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Multiple integrals 

Double integrals: 

Let  𝑓(𝑥, 𝑦) be a cont. function inside and on a boundary of region  𝑅, then  

∬ 𝑓(𝑥, 𝑦) 𝑑𝑅  is called the double integral of  𝑓(𝑥, 𝑦)  over  𝑅. 

Theorem: let  𝑅 be the rectangle defined by the inequalities  

𝑎 ≤ 𝑥 ≤ 𝑏, 𝑐 ≤ 𝑦 ≤ 𝑑  if  𝑓(𝑥, 𝑦) is continuous on this rectangle then 

∬ 𝑓(𝑥, 𝑦) 𝑑𝐴 = ∫ ∫ 𝑓(𝑥, 𝑦) 𝑑𝑥𝑑𝑦
𝑏

𝑎

𝑑

𝑐𝑅
= ∫ ∫ 𝑓(𝑥, 𝑦) 𝑑𝑦𝑑𝑥

𝑑

𝑐

𝑏

𝑎
 

 Example: evaluate  ∫ ∫ (1 + 8𝑥𝑦) 𝑑𝑦𝑑𝑥
2

1

3

0
 

∫ [∫ (1 + 8𝑥𝑦) 𝑑𝑦
2

1
]  𝑑𝑥 = ∫ [𝑦 +

8

2
𝑥𝑦2]

1

2
 𝑑𝑥 =

3

0

3

0 ∫ [(2 + 16𝑥) −
3

0

(1 + 4𝑥)] 𝑑𝑥 = ∫ (1 + 12𝑥) 𝑑𝑥
3

0
= [𝑥 + 6𝑥2]0

3 = 57 .

Or  ∫ ∫ (1 + 8𝑥𝑦) 𝑑𝑥𝑑𝑦
3

0

2

1
 (H.W.) 

Example: evaluate the double integral  I = ∫ ∫ (𝑥 + 𝑦) 𝑑𝑦𝑑𝑥
𝑥2

0

1

0
 

∫ [∫ (𝑥 + 𝑦) 𝑑𝑦
𝑥2

0
]

1

0
𝑑𝑥 = ∫ [𝑥𝑦 +

𝑦2

2
]

0

𝑥2
1

0
𝑑𝑥 = ∫ [𝑥3 +

𝑥4

2
]  𝑑𝑥

1

0
= [

𝑥4

4
+

𝑥5

10
]

0

1

=

1

4
+

1

10
=

7

20

Example: evaluate the double integral  ∬ 𝑦2𝑥 𝑑𝐴
𝑅

  over the rectangle 

𝑅 = {(𝑥, 𝑦);  −3 ≤ 𝑥 ≤ 2 , 0 ≤ 𝑦 ≤ 1} 

∫ ∫ 𝑦2𝑥 𝑑𝑦𝑑𝑥

1

0

2

−3

= ∫ [
1

3
 𝑦3𝑥]

0

1
2

−3

𝑑𝑥 = ∫
1

3

2

−3

𝑥 𝑑𝑥 = [
𝑥2

6
]

−3

2

=
−5

6
 . 
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Homework: use a double integral to find the volume of the solid that is bounded 

above by the plane  𝑓(𝑥, 𝑦) = 4 − 𝑥 − 𝑦  and below by the rectangle      

𝑅 = {(𝑥, 𝑦); 0 ≤ 𝑥 ≤ 1 , 0 ≤ 𝑦 ≤ 2} 

Example: evaluate  ∫ ∫  𝑥 sin 𝑦  𝑑𝑥𝑑𝑦
cos 𝑦

0

𝜋

0
 

= ∫ [∫  𝑥 sin 𝑦  𝑑𝑥 
cos 𝑦

0
] 𝑑𝑦

𝜋

0
= ∫ [

𝑥2

2
sin 𝑦]

0

cos 𝑦

𝑑𝑦
𝜋

0
= ∫

1

2

𝜋

0
cos2 𝑦 sin 𝑦  𝑑𝑦 =

[−
1

6
cos3 𝑦]

0

𝜋
=

1

3
 . 

