1 0 4/5 -1/5(| 1 1 0 o 00 10

0 -1 1/5 1/5 -1 4 0 O 00 0 1

Also, the value of the basic variables are of course is given by Eg. 7.4 as:

o o 4/5 -1/51r107 12

4 —p1n_|0 0 1/5 1/5||5]|_|8
Value=b"=B"b=|_1 o 4/5 —1/5||20|7 |2
0 -1 15 1/5]20 3

7.2 Simplex Multipliers - i -

In each canonical form the basic variables appropriate to that form have been
eliminated from the objective function Z. the simplex method does this in an iteratrive manner.
It is possible to imagine it being done at each stage by using the first form for the constraints.
For the general problem:

aq11X1 t+ Qq2X3 + A13X3 "+ + Xy, = by
Az1X1 t QX3 + Ap3X3 - + azpx, = b,
Am1X1 T ApaXy + Az Xg - + QunXn = by
C1X1 + €3X3 + C3Xx3 - + Xy = Zyin

If we multiply the constraints by numders 1, 7, ..., mm and add to Z to obtain

m m m m
x1 <C1 + Z ail Tl'l>+ xz <C2+ Z aiz ﬂi)‘l‘""l‘ xn (Cn‘l‘ Z ain 11'l-> = Z+Z bi 71'l- "'7.6
i=1 i=1 i=1 i=1

Now, for values of 7 S0 that the coefficients of the basic variabvles in Eq. 7.6
are zero. Such 7 are called as the Simplex Multipliers.

If X1, X2, X3, «veen. , Xm are basis (there is no loss of generality) the zi are determined from:
A1y + A1y + A3 T3 + a4y, = —C
Q1271 + AT + A3pTT3 - t ATy = —C;
ATy + ATy + A3y TT3 - t+ Gyt = —Cpy
ie Bim=—-Cp  -—--mmmmememeem- 7.7
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Where: B: is the m x m matrix of the basis.

Cs' = (C1,Cy ...... ,Cm) 1S the matrix of the coeficientys of the basic
variables in the first form for Z.

T
Uy
Also, T =| m3
T
Thus m=—B")1Cg=-BHCg W - 7.8

Howevere, the values of zi could be estimated by inspecting the Simplex
tableaux, as follows:

1- If x; isthe slack variable in the pth constraint which isa ""<"" constraints,
its coefficients in the optimal form for Z will be (z ).

2- If x; isthe slack variable in the gth constraint which isa ">"" constraints,
its coefficients in the optimal form for Z will be (-zq ).

As un illustration consuider once again the first and last tableaux of
example 2 of section 4. The first form of the constraints and Z is:

3X1+4 X2+ x3=1700 (71 =2/7)
2X1+5X2+x4=1600 (72 =4/7)
Z=-2X1—-4X>

The coefficients of the slack variables ( X3, X4 ) in the optimal tableau are:
(217, 417)

Thus the Simplex multiplier are:  m1=2/7 & m=4/7

Multiplying the constraints by (71 & z2) as shown and add to Z to obtain:

X1 [-2+3 (217) + 2 (4I7)] + X2 [-4 + 4 (217) + 5 (417)] + (2/7) X3 + (4/7) Xa
= Z+ 1700 (2/7) + 1600 (4/7)
2

ie 2 X3+ - x4 = Z + 1400

Which is indeed the final form for Z

Now, from Eq.7.6, in the final form, since the coeficients of the basic variable
are zero and the value of non basic variable are zero therefore each term on the
L.H.S. is zero. Thus the optimal value of Z is given by:

Z =— i=1 bi w; e 7.9
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Example 2: For the example 4 of section 4, find the Simplex Multipliers i

Solution:

The coefficients of the slack variables (xs, Xa, Xs, Xs) in the final tableau
are:

(0,0, 16/5,1/5)
Thus the Simplex multiplier are:  mw1=-0; m2=-0, 3=16/5, 74=1/5

Also;  Z=—3M b;m= —(~0x10+ —0x 5+ X 20 +-x 20) = —68

7.3 The Effect of Change in the Problem

We shell consider the following cases:

I.Changes in the bi ( R.H.S. values).
ii.Changes in the C; (the coefficients in the objective function).
iii. The inclusion of more variables.

iv. The addition of extra constraints.

