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Multiple integrals

Double integrals:

Let f(x,y) be a cont. function inside and on a boundary of region R, then
I f(x,y) dR is called the double integral of f(x,y) over R.

Theorem: let R be the rectangle defined by the inequalities
a<x<b c<y<d if f(x,y)iscontinuous on this rectangle then

ffR f(x,y)dA = fcd f;f(X, y) dxdy = f; fcdf(x, y) dydx

Example: evaluate f03 ) 12(1 + 8xy) dydx

f03 [flz(l + 8xy) dy] dx = f03 [y + gxyzlj dx = fog[(Z + 16x) —
(1+4x)]dx = f03(1 + 12x) dx = [x + 6x2]3 = 57.

Or flz f03(1 + 8xy) dxdy (H.W.)

2
Example: evaluate the double integral 1 = fol fox (x +y) dydx

B1 e ar] o= ey o5 o= e+ 5] ax= [ 5, -
1,1 _7
4 10 20

Example: evaluate the double integral [f, y*x dA over the rectangle
R={(x,y); -3<x<2,0<y<1}

1 2 ) 2 5
2 1 1 x? -5
y2x dydx = l— y3xl dx = | =xdx=|—| =—.
. 37, 3 6 6
0 -3 -3 -3
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Homework: use a double integral to find the volume of the solid that is bounded
above by the plane f(x,y) =4 — x —y and below by the rectangle
R={(x,y);0<x<1,0<y<?2}

Example: evaluate [ [°°” xsiny dxdy
2
= fon[focosy xsiny dx|dy = [ [x?siny]

1 3 1" 1
—=cosy| =-.
6 0 3

cosy Tl
. dy = |, Scos?ysiny dy =

Note: if f(x,y) = 1, then the double integral represents the area of the region
R A=[f, dR=[[, dxdy= [[, dydx

To evaluate the double integral, we have two cases:

L Let y; = g:1(x), y2 = 9(®), then [f, fCey)dR = [ [7* f(x,y) dy dx

2' Iet X1 = gl(y)! Xy = gZ(:V)» then ffR f(x;y) dR = fcdf;lZ f(x;y) dx dy
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Example: find the volume of the solid whose base is the region in the xy —
plane is bounded by y = 4 — x? and y = 3x, while the top of the solid is
bounded by the plane z=x + 4.

y=4—x%, y=3x
4—x2=3x=>x*+3x—-4=0>(x+4)x-1)=0>x=-4,x=1

1 (4-x? 1 _ 1
V=07 (c+4) dydx = [ [(x+4)y14> dx = [, [(x + 4)(4 — x% -
3x)] dx=f_14(4x—x3—3x2+16—4x2—12x) dx=f_14(—x3—7x2—8x+

pw 3 2 1 _ (a4 3
16) dx =[-8 q6] =(§_g_4+16)_<<4>_7<4>_

—4 4 3
4(—4)% + 16(—4)) — 52.0833.

Example: find the area of the region bounded by the curve y3 + x = 0 and the
line y=x+2.

x=—-y%, x=y—2

—y?=y-2

y2+y—2=0

y+2)y—-1)=0

y=-2,y=1

_1_y2dd_1 —)’Zd_l 2 d_l 2

A_f_zfy_z X y_f_z [x]y—z y_f_z[(_y )—(y_Z)] y_f_z(_y -
[~y ¥ SR R —(-2)3  (-2)? B

yrdy= |-+ =[5 g2 [T -

4.5

Example: integrate the function f(x,y) = xy over the region bounded by x =
2
y—y4 x=—2.

y—y?=-2
yi-y—-2=0
+Dy-2)=0
y:—l, y:Z

Multiple integrals |Page4



[= [, xy dR:f_2 [f_y_yzxydx] dy:fz [xz_y]y_yzdy:fz [M_

P oy - () oy - e ] -

Example: evaluate [f, (2x —y?®) dA over the triangular region R enclosed
betweenthelines y=—-x+1, y=x+1 and y =3.

3 -1 3 _
[, @x -y dA = [* [V (2x - y?) dxdy = [J[x — y?al)} dy =

LI =2y +2y* —y3) — (A =2y +y)] dy = [ (2y* - 2y*) dy =

(2y3 _ y_4)3 _ —68
3 2/1 3

Example: find the volume of the solid bounded by the cylinder x? + y? = 4
and theplanes y+z=4 and z=0.