Note: if  𝑓(𝑥, 𝑦) = 1,  then the double integral represents the area of the region  

𝑅   𝐴 = ∬ 𝑑𝑅
𝑅

= ∬ 𝑑𝑥𝑑𝑦
𝑅

= ∬ 𝑑𝑦𝑑𝑥
𝑅

 

To evaluate the double integral, we have two cases: 

1. Let  𝑦1 = 𝑔1(𝑥), 𝑦2 = 𝑔2(𝑥),  then  ∬ 𝑓(𝑥, 𝑦) 𝑑𝑅 = ∫ ∫  𝑓(𝑥, 𝑦) 𝑑𝑦 𝑑𝑥
𝑦2

𝑦1

𝑏

𝑎𝑅

2. let  𝑥1 = 𝑔1(𝑦), 𝑥2 = 𝑔2(𝑦),  then  ∬ 𝑓(𝑥, 𝑦) 𝑑𝑅 = ∫ ∫  𝑓(𝑥, 𝑦) 𝑑𝑥 𝑑𝑦
𝑥2

𝑥1

𝑑

𝑐𝑅
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Example: find the volume of the solid whose base is the region in the  𝑥𝑦 −

plane is bounded by  𝑦 = 4 − 𝑥2  and  𝑦 = 3𝑥,  while the top of the solid is

bounded by the plane  𝑧 = 𝑥 + 4 . 

𝑦 = 4 − 𝑥2 , 𝑦 = 3𝑥

4 − 𝑥2 = 3𝑥 ⇒ 𝑥2 + 3𝑥 − 4 = 0 ⇒ (𝑥 + 4)(𝑥 − 1) = 0 ⇒ 𝑥 = −4 , 𝑥 = 1

𝑉 = ∫ ∫ (𝑥 + 4)
4−𝑥2

3𝑥
 𝑑𝑦𝑑𝑥

1

−4
= ∫ [(𝑥 + 4)𝑦]3𝑥

4−𝑥2
𝑑𝑥

1

−4
= ∫ [(𝑥 + 4)(4 − 𝑥2 −

1

−4

3𝑥)] 𝑑𝑥 = ∫ (4𝑥 − 𝑥3 − 3𝑥2 + 16 − 4𝑥2 − 12𝑥) 𝑑𝑥
1

−4
= ∫ (−𝑥3−7𝑥2 − 8𝑥 +

1

−4

16) 𝑑𝑥 = [
−𝑥4

4
−

7𝑥3

3
−

8𝑥2

2
+ 16𝑥]

−4

1

= (
−1

4
−

7

3
− 4 + 16) − (

−(−4)4

4
−

7(−4)3

3
−

4(−4)2 + 16(−4)) = 52.0833 .

Example: find the area of the region bounded by the curve  𝑦3 + 𝑥 = 0  and the 
line  𝑦 = 𝑥 + 2 . 

𝑥 = −𝑦2 , 𝑥 = 𝑦 − 2

−𝑦2 = 𝑦 − 2

𝑦2 + 𝑦 − 2 = 0
(𝑦 + 2)(𝑦 − 1) = 0

𝑦 = −2 , 𝑦 = 1

𝐴 = ∫ ∫ 𝑑𝑥𝑑𝑦
−𝑦2

𝑦−2

1

−2
= ∫ [𝑥]𝑦−2

−𝑦2

 𝑑𝑦
1

−2
= ∫ [(−𝑦2) − (𝑦 − 2)] 𝑑𝑦

1

−2
= ∫ (−𝑦2 −

1

−2

𝑦 + 2) 𝑑𝑦 = [
−𝑦3

3
−

𝑦2

2
+ 2𝑦]

−2

1

= [
−1

3
−

1

2
+ 2] − [

−(−2)3

3
−

(−2)2

2
+ 2(−2)] =

4.5  . 

Example: integrate the function  𝑓(𝑥, 𝑦) = 𝑥𝑦  over the region bounded by  𝑥 =

𝑦 − 𝑦2, 𝑥 = −2 .

