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Polar coordinates

The relation between polar coordinates and Cartesian coordinates:

X =1rcosf
y=r71sinf
r=+vVx2+y?

tang =2

yx
0 = tan-1 &)
X

Example:

Polar equation Cartesian equivalent:
rcosf =2 x =2

r2cosfsinf = 4 xy =4

r2c0s5%0 — r?sin?0 = 1 x?—y>2=1
r=1+2rcosf y>2—3x?—4x—-1=0
Example: Find a Cartesian equation for the rcos (80 — %) = 3.
curve

Sol: r cos (6 —%) =3

/[ s
T(C059C055+sinesin§) =3

V3o
—rcosf@ + —rsinf@ =3
2 2
1 3 _
5x+7y=3:>x+\/3y=6
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Example: Replace the following polar equation to equivalent Cartesian equations
and identify their graphs.

l.rcosf=—4=>x=—4
The graph: vertical line through x = —4 on the x-axis.
2. 12 =4rcos 6

X2+ y2=4x>x2—4x+y?=0>x?—-4x+4—-4+y2=0
>x—2)2+y?=4

The graph: circle with radius 2, center (2,0)

4
3. r=
2 cos 8—sin @

2rcosf —rsinf =4
2x—y=4>y=2x—4
The graph: line, Slope m = 2

Example: Find the polar coordinates of the Cartesian point P(1,1).
Sol: x=1,y=1
r=vVx2+y2 =42

tang=2=1=09="C
X 4

» P(r,0) = P (VZ,D).
4

Example: Find the Cartesian coordinates of the polar point P(1, IZL).

T
r=160=_
2
T
x=rc039=1-cos§=0
T
y=rsin9=1-sinE:1

~ P(x,y) = P(0,1)
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Graphing in polar coordinates:

The graph of the equation
Three kinds of symmetry are easy to detect in the graph of an equation
F(r,0) = 0, the graph is:

1. Symmetric about the origin if the equation is unchanged when r is replaced
by —r, or when @ is replaced by 6 + .

T =172

2. Symmetric about the x-axis if the equation unchanged when 6 is replaced
by —86, or the pair (r, 8) by the pair (—r, T — 6).

cos 8 = cos(—6)

3. Symmetric about the y-axis if the equation is unchanged when 6 is replaced
by = — 6, or the pair (r, 8) by the pair (—r, —6).

sin 8 = sin(mr — 0).

Example: r =3 + 2sin 6.
0 T 0 T T
) 6 3
T 1 3 4 343

(2 Ul ST
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Graph in polar coordinates:

l.r=a(1+cosb)

2. 1r=a (1 —cos0)

3. r=a(1+sinbh)

4. r =a (1 —sinb)

1, 2, 3 and 4 are called cardioid.

5. Circle

r=a
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= a2 cos 260

= —a? cos 260
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Area in polar coordinate:

If the function r = f(8) cont. and non-negative from a < 8 < (3, then the

area A enclosed by the polar curve r = f(8).

1” 17
=_J[f (6] d6 =_ [ r2 de.

2 2

a a

Example: Find the area of the region enclosed by the cardioid r = 2(1 + cos ).

1 0274 1 p2m
A=2["r?de =2 [*"[2(1+ cos§)]* df.

4 .
= Ef (1+ 2cos@ + cos-8)dd

Zm

1+cnsEE]
J-[E +4cosf + 2 5 df = [(3+4cusﬁ'+m525j

i

sin 281°"
2 1y

=lﬁﬁ'+4sinﬂ+ = BT

Example: Find the area of the region m the first quadrant of the cardioid
r=1—cos8d.

I
z
(1— cos8)* d8

"
1 2
_u 1 3 1
2 :—J’[E—E{:nsﬂ+—mszﬁ] dg
i 2 2
D
w
E o
1 , 173 1 1t
Ef[l—zmsﬂ+m5 g8) da —E[EE'—Eﬂmﬁ' +Eﬂlﬂiﬁ']ﬂ
[:|rr _3 1
3 _a“
1 1+ cos28
:EI[1—2c03E+—]d
D
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Area between curves:

15
A= [@?2—-7r2)deo
5 2 1

a

Example: Find the area of the region that lies inside the function r = 3 sin 8 and
outside the function r =2 — sin 6.

Letr; =1,

3sinf@ = 2 —sinf

1
4sin9=2=>sin6=§
T
6

N R

A=

N =

-2 [[(3sinB)2 — (2 —sin 0)?] db
%

yi4
2

= [(9sin20 — 4 + 4sin O — sin20) dO = [(8 sin260 — 4 + 4 sin H) db
T
6

N

6

1—cos28
L3 >
E -‘/_/J T 2 6

sin 20 F]
=4l(25in29+5in9—1]d|9=£1-[9— —EGSE—E]E.
i [}

&

= 3+/3.
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Example: Find the area of the region that lies inside the circle r = 1 and outside
the cardioid r =1 — cos 6.

A== | (r2 —r2) de

Bd | =
E] M'||=l""—'h e

[(1)% — (1 — cos §)] df

t'-.'|| =
M|I=|“'-'—-:b.-.

[1—1+4+2cosf — cos?0] dé

ml —
|
bl B 3|

[2cos @ — cos>8] df

I
Pod | =
|
bl 3 13| 5

1+ 20
::Ens ]dﬁ'

[2 cos@ —

ml =
|
bl 3 1|

T
—%[Esinﬁ —E—Emzﬂrn —2-

m
2 4 4
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Example: Find the area inside r = 3a cos 6, outside r = a(1 + cos 9).

T

3
A=2 %f((Sa cos )2 — (a(1 + cos 6))2) de

[ ]

w

= f(9a200529 — a? — 2a?cos 0 — a2cos?0) db
0

1+ cos 26

2

e

T
3
= [[8a%cos28 — 2a? cos 6 — a?] df

0

wlx

sin2q _
) —2sin6 — 0]
0

1
= q2 [8.5(9+

hp=r

Jacos® = al(l + cos @)

14+ cos@ —3cos8=0

2cosf =1

ccrsﬁ'zi
o T
3
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Arc length of a polar curve

If the curve has the polar equation r = f(6) where f(6) iscont. fora < 0 < S,

then the arc length L from 8 = ato 8 = S is:

B
L= [ JG@) + ¢ @) do

— ﬁ 2
dr
sz ?‘2+(—) de
dae

[#4

Example: Find the total arc length of the cardioid r = 1 + cos 6.

Sol: =1+ cos@

& — —sing
a
B 2 2m
dr
LZJJTE+(E) dE=J 1'r(|[1+cu::-sﬂj|2-|—(—sim:—i')z da
a 0
2m

=J- J1+2ms&—l—c:}szﬁ'+sin33 dé

0

2 2
=J- V2 +2cos8 = \Ef V1+cos@ df
0 0

l+cos20 5 8 l1+cos@
= CO08™ —= .

2 2
21 2w
V) )
=\EJ 2::1}525 dﬂ=2[c05§ dg = 8.
0 ]

Since cosf =

8
=14+ cosf = 2:::}52;
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Home Work

. Find the length of the cardioid r = a(1 — cos ).

. Find the area enclosed by r2 = 2a? cos 26

. Find the area shared (common) by r1 = a and r2 = 2asiné.

. Find the area inside 2 = 2a? cos 26 and outside r = a..

. Find the area of the region that lies outside the circle r =sin 8 and inside
the circle r=2sin 6.

. Find the area of the region that lies inside r = 1 + sin 8 and outside
r=1.
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