V=ff; 4—y)dA
Va—x2

2 ViTR?
V:f_zf_\/#(él—y)dydx—f [4y——]_4x dx =
J2,8Va—x%Z dx =16r.
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4

Y-
Example: reverse order, then integrate the double integral f: f—;ﬁ dxdy .

2
2x=y—4,x*=4—y
y=2x+4, y=4—x*
L= O (7 dyda = (O [y]42 dx = [°.(4 — x% — 2x — 4) dx =
_f_2f2x+4 y x_f_z[y]2x+4 x_f_z( — X" — X — ) X =

0

[0 (=x? = 2x) dx = [‘T’ﬁ _ xZ]_Z — ...

Example: reverse order and evaluate the integral I = f02 leexz dxdy
2

2 1 1 2 1 2x 1
=I5 Iy e*" dxdy = [ [7e*" dydx = [[[e*y] " dx = [ 2xe* dx =

[exz]z =e—1.

Double integral in polar coordinate:

X =rcosf
y=rsinf
dR = rdrdf
02 12(0)
f f(x,y)dR = j j f(rcos8,rsinf) (rdrdf).
R 6, 11(0)
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Example: evaluate f f (a2 +y?%) dydx

=Vi-xZ=y?=1-x2=y?+x?=1=rl=1=r=1
x? +y? = (rcos8)? + (rsinf)? = r?(cos? 0 + sin® 8) = r?
dydx = rdrdf

z n T 441 m 0
[ = foz fol rZ(TdrdQ) =f02 fol r3drdo :foz [%]0 df = fozi do = [Z] — %

Example: change the cartesian integral into an equivalent polar integral and
evaluate the polar integral f02 f(f y dydx .

= 2secH.

X=2=>rcosf=2=>r=
COS

Sme-l:tan9=1=>9=z
] 4

y=x>=>rsinf =rcosf = "

y =rsinf,dydx = rdrdf
[= s fzsece(rsmé?) rdrdf = [* f25ec9 2sin@ drdf =

2secO m g T 1
f4 [sme—] do = f04 gsec3esin0 do == [isec® - ——-sin6 do =
§ - 2 i _ E tan? 614 . i
3fo‘*secé? tan9d9—3[ ]0—3.
Example: use polar coordinates to evaluate f f (x +y )z dydx .

T 1l 3 - 1 LT
716 rards = 7 [+ drdo = [7[2] ao = [T L a6 =16]" = Ln =
T
5
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Example: evaluate ffR sin & dA, where R is the region in the first quadrant that
is outside the circle » = 2 and inside the cardioid r = 2(1 + cos 8) .

Jf, sin6 dA

= Ffz(”COSQ) sin @ rdrdf

2(1+4+cosB)
= f2 = r?sin 9] do

=2 fOE [(1+ cosB)?sin@ — sin ] db

= 2[—1(1 + cos 0)3 +c036?]E =-
3 0

Triple inteqgral:

The integral [[f. f(x,y,z) dV is called the triple integral of f(x,y,z) over
solid G bounded by the surface:

dV = dzdydx or dzdxdy or dzdR

Note: if f(x,y,2) = 1,then [ff. dV = Volume of the solid G,V = [[f. dV =
JIl; dzdR where R is the projected region of G in xy — plane .

Example: find [ [/ [ (xyz) dzdydx .

fl fl_x [xyér_x dydx
R ) e

= [P ax

=< fo (4x — 12x% + 13x3 — 6x* + x®)dx

2 3 4 5 75\ 1
=-(4Z-122+13Z -6+ %)
4\’ 2 3 4 5 7o

oooooo
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Example: find the volume bounded by the coordinate plane y +z=2, x +y*2 =4

4 a-x (2- 4 ~a—x 4 2\ V4—x
V = fO fO xfo y dzdydx = fO fo x(z —y) dydx = fO (Zy —y?)o dx =

4

2 2
f:zm—%@}—x} dx = (—2 S —2x+xz> = e
0

2

Example: find the volume bounded by z = 0, laterally by x? + 4y? =4 and
aboveby z=x+2.