𝑦 − 𝑦2 = −2

𝑦2 − 𝑦 − 2 = 0
(𝑦 + 1)(𝑦 − 2) = 0 

𝑦 = −1, 𝑦 = 2 
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I = ∬ 𝑥𝑦
𝑅

 𝑑𝑅 = ∫ [∫ 𝑥𝑦 𝑑𝑥
𝑦−𝑦2

−2
]  𝑑𝑦

2

−1
= ∫ [

𝑥2𝑦

2
]

−2

𝑦−𝑦2

𝑑𝑦
2

−1
= ∫ [

(𝑦−𝑦2)2𝑦

2
−

2

−1

(−2)2𝑦

2
]  𝑑𝑦 = ∫ (

𝑦3−2𝑦4+𝑦5

2
− 2𝑦)  𝑑𝑦

2

−1
=

1

2
[

𝑦4

4
−

2𝑦5

5
+

𝑦6

6
− 𝑦2]

−1

2

= ⋯ 

Example: evaluate  ∬ (2𝑥 − 𝑦2) 𝑑𝐴
𝑅

  over the triangular region 𝑅 enclosed 

between the lines  𝑦 = −𝑥 + 1, 𝑦 = 𝑥 + 1  and  𝑦 = 3 . 

∬ (2𝑥 − 𝑦2) 𝑑𝐴
𝑅

= ∫ ∫ (2𝑥 − 𝑦2) 𝑑𝑥𝑑𝑦
𝑦−1

1−𝑦

3

1
= ∫ [𝑥2 − 𝑦2𝑥]1−𝑦

𝑦−1
 𝑑𝑦

3

1
=

∫ [(1 − 2𝑦 + 2𝑦2 − 𝑦3) − (1 − 2𝑦 + 𝑦3)] 𝑑𝑦
3

1
= ∫ (2𝑦2 − 2𝑦3) 𝑑𝑦

3

1
=

(
2𝑦3

3
−

𝑦4

2
)

1

3

=
−68

3
 . 

Example: find the volume of the solid bounded by the cylinder  𝑥2 + 𝑦2 = 4

and the planes  𝑦 + 𝑧 = 4  and  𝑧 = 0 . 

𝑉 = ∬ (4 − 𝑦) 𝑑𝐴
𝑅

 

𝑉 = ∫ ∫  (4 − 𝑦) 𝑑𝑦𝑑𝑥
√4−𝑥2

−√4−𝑥2

2

−2
= ∫ [4𝑦 −

𝑦2

2
]

−√4−𝑥2

√4−𝑥2

 𝑑𝑥
2

−2
=

∫ 8√4 − 𝑥22

−2
 𝑑𝑥 = 16 𝜋 . 
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Example: reverse order, then integrate the double integral  ∫ ∫  𝑑𝑥𝑑𝑦
𝑦−4

2

−√4−𝑦

4

0
 . 

𝑥 =
𝑦−4

2
 ,  𝑥 = −√4 − 𝑦 

2𝑥 = 𝑦 − 4 , 𝑥2 = 4 − 𝑦

𝑦 = 2𝑥 + 4 , 𝑦 = 4 − 𝑥2

I = ∫ ∫  𝑑𝑦𝑑𝑥
4−𝑥2

2𝑥+4

0

−2
= ∫ [𝑦]2𝑥+4

4−𝑥2
 𝑑𝑥

0

−2
= ∫ (4 − 𝑥2 − 2𝑥 − 4) 𝑑𝑥

0

−2
=

∫ (−𝑥2 − 2𝑥) 𝑑𝑥
0

−2
= [

−𝑥3

3
− 𝑥2]

−2

0

= ⋯ 

Example: reverse order and evaluate the integral  I = ∫ ∫ 𝑒𝑥21
𝑦

2

 𝑑𝑥𝑑𝑦
2

0
 

= ∫ ∫ 𝑒𝑥21
𝑦

2

 𝑑𝑥𝑑𝑦
2

0
= ∫ ∫ 𝑒𝑥22𝑥

0
 𝑑𝑦𝑑𝑥

1

0
= ∫ [𝑒𝑥2

𝑦]
0

2𝑥
 𝑑𝑥

1

0
= ∫ 2𝑥

1

0
𝑒𝑥2

 𝑑𝑥 =

[𝑒𝑥2
]

0

1
= 𝑒 − 1 . 