I. Changes in the b; .

The original constraints are assumed to be:
Ax=b withZy;, = c'x
Suppose the new problem is:
Ab,

Ax = b+ Abwhere Ab = AI:JZ with same Zy, = c'x
Ab,

For the original problem, the following equations are true:

For basic variables xg = B lb=0Db'
For non — basic variables i+ Xt @y 20 -eeeeeeeeeeeees 7.10
Value of optimum Z=—-)i21b;m;
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Now, if only the b; change, Eq. 7.10 will still be valid for new problem. Thus
provided the same basic solution is also feasible for the new problem, it will be the
optimal basic feasible solution for this problem with the following values:

xg* = B Y (b+Ab)=b"+B 1Ab = - 7.11

Provided that xg* >0

Also, the new value of Z will be:
Z"==-Yy"(bj+ Ab) m; = - 7.12

Where 7j are the Simplex multipliers of the original problem.

Note that: from Eq. 7.9 it could be obtain that:

oz

i S 7.13

Therefore, if bi change by too large values, there will come at which xz* as
given by Eq.711 is not feasible. Then we would have to start again.

Example 2: For the example 2 of sec.4,

A: suppose we can buy extra board from a second timber merchant. How
much per square meter are we prepared to pay for it.

Solution: we suppose that 1700 in first constraint changes to 1701.

Thus the new vector of b's will be (1701)

1600
Also, new values of the basic varables will be:

5 4 5 300 + 2
oY _[7 7 \(1701y_(300\, (7 7|1y _ 7
(xz*) =B~ (b+Ab) = (—_2 3 ) (1600) a (zoo) * (-_2 3 > (0) - (zoo = 3)

7 7 77 7

New optimal Z* = — Y™ (b; + Ab;) 7; = —(% x 1701 +> x 1600) = —1400 —%

Thus, the profit will increase by% $ which is the maximum price could be paied for extra
1 m? of board.

B: Suppose we can obtain extra machine time by working overtime. If the
costs is $7 per hour extra. Is it worth it?
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Solution:  The new vector of b's will be (1700)

1610
Also, new values of the basic varables will be:

5 -4 300 40
x1*)_ 1 _[7 7 )|(1700\ _ K2
(xz* =BTl rab) =, s (1610) 200 +3°
7 7 7
" m 2 4 40
New Z* = —XZ(b;+ Ab;) ; = —(> x 1700 + - x 1610) = ~1400 — —

Thus, the profit will increase by g $ for 10 hours (i.e 4/7per hour) . But since the hour's
overtime costs $7 , so it is not worth.

Ii. Changes inthe C;.

Suppose that the values of c's in the objective function of tha same example
were changed to $p: & $p2. For what possible values of them so that the solution
we have obtained is still optimal. In this case only the last line will change, why?.

So, the objective function in the first tableau is:
—Pyx1—Pyx2=2+0

Also, the canonical form for the constraints for the basis is:

x1 + 0x2 + §x3 _ §x4 =300

0x1+x2—§x3+§x4=200

To obtain Z in this new canonical form, eliminate x; & x> from Z by multiplying
the above constraints by p: & p2 and adding to Z to obtain:

(gp1 - §P2) x3 + (_74P1 + %Pz)xz; — Z+300P, + 200P,

Thus, the solution is optimal if the coefficient of non-basic variables x3 & xs are
positive. So,

EPi-2P,) 20 & (TP +2P,) 20

N

—2§=0.4 & L <2=0.75

|
~

Note that: If one or more of the coefficients of non-basic variables in the
new objuctive function are nagative we shell bring this variable into basis
and continue with further iterations of Simplex method. i.e. the earlier
calculations will not be wasted
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iii. The inclusion of More Variables.

Suppose a third type of kit (type C) can be made with a 4 m? of board and 20 minutes

of machine time and a profit of $p. The problem is should we make it or not?

Solution: Let xs be unit of type C, our problem in standard form is:

3X1+4 X2+ %3 +4Xx5=1700
2 X1+5X%2+ x4 +10/3 x5 = 1600
-Z —2X1—4X%2 -pXs=0

In the final tableau the first two rows of xs column will be, by Eq. 7.5

—4 2
J— 4_ —_
7 1{10) =22
3 || = 6

- 3

|
S| LN

T
The Simplex multipliers are (n:) =

NI NN

Then by Eqg. 7.6 the coefficient of xs in the canonical form for Z will be:

m . 2,10 4 64
So, the final tableau will be ( the only change is the x5 column)
It. | Basis | Value X1 X2 X3 X4 X5
X1 300 1 . 5/7 | -4/7 20/21
X2 200 . 1 -2/7 | 3/7 6/21 Final tableau
-Z 1400 . . 2/7 4/7 | -P+64/21

