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Infinite series

Def: infinite series are an expression of the form a; +a, +a; + - = Yo-;a,

where a4, a,, as, ..., are called the terms of series.

Sum of infinite series:

Let Sl = a1
S, =a; +a,

33=a1+a2+a3

Sn=a1+a2+a3+"‘+an

The seq. {s,,} is called the seq. of partial sum of series.

If lim s, =s then ), a, isconverge and s is called the sum of the series

n—->0o

and if s,, diverge then )>°_; a, is diverge and have no sum.

Example: find the sum of the series Z;‘{’ﬂ% :

10
. 3 3
Sp =—+—
27 10 ' 102

3 3 3
S3=—+—+—

3 3 3 3 . , 1
S3 =15 + 1oz + 103 + -+ Ton (multiply both sides by 1—0)

1 3 3 3 3 3
— S, = + + + -4 +
10 "™ 102 ' 103 104 10m  1on+1

now we subtract this from s, we have:

1 3 3 3 1
Spn—— Sp =—— =—(1——
10 10 10n+1 10 10M
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1
lim s, = lim £ (1 - 757) =3
So we say that sum of the infinite series — + —+—+-+— is =

102 103 10m
3 1
and we write Zn:lﬁ =3

Example: find the sum of the series Yo (-D)"*!t1=1-14+1-14+1-1+

s; =1

s,=1—-1=0

s3=1-14+1=1
S,=1-141-1=0

The seq. of partial sums is 1,0,1,0,1,0, ...

Since this sequence is diverge so the series div. and have no sum.

Geometric series

Geometric series are series of the form Y5 jar®* =a+ar+ar? +ar3 + -+
ar™ 4+ =a(l+r+ri+r34 4,

Example:
1 1 1
) 1+s+z+z+tmt(a=17=3)
2 4 2
_1 l__ nl(qg= —_1
2) 1 - t+3 + - +( 1) = (a 1, r 3)
3 1
3)3+ +F+F+ +F+ ( —3,7”—5)

H1+2+4+8+16++2"+-(a=1, r=2)
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Test the convergency or divergency of geometric series

If |r| < 1,the geometric series a + ar + ar? + --- converge 1;;

If || = 1, the series diverge.

Example: the series Z?{;ozin =1+ % + i + % + .- are geometric series with

1
a=1 r=-
2

1
|r| = 5 < 1 convergeand s =

1
1-r —=
: 2

n
Example: the series Y., 0 = D 0() = 1+%+Z+%7+---

3 3 . . .
|r| = |E| =35> 1 the series is diverge and have no sum.

Homework: Test the following series

2 2 2 2
1)2+;+§+%+'”+7_n+' _Zn07n.
2) The geometric series with a = - and r= 5 , find its sum.
3)3+ + >+ 5 Sy Znosn.

Convergency or divergency test of infinite series (series of positive term)

1. Comparison test:

Let ), a,, and ) b, be series with positive terms, then:
a) The series ), a, convergentif a, < b, and ) b, is convergent.

b) The series ). a, isdivergentif a,, = b, and ), b,, is divergent.
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Example: test the series
1 Yn=1

1 1 .
n2+n = n? but 2n=1

1
n2+n
1
n2

converge

1 .
then Y. — - is converge.

o Sinn
2' Zn=0 2n

sinn<1Vn

sinn 1
< —
2n. T 2n

but Y- zin =1+ % + i + .-+ (geometric series)

1
a=1,r =3 < 1 converge

then ), % Is converge (by comparison test).

Note: P-series is infinite series at the form Zg":lnip and it is converge if P > 1
and divergeif 0 <P < 1.

Example: the series Z,‘?f:ln—lz Is convergesince P=2>1.
Example: the series 25{21\/% Is diverge since P = % <1.

Example: the series 2;3;1% is diverge since P = 1. (called harmonic series)

2. Limit comparison test

Let ). a,, , ). b, be apositive series, then both series are con. or div. .

wp=hm%ﬂmﬁma¢o

n—>0o
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Example: test the series ¥, ——

n2+n

Let Y a, =X n21+n by comparison with X b, = X n_lz (which converge 1; - 52e7”>iei9 )

2

. a : : 1

p=Ilim *=1lm —=1lim —5=1+#0
n—oo bp n-ooo N4+n n—oo 1+E

1 .
- X = Isconverge.
. 1
Example: test the series Yo, —
n—_
4

Let Y a, = y-L comparison with ) b, = ), % (which is diverge P-series)
n—_
4
p = lim 2t = lim -5 = lim 11 =1+ 0 then ) Ll is diverge.
n__
4

—oo b —00 N—= -0 1—
n n n 2 n an

3. Ration test

an+1

Let ) a, be series with positive terms and p = lim

n—->o0o an

If p <1 then ) a, isconverge.
If p > 1 then } a, isdiverge.
If p =1 fails (another test must be tried)