Double integral in polar coordinate: 

𝑥 = 𝑟 cos 𝜃 

𝑦 = 𝑟 sin 𝜃 

𝑑𝑅 = 𝑟𝑑𝑟𝑑𝜃 

∬ 𝑓(𝑥, 𝑦) 𝑑𝑅 = ∫ ∫ 𝑓(𝑟 cos 𝜃 , 𝑟

𝑟2(𝜃)

𝑟1(𝜃)

𝜃2

𝜃1𝑅

sin 𝜃) (𝑟𝑑𝑟𝑑𝜃).
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Example: evaluate  ∫ ∫ (𝑥2 + 𝑦2) 𝑑𝑦𝑑𝑥
√1−𝑥2

0

1

0

𝑦 = √1 − 𝑥2 ⇒ 𝑦2 = 1 − 𝑥2 ⇒ 𝑦2 + 𝑥2 = 1 ⇒ 𝑟2 = 1 ⇒ 𝑟 = 1

𝑥2 + 𝑦2 = (𝑟 cos 𝜃)2 + (𝑟 sin 𝜃)2 = 𝑟2(cos2 𝜃 + sin2 𝜃) = 𝑟2 

𝑑𝑦𝑑𝑥 = 𝑟𝑑𝑟𝑑𝜃 

I = ∫ ∫ 𝑟2(𝑟𝑑𝑟𝑑𝜃) =
1

0

𝜋

2
0 ∫ ∫ 𝑟3𝑑𝑟𝑑𝜃 =

1

0

𝜋

2
0 ∫ [

𝑟4

4
]

0

1

𝑑𝜃
𝜋

2
0

= ∫
1

4
 𝑑𝜃

𝜋

2
0

= [
𝜃

4
]

0

𝜋

2
=

𝜋

8
 . 

Example: change the cartesian integral into an equivalent polar integral and 

evaluate the polar integral  ∫ ∫ 𝑦 𝑑𝑦𝑑𝑥
𝑥

0

2

0
 . 

𝑥 = 2 ⇒ 𝑟 cos 𝜃 = 2 ⇒ 𝑟 =
2

cos 𝜃
= 2 sec 𝜃 . 

𝑦 = 𝑥 ⇒ 𝑟 sin 𝜃 = 𝑟 cos 𝜃 ⇒
sin 𝜃

cos 𝜃
= 1 ⇒ tan 𝜃 = 1 ⇒ 𝜃 =

𝜋

4

𝑦 = 𝑟 sin 𝜃 , 𝑑𝑦𝑑𝑥 = 𝑟𝑑𝑟𝑑𝜃 

I = ∫ ∫ (𝑟 sin 𝜃) 𝑟𝑑𝑟𝑑𝜃
2 sec 𝜃

0

𝜋

4
0

= ∫ ∫ 𝑟2 sin 𝜃  𝑑𝑟𝑑𝜃
2 sec 𝜃

0

𝜋

4
0

=

∫ [sin 𝜃
𝑟3

3
]

0

2 sec 𝜃

𝑑𝜃
𝜋

4
0

= ∫
8

3

𝜋

4
0

sec3 𝜃 sin 𝜃  𝑑𝜃 =
8

3
 ∫ sec2 𝜃

𝜋

4
0

∙
1

cos 𝜃
∙ sin 𝜃  𝑑𝜃 =

8

3
 ∫ sec2 𝜃

𝜋

4
0

∙ tan 𝜃  𝑑𝜃 =
8

3
[

tan2 𝜃

2
]

0

𝜋

4
=

4

3
 . 

Example: use polar coordinates to evaluate  ∫ ∫ (𝑥2 + 𝑦2)
3

2
√1−𝑥2

0

1

−1
 𝑑𝑦𝑑𝑥 . 