Now, if (-P + 64/21) > 0 then this solution is optimum and Xs remains non-basic
and we do not make a new model . While if ( -P + 64/21) < 0 or (P > 64/21) it
should be made xs as a basic, then try to "pick up" the compution from the
canonical form just given and continue with the Simplex method.
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iv The Addition of Extra Constraints
For the same example consider the following addinal constraint:
X1+ X2 <550

this constraint has to be included in the problem. However, in this case for our

optimum solution of x1 =300 & x> = 200 (i.e X1 + X2 = 500 < 550), this constraint

has no effect on the optimal solution. But, let the constraint be as:
X1+ X2 <450
So, let X1+ X2+ X5 =450 ;
Where xs is a slack variable.
Now, include this constraint in the final canonical form as:

x1+ 0 x2 +§x3—§x4= 300
2 3
0x1+x2—;x3+;x4 =200
X1+ X2 + X5 =450
Eliminate X1 & X2 from the new 3™ constraint yield:
-3 1
7x3+; x4 + x5 = -50

The last tableau would have been:

It. | Basis | Value X1 X2 X3 X4 X5
X1 300 1 . 5/7 -4/7
X2 200 . 1 -2/7 3/7 . Final tableau
X5 . . -3/7 1/7 1
-Z 1400 . . 2/7 4/7

At this point we encounter a problem. Where the Z function is in the optimal form
since all the coefficients of non-basic variables are positive while the basic variable
Xs 1S negative . in such case we must use the dual Simplex method.
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7.4 The Dual Simplex Method

If the objective function has all positive coefficients (C; > 0), the steps are as
follows:

1- Find a negative basic variable. If there is non, we have the optimal solution. If
there is more than one find the most negative. Suppose this variable is the basic
variable in the rth constraint. This gives the variable to come out of the basis.

2- In this r-row look for negative coefficients ay" . if there are non there is no
feasible soution to the problem. For negative coefficients as' in this row find

that:
¢;'

mm]-

!

ar]-

If this arises in column s, variable s is the variable to enter the basis.

3- Carry out the usual Simplex transformation with ars' as pivot and as follows:

’ 1}
Cs Ay
’
Qg

And since a," is negative, and all ¢;" are positive, this is positive, since s arose
from:

! !

Cs

;
Arg

Cj

mln]-

!

ar]-

So, the results are as indicated in the following table.

It. | Basis | Value X1 X2 X3 X4 X5 Row Remark
X1 300 1 . 5/7 | -4/7 1
, | X2 200 . 1 -2/7 | 3/7 . 2
X5 -50 3/7% | 1/7 1 3
-z | 1400 | . . 2 a7 | 4
X1 650/3 1 . . -1/3 | 5/3 5 Pivot*(-5/7) + R1
X2 700/3 . 1 . 1/3 | -2/3 6 Pivot*(2/7) + R2
3 | x3 | 350/3 . ) 1 1/3 | -7/3 | 7 | Pivot=R3/(-3/7)
-Z | 4100/3 . . . 2/3 | 2/3 8 Pivot*(-2/7) + R4

Note that, in some times the dual Simplex method allows us to avoid the
use of artifucial variables, as explaned in the following example .
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Example: Find non-negative X1 , X2 such that:
Zmin = X1+ X2
Sub.to: X1+2X2 >6
2X1+ X2 =26

7TX1+8X2 <56

Solution: in standard form the problem is:

1: X1+2X2—X3=6 2: Multiply the first two constraints by (-1) to have:
2X1+ X2 -Xa=6 -X1-2X2+X3=-6
7 X1+ 8Xz2 + X5 =56 -2X1- X2 +X4=-6

For which 7 X1+ 8X2 +X5=56
-Z +X1+X%x2 =0 For which -Z +x1+x2 =0

Now, the solution is rpresnted in the following table avoiding the use of artificial
variables and artificial function W.