Example: use a triple integral to find the volume of the solid enclosed between the
cylinder x2 + y2 =9 andtheplanes z=1 and x+z=5.,

V—fff dv
fﬂ )77 dzdydx
S [T dyd

2
2
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= 1 (4 - x) dydx

= 24— 00, dx = 24— 0(2V9 — #2) dx
= f_3(8 —2x)V9 — x2 dx

= 8f_33\/w dx — f_33 2xV9 — x2 dx

Example: find the volume enclosed between the two surfaces z = 8 — x? — y?,
z =x%+3y?.

v =[If, dv

=2 f Y +"3y‘y dzdydx

= f_zzf - ((8 —x2 —y?) — (x* + 3y?)) dydx

= 2 [V (8- 2x% — 4y?) dydx

Example: find the volume of a solid whose height is the surface z=x + y + 10
and whose base is the region in xy — plane shown.

V= [f, f(x,y)dR
= [f(x+y+10)dR

in polar coordinate x = rcos6 , y =rsiné
dR = rdrdf
T 2 _
= [, [ [rcos® +rsin6 + 10] (rdrd6)
2

= fn[ECOSH +£sin9 + Srz] do
1

—f —cosH+ sm9+29 (;c039+§sin9+5) do
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= foﬂg[COSQ + sin@] + 15 d@
7 . 7 T

= [—sm@ —=-cos 8 + 159] = .-
3 3 0

Triple inteqgral in cylindrical and spherical coordinates:

Cylindrical coordinates

the triple integral by using cylindrical coordinates can be as following

[ = [[fdzrdrdo

Example: find the volume bounded below by the paraboloid z = x? + y# and

above by the plane z = 2y.

z=x*+y?=1r?

z =2y =2rsinf

2=2rsin0=1r%2-2rsinf=0=>r(r—2sin8)=0=>r=0, r = 2sin6

2sinf=0=>sin0=0=>60=0,n

V= f J-251n9 ermed rdrdo

=:L)jfsm9Az§§“n9rdrd0

= fon foz Sin6(21" sin@ — r?) rdrd6

= fn fz Sirlts’(21‘2 sin@ — r3) drd@
2sin@

—f [ T sm@——]

=f = (2sin0)3sinf —

—fn1—651n 6 — 4sin* 0 do

=f0 sin 9(?—4) do

: 4
(2sin @) do

T . 4 4 [ 1-cos 262
ksm@d@-;o( =22) de

(1 — 2c0s 20 + cos? 20) db
1+cos49) do

1—2cos20 +

Wik wlewlswle

SO
3
/\/—\'ﬁ

——2c0529 +%cos49) do
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= 2|36 — sin26 + 3 sin 46
=§[Gﬂ—sin2ﬂ+%sin4n) — (O —sin0 +%sin0)] =§ .

[
0

Example: find the volume bounded above by the paraboloid z =5 — x% — y?

and below by the paraboloid z = 4x? + 4y2.

z=5—-x>—y?=5—(x?+y?) =5—-1r?
z = 4x* + 4y® = 4(x* + y*) = 4r?
5—1r2=4r?=>5-5r2=0=>7r%2=1
0:0 - 21

V=0T dardrds
= fozn fol[z]s_r2 rdrdf = fozn f01[5 — 12 —4r?] rdrdd

472

= [ [ (5 — 5r3) drd8
om (12 rA\1 2r (1 1
=50, (5-75),40=50,"(3-7) 0

2m 1 5 ,1°" 5 5
—5f0 Zd@—z@]o —Z(ZTE)—ET[.

Spherical coordinates:

The triple integral by using spherical coordinates can be as following:

l=jﬂpzsin® dp do do

Where p: is the radius of sphere
@: is the angle between radius and positive z — axis .
6: is the angle between radius and positive x — axis .

Also:

X =pcosfsin®

y =psinfsin@

Z=pcos®

dxdydz = p?sin® dp d@ d8 = dV
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Example: find the volume of the upper region cut from the solid sphere p =1
A

by the cone @ =3
p:0—-1

s
0:0 - 2w

1L T 1
V=" ) ot sing dpdo o = 77 [3[E] sing dodo

= [" 3|5 —3|sin@ dg do = [~ cos 013 db
= gfozn [— cosg — (—cos O)] do

1 ~2m1 111 127
=305 a0 =[50
_1 M ==
—6(27'[ O)—g.
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