∫ ∫ (𝑟2)
3

2
1

0

𝜋

0
 𝑟𝑑𝑟𝑑𝜃 = ∫ ∫ 𝑟41

0

𝜋

0
𝑑𝑟𝑑𝜃 = ∫ [

𝑟5

5
]

0

1

𝑑𝜃
𝜋

0
= ∫

1

5
 𝑑𝜃

𝜋

0
=

1

5
𝜃]

0

𝜋
=

1

5
𝜋 =

𝜋

5
 . 
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Example: evaluate  ∬ sin 𝜃  𝑑𝐴
𝑅

, where 𝑅 is the region in the first quadrant that 

is outside the circle  𝑟 = 2  and inside the cardioid  𝑟 = 2(1 + cos 𝜃) . 

∬ sin 𝜃  𝑑𝐴
𝑅

 

= ∫ ∫ sin 𝜃  𝑟𝑑𝑟𝑑𝜃
2(1+cos 𝜃)

2

𝜋

2
0

 

= ∫
1

2
 𝑟2 sin 𝜃]

2

2(1+cos 𝜃)
𝑑𝜃

𝜋

2
0

 

 = 2 ∫  [(1 + cos 𝜃)2 sin 𝜃 − sin 𝜃] 𝑑𝜃
𝜋

2
0

= 2 [−
1

3
(1 + cos 𝜃)3 + cos 𝜃]

0

𝜋

2
=

8

3
 . 

Triple integral: 

The integral  ∭ 𝑓(𝑥, 𝑦, 𝑧) 𝑑𝑉
𝐺

 is called the triple integral of  𝑓(𝑥, 𝑦, 𝑧) over 

solid  𝐺 bounded by the surface: 

𝒅𝑽 = 𝒅𝒛𝒅𝒚𝒅𝒙  or  𝒅𝒛𝒅𝒙𝒅𝒚  or  𝒅𝒛𝒅𝑹 

Note: if  𝑓(𝑥, 𝑦, 𝑧) = 1, then ∭  𝑑𝑉
𝐺

= Volume of the solid 𝐺, 𝑉 = ∭ 𝑑𝑉
𝐺

=

∭ 𝑑𝑧𝑑𝑅
𝐺

   where  𝑅  is the projected region of  𝐺 in  𝑥𝑦 − plane . 

Example: find  ∫ ∫ ∫ (𝑥𝑦𝑧) 𝑑𝑧𝑑𝑦𝑑𝑥
2−𝑥

0

1−𝑥

0

1

0
  . 

∫ ∫ [𝑥𝑦
𝑧2

2
]

0

2−𝑥

𝑑𝑦𝑑𝑥
1−𝑥

0

1

0
 

= ∫ (∫ 𝑥𝑦
(2−𝑥)2

2
 𝑑𝑦

1−𝑥

0
)  𝑑𝑥

1

0
 

= ∫ [
𝑥(2−𝑥)2

2
∙

𝑦2

2
]

0

1−𝑥

𝑑𝑥
1

0
 

=
1

4
 ∫ (4𝑥 − 12𝑥2 + 13𝑥3 − 6𝑥4 + 𝑥6)𝑑𝑥

1

0

=
1

4
(4

𝑥2

2
− 12

𝑥3

3
+ 13

𝑥4

4
− 6

𝑥5

5
+

𝑥7

7
)

0

1

= ⋯ ⋯ 



9 | P a g eM u l t i p l e  i n t e g r a l s

Example: find the volume bounded by the coordinate plane  𝑦 + 𝑧 = 2, 𝑥 + 𝑦2 = 4 

𝑉 = ∫ ∫ ∫  𝑑𝑧𝑑𝑦𝑑𝑥
2−𝑦

0

√4−𝑥

0

4

0
= ∫ ∫ (2 − 𝑦) 𝑑𝑦𝑑𝑥

√4−𝑥

0

4

0
= ∫ (2𝑦 −

𝑦2

2
)

0

√4−𝑥

𝑑𝑥
4

0
=

∫ 2√4 − 𝑥
4

0
−

1

2
(4 − 𝑥) 𝑑𝑥 = (−2

(4−𝑥)
3
2

3

2

− 2𝑥 +
𝑥2

4
)

0

4

= ⋯ ⋯ 

Example: find the volume bounded by  𝑧 = 0, laterally by  𝑥2 + 4𝑦2 = 4  and 

above by  𝑧 = 𝑥 + 2 . 