It. | Basis | Value X1 X2 X3 X4 X5 | Row Remark
X3 -6 -1 -2 1 . 1
X4 -6 -2* -1 . 1 . 2
0
X5 56 7 8 . . 1 3
z | o P 1 . . 4
X3 -3 . -3/2* 1 -1/2 5 Pv*(1) + R1
X1 3 1 1/2 . -1/2 . 6 Pv = Pivot = R2/(-2)
1 X5 35 . 9/2 . 7/2 1 7 Pv*(-7) + R3
z | 3 7R 8 Pv (1) + Ra
X2 2 . 1 -2/3 | 1/3 9 | Pv=Pivot = R5/(-3/2)
2 X1 2 1 . 1/3 | -2/3 . 10 Pv*(-1/2) +R6
X5 26 . . 3 2 1 11 Pv*(-9/2) +R7
-Z -4 . . 1/3 1/3 12 Pv*(-1/2) + R8

The optimal results are:

X2=2,X1=2&X5=26 andZ=4
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Also, note that:

The coefficients matrix of the final basis ( X2, X1, xs) in the first tableau is:

-2 -1 0
B=(-1 -2 0
+8 +7 1

Also, the coefficients matrix of the slack variable (X3 , Xs, Xs) in the first and last tableau
is:

1.0 0 -2/3 1/3 0
in first [0 1 0] ;  infinal [1/3 -2/3 Ol
0 01 3 2 1
-2/3 1/3 0
SothatBlis: B1= [1/3 -2/3 o]
3 2 1

For checking note that:

-2/3 1/3 0][-2 -1 0] [1 0 0
B'B=|1/3 -2/3 of|-1 -2 l=[o 1 ol=
3 2 ul+s +7 11 lo 0 1

Also, the value of the basic variables are of course is given by Eq. 7.4 as:

2/3 1/3
Value=b' =B 1p = I 1/3 —2/3 0] [ ] [ ]
56 26

The coefficients of the slack variables (x3, x4, x5) in the final tableau are:

(1/3, 1/3, 0)
Thus the Simplex multiplier are:  m=13; @m=1/3, m3=0

So, Z=-YPib;m=—(GX(—6)+ X (=6)+0 X56) =

Note that, the values of (1= 1/3 & m>= 1/3) was not multyplied by (-1) inspite
of they were brought from "">" sign, why?
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8- Transportation Problem

8.1 The Nature of the Problem and its Solution

Example 1

A company which runs a chain of Depaetment Stores wishes to
transport some beds from its 3 warehouse to 5 of its retail outlets. There are
15, 25, 20 beds respectively at the warehouse and the 5 stores need 20, 12,
5, 8 & 15 beds respectively. The costs ($'s) of moving 1 bed from warehouse
to store are given in the following table. How should the distribution be
planned so as to minimise the costs ?

To
Demands
Erom W1 1 0 3 4 2 ai=15
(Sources) W, 5 1 2 3 3 ax=25
W3 4 8 1 4 3 as=20
b1=20 | b,=12 | b3=5 | b4s=8 | bs=15

Solution: Let Xjj be the number of beds sent from warehouse i to store j.

So, for supply or sources:
X11 + X12 + X13 + X14 + X15 =15
X21 + X22 + X23 + X24 + X25 =25
X31 + X32 + X33 + X34 + X35 =20
For demand:
X11 + X21 + X31 =20
X12 + X22 + X32 =12
X13 + X23 + X33 =5
X14 + X24 + X34 =8
X15 + X25 +x35 =15
Subject to these constraints, the cost is:
C=1X11+0X12+3X13+4 X134+ euuueeee. +4 X34+ 3 X35 is to be minimized
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The above results will generalise to transportation problem with m-supply
points (ai,i=1, 2, ........, m) and n-demands points (b; , j= 1, 2, ........,n) Where:

Supply = ¥i21a; = ¥j-1 bj = Demand - 8.1

If cjj is the cost of transportaion of 1 unit from supply point i to demand point j,
then the problem will be to find xi; > 0 which satisfy that:

For supply
X11+ X212 F cevvevvennees + X1n =a;
X21 F X22 F cevevrennens + X2n =az
Xm_‘l + sz Fovvrerereeenne + an = am
For demand: ----8.2
X11 + X21 Fovvereeeeenens + + Xm1 =b;
X12 FX22 Forrrreennns + +Xm2 = b,
Xin + X2n Fovrerereenns + +Xmn =bn
With minimizes
C=C11 X11+C12 X12+C13 X13+ C i Xjj + cevvvevrunnes + Cmn Xmn

More briefly the problem is to find xi; for which

Z?:l xi]- = aQq; >0 (l = 1, """ ,m) ------------ 8.3
1i7i1xij=bj>0(i=1, ------ 1 ) D ——— 8.4
With minimizes € =3Y72, ¥ ¢ *x; e 8.5

Since  YiZia; = Xitq Xjt1 Xij = Xjoq1 Xiz1 Xij = Xjo1 bj
So, by Eq.8.1, there are only (m + n - 1) independent constraints

Hence there are only (m + n -1) basic variables in a basic feasible solution.
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8.2 The ""Stepping Stones™ Algorithm

It could be solved the transportation problem by Simplex method directly. Such
an approach would be inefficient and would fail to take account of the special

structure of the constraints. We shall use an algorithm first developed by F. L.
Hitchcock which is called *'Stepping Stones'* algorithm.