. . Io'e) n
Example: test the series Y., o
_n _ n+1
an = PYOR: An+1 = o+l
1
. an+1 . n+1 2" . n+1 2" ) n+1 ) 1+~ 1
p = lim —=—— = lim ——=1Ilim ——=1lim —=lim —*=-<1
n—oo adpn n—oo 2N n n-ooo 22 n n-oo 2N n-ooo 2 2

- n -
then the series }; -n Isconverge.
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n

Example: test the series Y7, ——

_n _ n+1
An = Ton » In+1 = Tona
1
. a : n+1 10" . n+1 10" . n+1 N s
p=lim =22 =] -— = lim +— = lim — = lim —2=
n—oo dn nooo 107+l 7 n—oo 10™10 n n-oo 10mn n—-oo 10
1 . n .
— < 1 then the series ),— is converge.
10 107
. . 0 n!ln!
Example: test the series Y., @
__ nln! _ (n+1)!' (n+1)!
An = oy Mt = T o)
— lim An+1 li (n+1)! (n+1)! ) en)! . (n+)n! (n+1)n! ) (2n)!
P = e T T mrn)y il e (2n+2)! nin!
2 1
+1)(n+1 _ 242n+1 _ 1+=+—= 1 ]
D@D ot = lim 222 = im —2 22 = 1 < 1 s converge.
n-o (2n+2)(2n+1)2n! n-oo 4n2+6n+2  npnooo 4ty 4
n

4. n'! root test

1
Let ). a,, be series with positive term and p = lim /a,, = lim (a,)»
n—>00 n—>00

If p <1 then ) a, converge.
If p>1 then ) a, diverge.
If p = 1 fails (try another test)

. w 1 o 1\"
Example: test the series },—; = Yme1 (;)

1
p = lim %/a, = lim (a,)» = lim

n—0o n—>0o n—-0o

converge.

((%)n)% = Aim % = 0 < 1 then the series is

4n—5)n

Example: test the series Yo, (2n+1

1 5

p=lim Yfa, = Tlliggo(an)% = lim ((22)")" = lim 2% = |im "2 =2>1

n—oo 2n+1 n-oc 2n+l n—oo 2+ﬁ

then the series is diverge.
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Theorem:
1. Let Y a, , ). b, arecon.seriesthen ) a, + b,, are con.
2. Y. ca, = c), a, (whether ) a, con.or div.)

3. Let Yoia,=a;+a,+asz+ -then Yo a, = apy + apmeq +
Am,+o + -+ doesn’t affected to the con. or div.

Alternating series

The series of the form Y2, (-1t a, or Y3, (—1)" a, are called
alternating series, and it is converge if:

1. {a,} is dec.

2. lim a,, = 0

n—->00

Example: test the series Yo—q (—1)™*! %

1 1

a, =—>—=2a
o n” n+1 n+1

since {a,,} dec. and lim 1=0

n-oon

then Y, (—1)”“% is converge.

- 7 [0'e] _ n+1 Tl+3
Example: the series X.;-; (—1) D
Ant1 n+4 nn+1) _ n’+4n
an o (n+1)(n+2) n+3  n2+5n+46
~ {a,} dec.

3 3 1+ 3 0

: : + . + . ot
lim a,, = lim - = lim == = lim ”—"12=_=()
n—oo n—-oo n(n+1) n—ooo N2+n 71— 00 1_|_Z 1

_ n+1 n+3 .
then ),(—1) — IS converge.
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Absolute and conditional converge of alternating series

Def: if > (—1)" a, iscon.and }|(—1)" a,| iscon. then }(—1)" a, is said
to be absolutely convergent.

1

1
Example: the series )(—1)" = is converge since a, = rnE = Gnt1

n2

{a,}dec.and lim a, = lim —2 =0.
n—oo n—-oo N
_an 1 v 1 : i P — series
Z|( D™ —| = X — which s con. (P 5 1)
(=D n—lz IS absolute converge.

Def:if ) (—=1)" a,, isconv. but )|(-=1)" a,| isdiv. then »(-=1)" a,, issaid
to be conditionally convergent.