𝑥2 + 4𝑦2 = 4
𝑥2

4
+ 𝑦2 = 1

⇒ 𝑦 = ±√1 −
𝑥2

4

𝑉 = ∫ ∫  ∫  𝑑𝑧𝑑𝑦𝑑𝑥
𝑥+2

0

√1−
𝑥2

4

−√1−
𝑥2

4

2

−2
 

= ∫ ∫  (𝑥 + 2) 𝑑𝑦𝑑𝑥
√1−

𝑥2

4

−√1−
𝑥2

4

2

−2
 

= ∫ ((𝑥 + 2)𝑦)
−√1−

𝑥2

4

√1−
𝑥2

4  𝑑𝑥
2

−2
 

= ∫ (𝑥 + 2) 2√1 −
𝑥2

4

2

−2
 𝑑𝑥 

= ∫ 2𝑥√1 −
𝑥2

4
 𝑑𝑥

2

−2
+ ∫ 4√1 −

𝑥2

4
 𝑑𝑥

2

−2
 

= ⋯ ⋯ 

Example: use a triple integral to find the volume of the solid enclosed between the 

cylinder  𝑥2 + 𝑦2 = 9  and the planes  𝑧 = 1  and  𝑥 + 𝑧 = 5 .

𝑉 = ∭ 𝑑𝑣
𝐺

 

= ∫ ∫  ∫  𝑑𝑧𝑑𝑦𝑑𝑥
5−𝑥

1

√9−𝑥2

−√9−𝑥2

3

−3
 

= ∫ ∫ [𝑧]1
5−𝑥 𝑑𝑦𝑑𝑥

√9−𝑥2

−√9−𝑥2

3

−3
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= ∫ ∫  (4 − 𝑥) 𝑑𝑦𝑑𝑥
√9−𝑥2

−√9−𝑥2

3

−3
 

= ∫ (4 − 𝑥)(𝑦)
−√9−𝑥2
√9−𝑥2

 𝑑𝑥
3

−3
= ∫ (4 − 𝑥)(2√9 − 𝑥2) 𝑑𝑥

3

−3

= ∫ (8 − 2𝑥)√9 − 𝑥23

−3
 𝑑𝑥 

= 8 ∫ √9 − 𝑥23

−3
 𝑑𝑥 − ∫ 2𝑥√9 − 𝑥23

−3
 𝑑𝑥 

= ⋯ ⋯

Example: find the volume enclosed between the two surfaces  𝑧 = 8 − 𝑥2 − 𝑦2,

𝑧 = 𝑥2 + 3𝑦2 .

𝑉 = ∭ 𝑑𝑣
𝐺

 

= ∫ ∫  ∫ 𝑑𝑧𝑑𝑦𝑑𝑥
8−𝑥2−𝑦2

𝑥2+3𝑦2

√8−2𝑥2

4

−√8−2𝑥2

4

2

−2
 

= ∫ ∫  ((8 − 𝑥2 − 𝑦2) − (𝑥2 + 3𝑦2)) 𝑑𝑦𝑑𝑥
√8−2𝑥2

4

−√8−2𝑥2

4

2

−2

= ∫ ∫  (8 − 2𝑥2 − 4𝑦2) 𝑑𝑦𝑑𝑥
√8−2𝑥2

4

−√8−2𝑥2

4

2

−2

𝑅

= ⋯ 

Example: find the volume of a solid whose height is the surface  𝑧 = 𝑥 + 𝑦 + 10  

and whose base is the region in 𝑥𝑦 − plane shown. 