Now, suppose the (—u;) and ( —v;j) are the Simplex multipiers for the i-th row and
J-th column constraint respectively in the the system of Eq. 8.2. Therefore
multiplication Eg. 8.2 by (—ui) and ( —v;) and addition to C to obtain:

For supply
X171 F X12 F cevevrrernnnn + X1n =a; X (—ul)
X21+ X22 F ceveveennneee + Xon =a; X (—'le)
Xm1 + Xm2 F cevverererens +Xmn  =0m X (—Up)
For demand:
X11 + X21 S + + Xm1 =b1 X (—vyq)
X12 +X22  Ferennnnns + +Xm2 =bh; X (—v3)
Xin + Xzn O + +Xmn  =ba X (—Vy)
m yn _ m n
i=1 Z]—l(cl] u; v])xl] c 21—1 u;a; Zj=1 vjb] """""" 8.6

The coefficients of xij in Eq. 8.6 is simply cij —ui -v; results from the occurrence
of xij in just two constraints for the i-th row and j-th column.

Eq. 8.6 is the canonical form for the objective function appropriate to the basis.
Therefore the coefficients of the basic variable will be zero.

For the basis cijj—u;—v; =0

There are m of ui's and n of vj's but since there are (m + n - 1) basic variable Eq.
8.7 will give (m + n - 1) equations for (m + n) unknowns of (m of ui and n of v;).

Therefore, the solution will be provided by giving one of them an arbitrary value
says zero and solving for the others.

For the non — basic c¢;' = ¢;j—w;—v; - 8.8
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So, if ¢;; = 0, the solution is optimal.

If c;; <0 (negative) , indicates that these x;j can be brought into
basis and minimize the cost C.

Now, return to example 1, using the lowest cost first procedure the first table is
provided as follows:

3+w 12-w
1 0 3 4 o| BED
22w |w 8 15 szll 4;!:1 Xy
25 (0 =
5(-3 1|0 2 3 3 © C=3x1+12x0+2x5+8x3
15 5 +15x3+15x%x 4
20(_1) +5x1=147§%
4 8 1 4 3 Or
C = Titl u;a; + Z?:l v]b]
20 12 5 8 15 Vi Ui = 15(-4) + 25(0)+ 20(-1) + 20(5) +
(5) 4) (2) (3) (3) 12(4)$+ 5(2) + 8(3) + 15(3)
= 147

X2 enters basis with Max. w =2 and Xz1 leaves basis

5+w 10-w 15 (-1)
1 0 3 410 2
2w 8 1ow 25 (0) | C=Xi12ja ¢y Xy
5 1 2 3 3 =141
15-w 5 w 0B = 147 - 3(2)=141
4 8| 11 4fEN 3| PO | =Ihwet Sy
20 12 5 8 1IN
(2) (1) (-1) (3) (3)

Xss enters basis with Max. w =10 and Xi2 leaves basis

15
1 0 3 4 | 163 Optimal
12 8 5
5 1 2 3 3| 2O | ym g
=Die1 2j=1Cij X
5 5 10 =121
4 8 1 4 5| 20 = 141 — 2(10)=121
20 12 5 8 15 =Ll 2 vyb;
vi ui
(4) 1) 1) (3) 3)
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8.3 Unbalance in the Transportation Problem

The condition of Eq. 8.1 plays an important role in the transportation problem.
For an m X n array it means that there are (m + n - 1) basic variables in a basic
feasible solution. Suppose this balance between supply and demand does not hold.

Example 2 Suppose the 15, 25 and 20 beds at the warehouse W1, W2, W3 are to be used
to supply 4 stores whose requirements are for 20, 12, 5 and 9 beds. Suppose the cost of moving
1 bed from warehouse to store is as given. How should the distribution be planned to minimise
the cost?