. 1 . . 1 1
Example: the series ). (—1)" — Iscon.since an =~ > —— = dn4q dec.

lim == 0 con.
n—-oco N
1 L = v 1 g
but Z|( 1) n| =) ~ is div.
then Y,(—1D)" % is conditionally con.
(Power series)
Taylor’s and Maclaurin series

Def: if the function f(x) is differentiable n — times at x = a, then this
function can be written as:

(n)
x—a®)+ -+ —= (x a)" +

FG) = f@) + f @G —a) + T2

_Z w x—a)"
=2 o
n=0

this series is called Taylor series, and special case if a = 0, then it is
Maclaurin series, which is:

5 (n) w0 n
f(x) = £(0) + f'(0)x +f”(0)% o +%x" + o= Z ) %
n=0
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Example: find Maclaurin series for f(x) = e*

x — XX oyeo X

=ltx gt =l g
fx) =e” f0)=1

f@=e*  f0)=1
fr@=e*  f10)=1

Example: find Maclaurin series for f(x) = sinx

f(x) =sinx f(0)=0
f'(x) = cosx f(0)=1
f"(x) = —sinx f"(0) = O
f"(x) = —cosx f"’(O) = —
flx) =f(0)+f'(0)x + f”(O) + f”’(O)

x3 x5 2n+1
smx—x——+—|—7+ c= Y=o (1) D)

2 x4- x6
Note: similarity to above we can get that cosx =1 — = -t ot
2

271:0 (_ )n (27’1)!
Homework: Find Maclaurin series for
1. f(x) = e 2. f(x) =In(1 +x)

Example: find Taylor series for f(x) =Inx at x =1.

f(x) =Inx f(1)=In1=0
f(x) == =1
1) =3 fr@=-
@) =5 ) =2
(x — a)z (x — a)3

fx) =f(a)+f(@)kx—-a)+f"(a) +f"(a)

(x—1)? N 2(x—1)3 _ 6(x—1)4

o (x—1)™*
2! 3! TR = Ym=o(—1 )n—n!

Inx=(x-1) — vy
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Homework: Find Taylor series for f(x) =+x at x = 4.

Example: using the series of e* to find the series of cosh x.

eX+e X
coshx = .
. x2  x3  x* x5 _ x2  x3 x*
since e*=14+x+=+=+—+=+ ande™*=1—-x+=———+=——
2! 3! 4! 5! 2! 3! 4!
x5 eXyo—% X2 x4 x6 w  x2n
a+"' then coshx = —1+;+Z+a+“'—zn=om
Xyp—X X3 5 x2T+1

similarly, we get that sinh x = =

= x +___.+_E;.+.EZ.+ R EF” -
- 31 51 7 — 4n=0 (25n+1)!

Remark: the interval (a, b) of x which the power series ) a,, x™ converges
absolutely is called interval of converge and R is called radius of convergency.

<1 and

an+1
an

To find this interval, we use ratio test, nt" root test p = lim

n—oo

. 1
radius of convergence R = 5 |b — al .

(-D" ™
3" (n+1)

Example: find the interval of converge and radius of the power series )

lim |22 < 1 2 =D = (=DM =1

n—oo an

le+1

lim
n-ooo 131 (n+2)

3" (n+1)| <1
xn

xn

lim x .3 (n+1)| <1
n—oo 13" -3 (n+2) xn
= X lim n—+1< 1
n—oco N+2

= %<1=> x| <3=> -3<x<3
at x =3

CDB" _ ye_qyn L i
an D Y(—1) — (is alt. series)

{i} isdec., lim L -

n+1 n—-oco n+1

- conv. by alt. test
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at x = —3

CDPED" e EDPEDTE)" e (DT e
2 3 (n+1) 2 3" (n+1) 2 (n+1) Zn+1 div.

the interval of con. —3<x <3 and R =3

x2n

(2n)!

Example: find the interval of converge of the series ), (—1)"

An41
an

x2(n+1) (2n)!

x2nt2 .(21’1)! _
(2(n+1))!  x2n N

(2n+2)! x?2n

= lim

n—->00

lim

n—-0o

n—>0o

I x2Mx?2 (2n)!
nl_{f)lo (2n+2)(2n+1)(2n)! x2n

2 . 1
= |x*| lim
n-oo 2n+2)(2n+1)

thus, the interval of con. —c0o < x <

(x=5)"
n2

Example: find the interval of conv. and radius of the series ),

| [G=SM w || c=5) e =5)n? |

noo | @, | now| m+ 12 (x=5)" now|mZ+2n+ 1) (x—5)"
2

|x — 5| lim <1=2x-5|<1=2>-1<x-5<1=24<x<6

n-oo N2+2n+1

(-n" .
at x =4 =), —— con. (alt. series)
at x=6= Zn—lz con. (P — series)

then the interval of conv. [4,6] and R =1.
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Home Work

1. Determine whether the following series conv. or div.
(n+4)!

(0)e]
& Xn=1 4l nl4n
o 1 1

0 cosnm
C' Zn=0 Sn

xn

nn+1)

2. Find the interval of convergence of Y.,

3. Find Taylor series for tan™! x about x =1 .

4. Find Maclaurin series for f(x) = xe* .

sinx

5. Use series to evaluate fol dx

X

1
6. Evaluate lim x? (e *2 — 1) using series .

X—00
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