𝑉 = ∬ 𝑓(𝑥, 𝑦) 𝑑𝑅 

= ∬(𝑥 + 𝑦 + 10) 𝑑𝑅 

in polar coordinate 𝑥 = 𝑟 cos 𝜃  , 𝑦 = 𝑟 sin 𝜃 

𝑑𝑅 = 𝑟𝑑𝑟𝑑𝜃 

= ∫ ∫ [𝑟 cos 𝜃 + 𝑟 sin 𝜃 + 10]
2

1
(𝑟𝑑𝑟𝑑𝜃)

𝜋

0
 

= ∫ [
𝑟3

3
cos 𝜃 +

𝑟3

3
sin 𝜃 + 5𝑟2]

1

2

𝑑𝜃
𝜋

0
 

= ∫
8

3
cos 𝜃 +

8

3
sin 𝜃 + 2𝜃 − (

1

3
cos 𝜃 +

1

3
sin 𝜃 + 5)  𝑑𝜃

𝜋

0
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= ∫
7

3
[cos 𝜃 + sin 𝜃] + 15 𝑑𝜃

𝜋 

0
 

= [
7

3
sin 𝜃 −

7

3
cos 𝜃 + 15𝜃]

0

𝜋
= ⋯ 

Triple integral in cylindrical and spherical coordinates: 

Cylindrical coordinates 

the triple integral by using cylindrical coordinates can be as following 

I = ∭ 𝑑𝑧 𝑟𝑑𝑟𝑑𝜃 

Example: find the volume bounded below by the paraboloid  𝑧 = 𝑥2 + 𝑦2  and 
above by the plane  𝑧 = 2𝑦 . 

𝑧 = 𝑥2 + 𝑦2 = 𝑟2

𝑧 = 2𝑦 = 2𝑟 sin 𝜃 

𝑟2 = 2𝑟 sin 𝜃 ⇒ 𝑟2 − 2𝑟 sin 𝜃 = 0 ⇒ 𝑟(𝑟 − 2 sin 𝜃) = 0 ⇒ 𝑟 = 0, 𝑟 = 2 sin 𝜃

2 sin 𝜃 = 0 ⇒ sin 𝜃 = 0 ⇒ 𝜃 = 0, 𝜋 

𝑉 = ∫ ∫ ∫ 𝑑𝑧𝑟𝑑𝑟𝑑𝜃
2𝑟 sin 𝜃

𝑟2

2 sin 𝜃

0

𝜋

0
 

= ∫ ∫ [𝑧]
𝑟2
2𝑟 sin 𝜃  𝑟𝑑𝑟𝑑𝜃

2 sin 𝜃

0

𝜋

0
 

= ∫ ∫ (2𝑟 sin 𝜃 − 𝑟2) 𝑟𝑑𝑟𝑑𝜃
2 sin 𝜃

0

𝜋

0

= ∫ ∫ (2𝑟2 sin 𝜃 − 𝑟3) 𝑑𝑟𝑑𝜃
2 sin 𝜃

0

𝜋

0

= ∫ [
2

3
𝑟3 sin 𝜃 −

𝑟4

4
]

0

2 sin 𝜃
𝜋

0

= ∫
2

3

𝜋

0
(2 sin 𝜃)3 sin 𝜃 −

(2 sin 𝜃)4

4
 𝑑𝜃 

= ∫
16

3

𝜋

0
sin4 𝜃 − 4 sin4 𝜃  𝑑𝜃

= ∫  sin4 𝜃
𝜋

0
(

16

3
− 4)  𝑑𝜃     ` 

=
4

3
 ∫  sin4 𝜃

𝜋

0
𝑑𝜃 =  

4

3
∫  (

1−cos 2𝜃

2
)

2
 𝑑𝜃

𝜋

0
 

=
4

3
∙

1

4
 ∫ (1 − 2 cos 2𝜃 + cos2 2𝜃) 𝑑𝜃

𝜋

0

=
1

3
∫ (1 − 2 cos 2𝜃 +

1+cos 4𝜃

2
)  𝑑𝜃

𝜋

0
 

=
1

3
∫ (

3

2
− 2 cos 2𝜃 +

1

2
cos 4𝜃)  𝑑𝜃

𝜋

0
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=
1

3
[

3

2
𝜃 − sin 2𝜃 +

1

8
sin 4𝜃]

0

𝜋

=
1

3
[(

3

2
𝜋 − sin 2𝜋 +

1

8
sin 4𝜋) − (0 − sin 0 +

1

8
sin 0)] =

𝜋

2
 . 