To
(Demands)
Wi 2 2 2 4 | a=15
(SEE?(TES) W, | 3 1 1 | 3 | a=25
W3 3 6 3 4 a3=20
b1=20 b=12 | b3=5 | bs=9
Solution:  Since the Supply =Y, a; = 60 beds

While the Demand = Z}Ll b;j =46 beds

The *"trick™ here is to introduce a dummy store which required 14 beds with a zero
transportation cost Cis . In the final solution if any beds are to be transported to this dummy
store, shall be ignored. Those beds will remain in the warehouse. So, in this way, the proplem
is created to a transportation problem for which equation 8.1 is true. The solution is represented
in the following tables:

15
2 2 2 4 0 1560 Xa1 enters basis
5-w 12 5 3+w Xo1 leaves basis
3 1 1 3 o| 20O
w 6-w 14 Max. w =5
O 6 3 4 o] 2@
20 12 5 9 1 [ i C=95%
3) L) 1) 3) (-1
15
2 2 2 4 0 15 (0 Optimal
12 5 8
3 1 1 3 0 25 (0)
5 1 14 C=90%
3 6 3 4 o] 2@
20 12 5 9 14 vi ui
(2) 1) 1) (3) (@)
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8.4 Degeneracy in the Transportation Problem

Degeneracy arises in a transportation problem if one or more of the basic
variables becomes zero. Also, a degenerate solution might arise if partial sums of
the row totals are equal to partial sums of the column totals. The problem may starts
at the initial assumption of the basic variable or through improving the results.
Howevere, it is important to remember that the numer of basis should always equals
to(m+n-1).

Example 3

A government department has received the following tenders from three
firms F1, F2 and F3 for three sizes Si, Sz and Ss of service overcoat as shown in
the following table. How should the orders be transported in a minimum cost?

Price per coat in dollars

To (Demands)

Erom F1 110 115 126 a:=1000
(Sources) F2 107 115 130 a,=1500
Fs3 104 109 116 a3=2500
b;=1000 | b,=1500 | h3=1200
Solution:  Since the Supply =Y, a; = 5000 coats
While the Demand = =, b; = 3700 coats

Thus we introduce a *"fictitious'" category coat with demand of 1300 of zero cost
in order to make our problem in a transportation form. Also, it is convenient to work
in unit of 100 coats. Thus our array becomes:

10
10 (-4
110 115 12612 o (-4)
C = 4273
13+w 2-W
15 (0)
-3 107 115 130 | -6 0 X33 enters
10 2-W W 13 o5 B X23 leaves
5 (- _
104 109 |58 116 o| 200 | Max.w=2
10 15 12 138 N
(110) (115) | (130) 6)
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10-w w 10 (10
4110|4115 126 [410 (10)
C = 4257
b 15 (6
-3 107 115 130 | -6 ©) X1 enters
10 0 2+w 13-w - X13 leaves
25 (0
104 109 116 Max. w=10
10 15 12 13 Vi ui
(104) (109) (116) (0)
10
110 115 126 10 i@
C =4157
15-w w 15 (6
3 107 115 130 560 © 1 o enters
10 0+w 12 3-w 25 (0) X34 leaves
5
1
104 09 116 Max. w=3
10 15 12 13 vi ui
(104) (109) (116) (0)
10
0 1100 115 126 10 (6)
C =4139
i tew 3 15 (6)
i 107 115 130 Xo1 enters
10-w 3+w 12 5 Xa1 leaves
25 (0
104 109 116 Max. w=10
10 15 12 13 Vi ui
(104) (109) (116) (-6)
L 10-w
110 115 126 10(0) Optimal 1
10 2-W 3+w
C =4109
107 115 130 1500)
13 12 X1z enters
104 109 116 25(6) | X, leaves
10 15 12 13| S i | Max w=2
(107) (115) (122) (0)
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2 8

110 115 126 0 10 (6) Optimal 2

0 > 15 (6)

107 115 130 0 C = 4109
13 12

104 109 116 0 2200

10 15 12 13 i ui
(101) (109) (116) (-6)

Thus there are two optimal solutions each with a total cost of 410, 900 $

The first one is:
F2> supplies 1000 coats to S; and 200 coat to Sz
Fs supplies 1300 coats to S; and 1200 coat to Sz
The second is:
F1 supplies 200 coats to S»
F2> supplies 1000 coats to S:
Fs supplies 1300 coats to S;and 1200 coat to Ss

Noi-M\\ich is the most suitable one of these two solutions?
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