Example: find the volume bounded above by the paraboloid  𝑧 = 5 − 𝑥2 − 𝑦2

and below by the paraboloid  𝑧 = 4𝑥2 + 4𝑦2 .

𝑧 = 5 − 𝑥2 − 𝑦2 = 5 − (𝑥2 + 𝑦2) = 5 − 𝑟2

𝑧 = 4𝑥2 + 4𝑦2 = 4(𝑥2 + 𝑦2) = 4𝑟2

5 − 𝑟2 = 4𝑟2 ⇒ 5 − 5𝑟2 = 0 ⇒ 𝑟2 = 1

θ: 0 → 2𝜋 

𝑉 = ∫ ∫ ∫ 𝑑𝑧𝑟𝑑𝑟𝑑𝜃
5−𝑟2

4𝑟2

1

0

2𝜋

0
 

 = ∫ ∫ [𝑧]
4𝑟2
5−𝑟2

 𝑟𝑑𝑟𝑑𝜃
1

0

2𝜋

0
= ∫ ∫ [5 − 𝑟2 − 4𝑟2] 𝑟𝑑𝑟𝑑𝜃

1

0

2𝜋

0

 = ∫ ∫ (5𝑟 − 5𝑟3) 𝑑𝑟𝑑𝜃
1

0

2𝜋

0

 = 5 ∫ (
𝑟2

2
−

𝑟4

4
)

0

1

𝑑𝜃
2𝜋

0
= 5 ∫ (

1

2
−

1

4
) 𝑑𝜃

2𝜋

0
 

 = 5 ∫
1

4
 𝑑𝜃

2𝜋

0
=

5

4
 𝜃]

0

2𝜋
=

5

4
(2𝜋) =

5

2
 𝜋  . 

Spherical coordinates: 

The triple integral by using spherical coordinates can be as following: 

𝐈 = ∭ 𝝆𝟐 𝐬𝐢𝐧 ∅  𝒅𝝆 𝒅∅ 𝒅𝜽

Where  𝜌: is the radius of sphere 

 ∅: is the angle between radius and positive  𝑧 − axis . 

 𝜃: is the angle between radius and positive  𝑥 − axis . 

Also: 

𝑥 = 𝜌 cos 𝜃 sin ∅ 

𝑦 = 𝜌 sin 𝜃 sin ∅ 

𝑧 = 𝜌 cos ∅ 

𝑑𝑥𝑑𝑦𝑑𝑧 = 𝜌2 sin ∅  𝑑𝜌 𝑑∅ 𝑑𝜃 = 𝑑𝑉
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Example: find the volume of the upper region cut from the solid sphere  𝜌 = 1  

by the cone  ∅ =
𝜋

3
  .

𝜌: 0 → 1 

∅: 0 →
𝜋

3

𝜃: 0 → 2𝜋 

𝑉 = ∫ ∫ ∫ 𝜌2 sin ∅  𝑑𝜌 𝑑∅ 𝑑𝜃
1

0

𝜋

3
0

2𝜋

0
= ∫ ∫ [

𝜌3

3
]

0

1𝜋

3
0

sin ∅  𝑑∅ 𝑑𝜃
2𝜋

0
 

 = ∫ ∫ [
1

3
−

0

3
]

𝜋

3
0

sin ∅ 𝑑∅ 𝑑𝜃
2𝜋

0
=

1

3
∫ [− cos ∅]

0

𝜋

3  𝑑𝜃
2𝜋

0
 

=
1

3
∫ [− cos

𝜋

3
− (− cos 0)]  𝑑𝜃

2𝜋

0

=
1

3
∫

1

2
 𝑑𝜃

2𝜋

0
=

1

3
[

1

2
𝜃]

0

2𝜋

=
1

6
(2𝜋 − 0) =

𝜋

3
 . 


